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Abstract: Open f -shell elements still constitute a great challenge for atomic theory owing to their
(very) rich fine-structure and strong correlations among the valence-shell electrons. For these medium
and heavy elements, many atomic properties are sensitive to the correlated motion of electrons and,
hence, require large-scale computations in order to deal consistently with all relativistic, correlation
and rearrangement contributions to the electron density. Often, different concepts and notations need
to be combined for just classifying the low-lying level structure of these elements. With JAC, the Jena
Atomic Calculator, we here provide a toolbox that helps to explore and deal with such elements with
open d- and f -shell structures. Based on Dirac’s equation, JAC is suitable for almost all atoms and
ions across the periodic table. As an example, we demonstrate how reasonably accurate computations
can be performed for the low-lying level structure, transition probabilities and lifetimes for Th 2+

ions with a 5 f 6d ground configuration. Other, and more complex, shell structures are supported
as well, though often for a trade-off between the size and accuracy of the computations. Owing to
its simple use, however, JAC supports both quick estimates and detailed case studies on open d- or
f -shell elements.

Keywords: atomic structure; level and excitation energies; hyperfine splitting; isotope-shift; Jena
Atomic Calculator; LSJ level notation; open d- and f -shell ion; relativistic; transition probability

1. Demands of Open f -Shell Elements

The difficulties in calculating open f -shell elements have long been underrated in
atomic theory. Apart from (i) strong relativistic and quantum-electrodynamical (QED)
contributions to the level structure in all medium and heavy elements [1,2], difficulties
arise especially from (ii) the nearly-degenerate and overlapping configurations, beside
the spectroscopic nominated one, as well as (iii) the large number of electrons. All these
difficulties have to be taken into account in ab-initio computations for explaining the low-
lying levels of such elements. Therefore, the excitation energies and properties of open
f -shell elements are not (yet) well understood, even if quite large computations have
become feasible today. Figure 1 shows a simple man’s view upon the fine-structure of open-
shell elements with its overlapping configurations and strong relativistic contributions [3].
In particular, the actinides are known to exhibit very complex spectra owing to the presence
of the open 5 f , 6d, 7s and 7p shells whose fine-structure can be resolved only by high-
resolution laboratory studies [4–6].

Laser spectroscopy on the (near) optical spectra of actinides has lead to renewed inter-
est in the 4 f and 5 f elements. Especially, the resonance ionization spectroscopy (RIS) helped
greatly improve the knowledge of the low-lying levels and absorption spectra of these
heavy elements and to establish highly selective two-step laser excitation schemes [7–9].
For example, Chhetri and coworkers [10] applied laser spectroscopy on an atom-at-a-time
scale in order to probe the optical spectrum of neutral nobelium with a 5 f 14 7s2 ground con-
figuration near to its ionization threshold. Indeed, these and similar measurements [11–13]
paved the way for high-precision spectroscopy of the atomic properties of heavy elements
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and also provide benchmarks for atomic computations, which include many-body, rela-
tivistic and QED contributions at an equal footing.

Figure 1. A simple man’s view of the fine-structure of open-shell atoms and ions. For light elements,
such as Ne 2+ with a 2p4 ground configuration, the excitation of a valence-shell electron leads to levels
that are energetically well separated, and whose configurations can be treated rather independently.
For open d- and f -shell elements, in contrast, many configurations overlap with each other, and this
even applies for the ground configuration. While the 2p4 fine-structure of Ne 2+ is well separated by
∼200,000 cm−1 from the 2s 2p5 configuration, the 5 f 6d ground configuration of Th 2+ ‘overlaps’ with
the fine-structure levels of several and both, odd- and even-parity configurations. For any detailed
ab-initio calculations, therefore, electronic correlations as well as relativistic and QED contributions
need always to be taken into account for a quite large number of configurations.

While laser spectroscopy offers great precision ∼µ eV, it usually requires prior knowl-
edge about the level structure and the allowed transitions among the low-lying levels [14].
Until the present, most of these theoretical estimates are typically based on the config-
uration interaction (CI) or multiconfiguration Hartree-Dirac-Fock (MCDHF) methods,
and which help incorporate all major contributions into the electronic structure calcula-
tions. When compared with the techniques from (relativistic) many-body perturbation
theory (MBPT) [15,16] or coupled-cluster (CC) theory [17], these multi-configurational
expansions are conceptional much simpler, especially if electrons occur in—either one or
even several—open shells [18]. Successful multi-configuration calculations have been per-
formed for selected low-lying levels of atomic fermium (Z = 100, [14,19]), nobelium [20],
lawrencium [21,22] and copernicium [23], aside of a good number of much simpler calcu-
lations in the 1980s and 1990s [24–26]. For example, neutral fermium has a 5 f 127s2 3H6
ground-state and, because of the open f -shell, already a quite detailed fine-structure for
just this single configuration. For similar elements with just one or two electrons (or holes)
outside of closed shells, more advanced computations have been performed recently also
in the framework of relativistic MBPT [27], its combination with fast CI methods [28] as
well as by applying the relativistic Fock-space [29] or CC theory [30], to name just a few.

Beyond the level energies, the MCDHF method has been found versatile for dealing
also with a rather wide range of atomic processes [18,31,32]. Despite of the frequent
application of lanthanides and actinides in photonics, lighting industry or medical research,
however, only a few limited tools are available to estimate or calculate the level structure
and properties of these elements to good order. For the lanthanides, moreover, radiative
transitions were observed in different solutions and doped crystals [33,34], and their
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emission spectra likely play a relevant role also for developing the next generation light
sources for EUV lithography [35].

To fill the gap in dealing with open d- and f -shell elements, we recently developed
JAC, the Jena Atomic Calculator [36], which help calculate the level structure and properties
as well as a good number of excitation and decay processes for open-shell atoms and ions
across the periodic table. This code aims to establish a general and easy-to-use toolbox for
the atomic physics community. Below, we shall demonstrate how JAC can be applied to
perform both, quick estimations as well as elaborate computations on the representation
and properties of these elements. Indeed, a toolbox like JAC need to be developed (further)
before the properties of open d- and f -shell elements can be studied with an accuracy
comparable to that of simpler shell structures.

To set the background for these tools, the next section first provides a brief account on
the theory of the MCDHF method with focus upon the d- and f -shell elements. Apart from
the Hamiltonian and wave function expansion, this includes a short overview of JAC and its
domain-specific language, the transformation of atomic levels into a LSJ coupling scheme
as well as the computation of atomic level properties and processes. As an example, we
then calculate in Section 3 the low-lying level structure, transition probabilities and lifetimes
of Th 2+ as widely discussed for developing a nuclear clock; for instance, see Ref. [37]. A
few conclusions are finally given in Section 4.

2. Theory and Computations
2.1. Approximate Level Energies and Atomic State Functions

For open d- and f -shell elements, even the levels of the ground configuration can
often not be described without that further configurations, nearby in their mean energy, are
explicitly included into the representation of the approximate atomic states functions (ASF).
In the MCDHF method, these ASF are typically written as superposition of symmetry-
adopted configuration state functions (CSF) with well-defined parity P, total angular
momentum J and projection M [18],

ψα(PJM) ≡ |α JM〉 =
nc

∑
r=1

cr(α) |γrPJM〉 , (1)

and where γr refers to all additional quantum numbers that are needed in order to spec-
ify the (N-electron) CSF uniquely. In most standard computations, the set {|γrPJM〉,
r = 1, . . . , nc} of CSF are constructed as antisymmetrized products of a common set of
orthonormal (one-electron) orbitals. In the expansion (1), moreover, the notation J ≡ JP has
been introduced to just specify an (individual) level symmetry below by its total angular
momentum and parity.

In the MCDHF method, the orbitals as well as expansion coefficients {cr(α)} are
typically both optimized on the Dirac-Coulomb Hamiltonian [2]

H (DC) = ∑
i

h (Dirac)(ri) + ∑
i<j

1
rij

, (2)

in which the one-electron Dirac operator

h (Dirac)(r) = c ααα · p + β c2 + Vnuc(r)

describes the kinetic energy of the electron and its interaction with the nuclear potential
Vnuc(r), and where the interaction among the electrons is given by the static Coulomb
repulsion 1/rij . For heavy elements, however, the pairwise interaction between the
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electrons is often better described by the sum of this Coulomb term and the (so-called)
transverse Breit interaction bij,

∑
i<j

vij = ∑
i<j

(
1
rij

+ bij

)
, (3)

in order to account for the relativistic motion of the electrons. Typically, the Breit interaction
is taken in its frequency-independent form as appropriate for most practical computations.
For medium and heavy elements, furthermore, the decision about the particular form of
the Hamiltonian, that is, of applying either the Dirac-Coulomb operator (2) or the Dirac-
Coulomb-Breit operator H (DCB) = H (DC) + ∑i<j bij , or any other approximation to the
electron-electron interaction, is usually based upon physical arguments, such as the nuclear
charge, the charge state of the ion or the shell structure of interest. In the JAC toolbox, the
form of the Hamiltonian and the size of the wave function expansion can be specified quite
flexibly in order to account for the relevant relativistic contributions in the representation of
the ASF. While we shall refer the reader to the literature for all further details on relativistic
atomic structure theory [1,2], let us mention especially the quasi-spin formalism that has
been found crucial for systematically-enlarged MCDHF studies on open d- and f -shell
elements [38], and which enables one to include single, double and (sometimes even) triple
excitations into the wave function expansion (1). This feature is in fact relevant for most
heavy and super-heavy (Z ≥ 104) elements, and for which virtual excitations into j = 9/2
subshells are often inevitable.

Various proposals have been made in the literature to also incorporate the radiative,
or (so-called) QED, corrections in terms of model potentials into the correlated many-
electron methods, such as the MCDHF, many-body perturbation or coupled-cluster theories.
Following the work by Shabaev et al. [39], these QED corrections can be taken into account
by means of a (non-) local single-electron QED Hamiltonian

H (QED) = H (SE) + H (VP) = ∑
j

h (QED)
j = ∑

j

(
h (SE)

j + h (VP)
j

)
,

that comprises effective self-energy (SE) and vacuum-polarization (VP) terms, and that can
be treated like local operators. When compared to missing electronic correlations, these
QED corrections are often less relevant as long as no inner-shell excitations are involved
in any computed property or process [20,40]. For open d- and f -shell elements, indeed,
these QED corrections are then considered to be negligible, at least at the present level of
computational accuracy, though the CI computations in JAC can be carried out with and
without including these QED estimates into the Hamiltonian matrix [41].

2.2. Configuration-Interaction Expansions for Open f -Shell Elements

Ansatz (1) seemingly provides an easy and straightforward way to the generation of
atomic bound states. In practice, however, neither the choice of the Hamiltonian nor the
construction of the CSF basis turns out to be as simple. For the sake of stability, moreover,
the (relativistic) wave functions need often to be optimized layer-by-layer, that is, based on a
set of active orbitals with the same principal quantum number n and a predefined maximum
` value. By starting from a given list of reference configurations, the wave function
expansions are then generated by including single, double, or even triple excitations into
ansatz (1). A quite similar concept is realized within the JAC toolbox [36] by means of a
configuration-interaction (CI) representation; cf. the data type AtomicState.CiExpansion
below. To specify such a representation of the many-electron wave function, use is made of
different classes of excitations with regard to the given references and by just stipulating
the set of active orbitals. Since all open d- and f -shell elements share quite complex shell
structures, only a very limited number of active shells are typically feasible but concede
a quick access to the relevant configurations. In general, the costs of ab-initio methods
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increases hereby very rapidly with the number of active electrons, at least until the open
shells are half-filled.

2.3. The JAC Toolbox
2.3.1. Brief Overview of JAC

The JAC toolbox has been developed for calculating (atomic many-electron) interaction
amplitudes, properties as well as a good number of excitation, ionization and capture
processes for open-shell atoms and ions. This toolbox is based on the Dirac-Coulomb
(-Breit) Hamiltonian and MCDHF method as briefly outline above. Figure 2 exposes the
central features of this program and how it helps integrate different atomic processes within
a single computational toolbox in order to ensure good self-consistency of all generated
data. JAC is implemented in Julia , a new programming language for scientific computing,
and which is known to include a number of (modern) features, such as dynamic types,
optional type annotations, type-specializing, just-in-time compilation of code, dynamic
code loading as well as garbage collection [42,43].

Figure 2. Overview of the JAC toolbox [36] for calculating atomic and ionic structures, processes
and cascades, based on Dirac’s equation and the MCDHF method. This toolbox facilitates a variety
of relativistic computations as briefly shown in this jigsaw puzzle. In this work, JAC is especially
applied to predict the excitation energies and level properties of open d- and f -shell elements.

Little need to be said about the design of JAC that has been described elsewhere [36,41]
and can readily be downloaded from the web [44]. This toolbox can be utilized without
much prior knowledge of the code. One of JAC’s rather frequently applied kind of com-
putation for medium and heavy elements refers to the (so-called) Atomic.Computations.
These computation are based on explicitly specified electron configurations and (help)
provide level energies, the representation of ASF or selected level properties. They also
help evaluate the transition amplitudes (and rates) as the numerical key for predicting the
fluorescence spectra and lifetimes of the low-lying excited levels. Below, we shall explain
and discuss how this toolbox can be employed in order to estimate the level energies and
lifetimes for the low-lying levels of Th 2+. For many (standard) computations, indeed, JAC

provides an interface which is equally accessible for researchers from experiment, theory as
well as for code developers. JAC’s careful design enables the user to gradually approach
different applications of atomic theory.

The JAC toolbox is internally built upon (the concept of) many-electron amplitudes
that generally combine two atomic bound states of the same or of two different charge
states, and may thus include free electrons in the continuum [45]. These amplitudes are then
employed to compute the—radiative and nonradiative—rates, lifetimes or cross sections as
shown below. Advantage of these tools is taken also to formulate (and implement) atomic
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cascade computations in a language that remains close to the formal theory [46,47]. The
consequent use of these amplitudes is quite in contrast to most other atomic structure codes
that are based on some further decomposition of these (many-electron) amplitudes into
various one- and two-particle (reduced) matrix elements, or even into radial integrals, well
before any coding is done.

2.3.2. Needs of a Descriptive Language for Atomic Computations

During the past decades, the demands to atomic structure and collision theory have
changed distinctly from the accurate computation of a few low-lying level energies and
properties towards (massive) applications in astro, plasma and technical physics, and at
several places elsewhere. These demands make it desirable to develop a domain-specific
and descriptive language, for instance built upon Julia, which not only reveal the underlying
formalism but also avoids most technical details. Apart from a concise syntax, close to the
formulation of atomic physics problems, such a domain-specific language should support
access to different models and approximations as well as the decomposition of a given
task into well-designed steps, similar to writing pseudo-code. Figure 3 points out several
requirements for such a language of doing atomic physics, and for which JAC aims for.
These requirements appear quite opposite to most previous—either FORTRAN or C—codes,
for which simple extensions, a rapid proto-typing or the use of graphical interfaces often
becomes cumbersome. Aside of these rather practical demands, such a language should
as well support a transparent communication with and within the code, independent of
the shell structure of the atoms or any particular application. For performing quantum
many-particle computations, moreover, the language must be fast and flexible enough
in order to implement all necessary building blocks. By using Julia with its deliberate
language design, we therefore hope to bring over productivity and performance also to the
JAC toolbox.

Figure 3. Requirements for establishing a domain-specific and descriptive atomic language as is
implemented in JAC.

2.3.3. Combining Syntax and Semantics: JAC’s Data Structures for Atomic Computations

Julia’s type system is known as one of its strongest features, when compared with
many other computing languages [42]. In Julia, all types are said to be first-class and are
utilized to select the code dynamically by means of (so-called) multiple dispatch. While
abstract data types are used to establish a hierarchy of relationships between data and
actions, and are applied in order to model behavior, the actual data are always kept by
concrete types, either as primitive and composite types. Moreover, abstract and concrete
types can be both parametric to further enhance the dynamic code allocation. All these
rather general concepts are also well adopted in JAC to facilitate the communication with
as well as the data transfer within the program. In fact, the JAC toolbox is built upon
∼250 such properly designed data structures. These structures define many useful and
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frequently recurring objects in order to deal with the level energies and processes of atoms
and ions, and to make the implementation rather independent from the particular shell
structure. Obviously, in addition, the (notion of most of these) data types should be readily
understandable to any atomic physicist without much additional training. A few prominent
examples of these data types are an Orbital to represent the quantum numbers and radial
components of (one-electron) orbital functions, an atomic Basis to specify a set of CSF, or
a Level for the full representation of a single ASF: E, |α JM〉 as shown in expansion (1).
Frankly speaking, these data structures form the basic language elements in order to specify
and describe the desired computations.

While most of JAC’s data types (may) remain hidden to the user, this set typically needs
to be enlarged in order to implement and explore new applications. Table 1 lists a few of
these data types for predicting the properties of open d- and f -shell elements. For example,
the AtomicState.Representation and its subtype AtomicState.CiExpansion have been
found to be crucial to generate well-designed CI expansions for the computation of level
energies and properties [48]. Figure 4 displays the definition of these data types together
with the CiSettings in order to control the set of active orbitals and virtual excitation.
Other wave function representations, which are partly supported by the JAC toolbox, refer
to a MeanFieldBasis for generating a mean-field basis and a set of orbitals, a RasExpansion
for dealing with restricted active-space (RAS) wave functions or a GreenExpansion for
computing an approximate (many-electron) Green function [49]. These representations
are subtypes of the AbstractRepresentationType from the same module. Although not
all details of these data types will be explained here, Figure 4 shows how the data are
communicated and maintained within the JAC program. Each representation and process
(see below) usually comes with its own Settings in order to facilitate the detailed control
of all computations, even if the default values are typically sufficient. Obviously, however,
the careful design of these data types help keep the computations feasible.

struct AtomicState.Representation ... a struct for defining an atomic state representation.
Such representations often refer to approximate wave function approximations of one or
several levels but may concern also a mean-field basis (for some multiplet of some
configurations) or Green functions, etc.

+ name ::String ... to assign a name to the given representation.
+ nuclearModel ::Nuclear.Model ... Model, charge and parameters of the nucleus.
+ grid ::Radial.Grid ... The radial grid to be used for the computation.
+ refConfigs ::Array{Configuration,1} ... List of references configurations, at least 1.
+ repType ::AbstractRepresentationType ... Specifies the particular representation.

struct AtomicState.CiExpansion <: AbstractRepresentationType ... a struct to represent (and
generate) a configuration-interaction representation.

+ activeOrbitals ::Dict{Subshell, Orbital} ... Set of active orbitals.
+ excitations ::AtomicState.RasStep ... Excitations to be included beyond refConfigs.
+ settings ::AtomicState.CiSettings ... Settings for the given CI expansion

struct AtomicState.CiSettings ... a struct for defining the settings for a configuration-
interaction (CI) expansion.

+ eeInteractionCI ::AbstractEeInteraction ... Specifies the treatment of the e-e interaction.
+ levelSelectionCI ::LevelSelection ... Specifies the selected levels, if any.

AtomicState.CiSettings() ... constructor for setting the default values.

AtomicState.CiSettings(settings::AtomicState.CiSettings; eeInteractionCI = .., levelSelectionCI = ..)
... constructor for modifying the given CiSettings by ``overwriting'' the explicitly selected

parameters.

Figure 4. Definition of the data types AtomicState.Representation (upper panel),
AtomicState.CiExpansion (middle panel) and AtomicState.CiSettings (lower panel) to select
and perform a configuration interaction computation as discussed in the text. CI wave functions
utilize a single step of a restricted-active-space (RAS) expansion and the associated virtual excitations
that are to be applied with regard to the given reference configurations.
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Table 1. Selected data types of the JAC toolbox for predicting the properties of open d- and f -shell
elements. Here, only a brief explanation is given, while further details can be found at Julia’s
REPL [50] by typing, for instance, ? Representation.

Struct Brief Explanation

AbstractEeInteraction Abstract type to distinguish between different electron-electron interaction operators;
it comprises the concrete (singleton) types BreitInteraction, CoulombInteraction,
CoulombBreit.

AbstractExcitationScheme Abstract type to support different excitation schemes, such as DeExciteSingleElectron,
ExciteByCapture, and several others.

AbstractScField Abstract type for dealing with different self-consistent-field (SCF) potentials.
AsfSettings Settings to control the SCF and CI calculations for a given multiplet.
Atomic.Computation An atomic computation of one or several multiplets, including the SCF and CI calcula-

tions, as well as of selected properties or processes.
Basis (Relativistic) many-electron basis, including the specification of the configuration space

and all radial orbitals.
Configuration (Nonrelativistic) electron configuration as specified by the shell occupation.
EmMultipole A multipole (component) of the electro-magnetic field as specified by its electric or

magnetic character and the multipolarity.
Level Atomic level in terms of its quantum numbers, symmetry, energy and its (possibly full)

representation.
LevelSelection List of levels that is specified by either the level numbers and/or level symmetries.
LevelSymmetry J = JP specifies the (total) angular momentum and parity of a particular level.
LSjjSettings Settings to control the jjJ − LSJ transformation of the selected many-electron levels.
MeanFieldBasis A simple representation of the electronic structure in terms of a mean-field orbital basis.
Multiplet An ordered list of atomic levels, often associated with one or several configurations.
Nuclear.Model A model of the nucleus to keep all nuclear parameters together.
Orbital (Relativistic) radial orbital function that appears as building block in order to define

the many-electron CSF; such an orbital comprises a large and small component and is
typically given on a (radial) grid.

Radial.Grid Radial grid to represent the (radial) orbital function and to perform all radial integration.
Radial.Potential Radial potential function.
Representation Representation of an atomic state in terms of either a mean-field basis, an approximate

wave function, a many-electron Green function, or others.
RasExpansion A restricted active-space representation of the levels from a given multiplet;

cf. CiExpansion in Figure 3.
RasSettings Settings to control the details of a RasExpansion.
RasStep Single-step of a (systematically enlarged) restricted active-space computation.
Shell Nonrelativistic shell, such as 1s, 2s, 2p, . . ..
Subshell Relativistic subshell, such as 1s1/2, 2s1/2, 2p1/2, 2p3/2, . . .

2.4. LSJ Spectroscopic Notation for Open f -Shell Elements

Since relativistic computations are regularly based on jj-coupling, a (unitary) jj− LS
transformation need first to be carried out for determining the LSJ notation of the lev-
els as usually applied in atomic spectroscopy. In JAC, such a transformation can be
performed optionally for all or a selected number of levels. This is achieved by fixing
LSjjSettings(true) in the AsfSettings as associated with any self-consistent-field com-
putation for the wave functions of a given multiplet. Apart from the LSJ level assignment
of the multiplet, JAC also supports a full transformation of the wave functions from a jjJ- to
a LSJ-coupled basis by just setting the minWeight parameter to zero in the LSjjSettings.
For open d- and f -shell elements, however, such a complete unitary transformation matrix
is of little help and often results in just lengthy computations.

For open d- and f -shell atoms, a LSJ level notation is often needed already for classify-
ing even the lowest part of the level structure owing to the very rich fine-structure. Indeed,
the lack of providing a fast and proper spectroscopic notation in relativistic computations
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have hindered the spectroscopic level classification of heavy elements and the analysis of
their (inner-shell) processes. If we formally express the wave function expansion (1) of
atomic levels as [51,52]:

|ψα〉 = ∑
t

c (NR)
t (α)

∣∣∣γ (NR)
t LS J

〉
= ∑

r
c (R)r (α)

∣∣∣γ (R)
r J

〉
,

in the LSJ- and jjJ-coupled basis, the nonrelativistic Fourier coefficients { c (NR)
t } are im-

plemented in JAC for up to two (nonrelativistic) open shells. Internally, this re-expansion of
the jjJ-coupled levels into a LSJ basis makes use of the shell-dependent overlap integrals [53]
as previously implemented already within the RATIP code [32]. Below, we shall discuss
how this transformation can be utilized in order to classify the low-lying level structure of
Th 2+ ions.

2.5. Atomic Amplitudes and Properties

As mentioned before, the many-electron amplitudes between either CSF or approxi-
mate ASF are central to any implementation in atomic (structure) theory, from the set-up of
the Hamiltonian matrix to the interaction of the electrons with the nuclear moments (hyper-
fine structure), to autoionization and electron capture processes, and up to the coupling of
atoms to the radiation field. In JAC, three of these amplitudes refer to the electron–electron
interaction, the multipole-moment and transition amplitudes as well as the momentum-
transfer amplitudes, which can all be invoked by the user, if the atomic states (levels)
and operators are properly specified. From these and a few other amplitudes, the fine
and hyperfine splitting [54], isotope shifts [55,56], Lande gJ factors, atomic form factors,
level-dependent fluorescence yields, or several other properties can be readily derived.
Figure 5 displays selected applications of the JAC toolbox for predicting the properties and
processes of atoms and ions, though not all of these processes have yet been implemented
in full detail (as indicated by gray color).

Figure 5. Selected applications of the JAC toolbox to generate atomic representations or to compute
properties and processes. See Refs. [36,41] for a more detailed account of the various features of
this toolbox.

The properties above can be examined by means of Atomic.Computations, a key
data type of JAC that enables the user to describe the problem in sufficient detail. These
computations are based on the levels (multiplets) as obtained from a set of configurations.
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Two examples for such computations will be shown below for the low-lying level structure
of Th 2+.

While atomic units are used throughout for all internal computations, the input
and output of JAC is based on user-specified units, which can be overwritten interac-
tively. The current (default) settings of the units are displayed on screen by typing
Basics.display(“settings”), and they can readily be modified by
Defaults.setDefaults(), if the default settings are not appropriate. For example, the call
Defaults.setDefaults(“unit: energy”, “Kayser”) or Defaults.setDefaults(“unit:
energy”, “Hartree”) tells JAC that all further inputs and outputs are handled either in
Kaysers or Hartrees (atomic units), if not stated otherwise.

2.6. Atomic Excitation and Decay Processes of Open f -Shell Elements

Today, several implementations of the MCDHF method support correlated expansions (1)
also for open d- and f -shell elements. These approximate bound states can then be applied
for obtaining the cross sections and rates of different atomic processes. In fact, a good
number of such processes are known in atomic and plasma physics, including various
excitation, ionization, recombination and scattering processes. Until the present, however,
processes with—one or a few—electrons in the continuum still remain as a challenge for
atomic theory, and this applies especially if atoms with open valence-shell structures are
involved. Apart from the bare number of amplitudes and channels, difficulties in dealing
with free electrons arise in particular from the rearrangement of the electron density, if the
initial and final states are well separated in energy or simply belong to different charge
states. Table 2 just lists a few of these processes; all of these computations can again be
carried out by means of Atomic.Computations. Moreover, since each of these properties
and processes is implemented by a separate module, this number can be readily enlarged
in the future if needs arise from the user side.

Table 2. Selected excitation, capture and decay processes that can be calculated by means of the JAC

toolbox. A∗ refers to the excitation and A(∗) to some possible excitation of an atom or ion with
regard to its ground configuration.

Process & Brief Explanation

Photon emission A∗ −→ A(∗) + h̄ ω : Transition probabilities; oscillator strengths; lifetimes; angular distribu-
tions.
Photoexcitation A + h̄ ω −→ A∗ : Excitation cross sections, alignment parameters; statistical tensors.
Photoionization A + h̄ ω −→ A+ ∗ + e−p : Cross sections; angular parameters.
Photorecombination A q+ + e− −→ A (q−1)+ + h̄ ω : Recombination cross sections; angular parameters.
Auger emission or autoionization A q+ ∗ −→ A (q+1)+ (∗) + e−a : Auger rates; angular and polarization parameters.
Dielectronic recombination (DR) A q+ + e− → A (q−1)+ ∗ → A (q−1)+ (∗) + h̄ ω : Partial and total DR resonance
strengths; DR plasma rate coefficients.
Photoexcitation with subsequent autoionization A + h̄ ω −→ A∗ −→ A(∗) + e−a : Rates.
Photo-double ionization A + h̄ ω −→ A+ ∗ + e−1 + e−2 : Energy-differential and total cross sections.
Rayleigh & Compton scattering of light A + h̄ ω −→ A∗ + h̄ ω′ : Angle-differential cross sections.

3. Low-Lying Level Structure of Th 2+

Computations of the electronic structure and properties of free atoms and ions have
been found a powerful tool to explore the interaction of matter with light and particles
of various kinds as well as in different—physical and chemical—environments. For open
d- and f -shell atoms and ions, however, only a few ab-initio case studies exist because of
the difficulties mentioned in the introduction. Accurate Fock-space and CC calculations
have been carried out especially for the low-lying levels of selected atoms with just one or
two electrons (or holes) outside of closed-shells. For most other lanthanide and actinide
elements, in contrast, either restricted multiconfigurational calculations [25] have been
performed or very little is still known at all until now. With the JAC toolbox, we wish to
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overcome these limitations and to facilitate—medium to large-scale—ab-initio computations
also for these medium and heavy elements. Although further work is needed to make the
code efficient, the variety of atomic level properties and processes, so far implemented in
JAC, will support the spectroscopy of open d- and f -shell elements in the future, including
the actinides. In this section, we therefore show how the low-lying level energies and
lifetimes can (at least) be estimated.

3.1. Estimates on the Level Structure of Th 2+

Th 2+ ions still have a simple odd-parity 5 f 6d ground configuration with a 3H4
ground-state level. However, the low-lying even-parity configurations are nearby in energy
and give rise to a 6d 2 3F2 level just 63 cm−1 above of the 3H4 ground state. For six
even-parity levels of the 5 f 2, 5 f 7p, 7s 7p and 6d 7p configurations at UV excitation
energies, moreover, Biemont et al. [57] measured the lifetimes by using the time-resolved
laser-induced fluorescence method. From observing the lines of Th 2+ and other radio-
active ions, the age of individual stars has been estimated in the Milky Way. At present,
the NIST database [58] list . 200 low-lying levels of Th 2+, and to which we shall com-
pare our computations below, though many of these levels are still unknown or not yet
fully identified.

To demonstrate the easy use of the JAC toolbox, we here consider the level structure of
the 5 f 6d + 5 f 7d + 5 f 7s + 5 f 8s + 6d 6 f + 6d 7p odd-parity and 6d 2 + 5 f 2 + 7s 2 + 5 f 7p +
5 f 6 f + 6d 7s even-parity configurations. For the odd-parity levels, Figure 6 displays the
input for JAC that needs to be compiled prior to the computations. Apart from specifying a
suitable radial grid and nuclear model, we need to provide the necessary configurations,
and where [Rn] = 1s2 2s22p6 3s23p63d 10 4s24p64d 104 f 14 5s25p65d 10 6s26p6 just refers to
the radon ground configuration. By re-specifying some fields of the default AsfSettings(),
we furthermore tell the program to restrict the electron–electron interaction in the CI
computations to the Coulomb repulsion [cf. Equation (2)] and to request for a jjJ − LSJ
transformation of all levels of interest. Indeed, this is all input that need to be provided to
an Atomic.Computation in order to overwrite the default settings as obtained by the plain
constructor Atomic.Computation(). Many more details could be specified but are omitted
here for the sake of simplicity. Once an Atomic.Computation has been specified with just
the essential physical information, that is, all the details to make the computational task
explicit, it should be simply performed in order to return the results either tabulated or in
a graphical form. Because of the complexity of open d- and f -shell elements, all other
steps are then carried out automatically, making use of some default values. These steps
especially refer to the computation of a self-consistent field, the setup and diagonalization
of the Hamiltonian matrix based on the Dirac–Coulomb (–Breit) operator and, if requested,
to the calculation of further transition amplitudes and probabilities. Since, moreover, we
have demanded a jjJ − LSJ transformation of all calculated levels in Figure 6, we also
obtain the leading LSJ notation of these levels, together with their weights within the
given representation.

Table 3 displays the excitation energies as obtained from the Atomic.Computation
above. Results are shown for the 16 low-lying odd-parity levels with total angular momen-
tum J = 0, . . . , 6. These excitation energies can be compared with experiments [58,59] and
the calculations by Safronova et al. [60], who combined the configuration-interaction and
linearized coupled-cluster methods. These excitation energies agree within ∼2000 cm−1

with the NIST tabulations, although larger deviations may occur for several highly-exited
and even-parity levels. These deviations can be attributed to the rather limited set of
active orbitals in the present computations. For the high-lying levels, indeed, the iden-
tification is typically less easy and requires the knowledge of the leading LSJ notations.
To improve these energies, we could either include further configurations explicitly in
the Atomic.Computation above or perform a more advanced AtomicState.RasExpansion.
Such a restricted active space (RAS) expansion applies, analogous to a CI expansion, a user-
specified excitation scheme to a given set of reference configurations in order to generate
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the requested configurations automatically and, hence, to ensure a systematic enlargement
of the given basis. These RAS expansions are usually generated stepwise since, more often
than not, the correlation orbitals need to be frozen before the next layer of orbitals can be
optimized in addition to the pre-determined charge distribution. In practice, however, such
RAS expansions are (much) less useful for open d- and f -shell elements because of their rich
fine-structure. Some further gain in efficiency can be achieved by dividing the CSF basis
into groups of CSF with the same symmetry J = JP , and where the rearrangement of the
electron density retains partly included in the computation for levels of different symmetry.

# Calculate low-lying levels of Th^2+:
# odd-parity (5f 6d + 5f 7d + 5f 7s + 5f 8s + 6d 6f + 6d 7p)
grid = Radial.Grid(Radial.Grid(false), rnt = 4.0e-6, h = 5.0e-2, hp = 0.6e-2, rbox = 10.0)
startOrbs = multiplet.levels[1].basis.orbitals
subshells = multiplet.levels[1].basis.subshells
asfSettings = AsfSettings(AsfSettings(), eeInteractionCI=CoulombInteraction(), jjLS=LSjjSettings(true),

startScfFrom=StartFromPrevious(startOrbs), frozenSubshells=subshells)
oddConfigs = [Configuration("[Rn] 5f 6d"), Configuration("[Rn] 5f 7d"), Configuration("[Rn] 5f 7s"),

Configuration("[Rn] 5f 8s"), Configuration("[Rn] 6d 6f"), Configuration("[Rn] 6d 7p")]
wa = Atomic.Computation(Atomic.Computation(), name="Th^2+ odd-partiy level energies", grid=grid,

nuclearModel = Nuclear.Model(90.),
configs = oddConfigs, asfSettings = asfSettings)

wb = perform(wa, output=true)

pSettings = PhotoEmission.Settings(PhotoEmission.Settings(), multipoles=[E1])
evenConfigs = [Configuration("[Rn] 6d^2"), Configuration("[Rn] 5f^2"), Configuration("[Rn] 7s^2"),

Configuration("[Rn] 5f 7p"), Configuration("[Rn] 5f 6f"), Configuration("[Rn] 6d 7s")]

wa = Atomic.Computation(Atomic.Computation(), name="Th^2+: Lifetimes of even-partiy level energies",
grid=grid, nuclearModel=Nuclear.Model(90.),
initialConfigs = evenConfigs, initialAsfSettings = asfSettings,
finalConfigs = oddConfigs, finalAsfSettings = asfSettings,
processSettings = pSettings)

Figure 6. Input for the Atomic.Computation of the low-lying levels of Th 2+. In these calculations
(upper panel), the orbitals of the [Rn] 5 f 6d configuration have first been optimized independently
and then be kept frozen in the computation above. In the (lower panel), in addition, the transition
probabilities and lifetimes are obtained by just specifying the even-parity configurations as well as
the Settings for the photo emission.

While Figure 6 shows perhaps a surprisingly simple input to calculate and analyze
the fine-structure of Th 2+ ions, this “simplicity” becomes relevant especially if other open
f -shell ions or their properties and processes need to be considered. Apart from the standard
input, the user has extensive control about the interatomic interactions and the amount of
correlations, if the defaults are carefully overwritten.

3.2. Transition Probabilities. Lifetimes and Branching Fractions

For open f -shell elements, the transition probabilities and lifetimes need often to
be estimated in order to identify and characterize the low-lying level structure from the
intensities of the observed line spectra. In JAC, such estimates can readily be done by just
modifying a few lines in the input as shown in the lower panel of Figure 6.

Here, the (value of the) processSettings tells JAC to calculate the Einstein A and
B coefficients as well as the oscillator strength for the photon emission from the even-
to odd-parity levels, and as associated with the initial- and final-state configurations. In
these computations, we just consider—in line with the defaults of the JAC toolbox—the
electric-dipole transitions, although these defaults can also be readily modified within the
code. Once the Atomic.Computation has been performed, all results are usually tabulated
in a neat format, both at screen and within a summary file. In these tables, the atomic
levels and transitions are then listed in terms of the level numbers as they arise from
the diagonalization of the associated Hamiltonian matrix within the JAC program [32,40].
Moreover, the (full) representation of the initial and final-state multiplets as well as all the
computed transition data can be obtained eventually if the optional argument output=true
is given to the function perform(). Since the initial and final-state multiplets are determined
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independently in the computation of all atomic processes, the rearrangement of the electron
density is partly taken into account, though no attempt has been made so far to deal with
this non-orthogonality in the evaluation of the angular coefficients.

Table 3. Excitation energies [eV] and lifetimes [s] of Th 2+. Data from the JAC toolbox are compared
with the NIST database ([58]), experiments and previous computations. Results are shown for 16
low-lying levels. These energetically low-lying levels can be identified uniquely using their energy
and total symmetry despite of certain level crossings. In general, strong admixtures of other LSJ
symmetries are typically found for these levels, which increase further as the valence-shell structure
is “opened” further. See text for discussion.

Level JP Energy [eV] Lifetime [s]
This Work Exp. [58] Calc. [60] This Work Exp. [57] Calc. [60]

5 f 6d 3Ho
4 4− 0 0 0

5 f 6d 3Fo
2 2− 210 511 189

5 f 7s 3Fo
3 3− 3686 2527 2436

5 f 7s 3Fo
2 2− 4975 3182 2958

5 f 7s 1Go
4 4− 3026 3188 3207

5 f 6d 3Fo
3 3− 5360 4827 4853

5 f 6d 3Ho
5 5− 4863 4490 4802

5 f 6d 3Do
3 3− 6857 5060 5085

5 f 6d 1Do
2 2− 8466 6288 5797

5 f 7s 3Fo
4 4− 6702 6311 6237

5 f 7s 1Fo
3 3− 9279 7501 7609

5 f 6d 3Do
1 1− 8779 7921 8260

5 f 6d 3Go
4 4− 9192 8142 8197

5 f 6d 3Ho
6 6− 8555 8437 8810

5 f 6d 3Po
1 1− 13,084 11,123 11,564

5 f 6d 3Po
0 0− 15,274 11,233 11,766

5 f 2 3P2 2+ 37,134 32,867 33,488 2.54 [−8] 2.58± 1.5 [−8] 2.12 [−8]
5 f 7p 4+ 43,256 38,581 38,980 1.86 [−8] 2.7± 0.2 [−9] 2.41 [−9]
7s7p 3Po

0 0+ 46,404 42,260 - 4.59 [−9] 6.6± 0.4 [−9] 6.19 [−9]
7s7p 3Po

1 1+ 47623 45,064 - 9.47 [−9] 2.4± 0.2 [−9] 2.22 [−9]
6d7p 3Fo

4 4+ 55,884 53,052 - 4.36 [−9] 1.3± 0.2 [−9] 1.41 [−9]

We shall not display and compare here explicitly the transition probabilities with
previous computations, and with typically a better agreement for the strong than the
weak transitions. However, Table 3 compares the lifetime estimates from the present
computations with the measurements by Biemont et al. [57] and recent calculations [60].
For these even parity levels with energies &32,000 cm−1, both the energies and lifetimes
still exhibit rather large uncertainties due to the limited configuration basis of the present
computations. Again, the identification of these levels is possible by means of a jjJ − LSJ
transformation and the analysis of the leading LSJ terms. The lifetimes are shown here in
velocity gauge and were found to differ by up to a factor of 3 from the corresponding length-
gauge computations. Since we wish to demonstrated the simple use of the JAC toolbox, no
further enlargement is shown for the wave-function expansion nor the derived properties.
Our two examples however manifest how JAC can be employed to generate much larger
surveys of fine-structure levels as well as the—radiative and nonradiative—decay branches
of the resonantly excited ion.

4. Summary and Conclusions

While the difficulties with open d- and f -shell elements can hardly be overrated, we
have shown how the JAC toolbox is utilized to perform reasonably accurate computations
for these shell structures. In particular, we explain how these tools help estimate the
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energies and properties for complex fine-structures. Apart from such simple estimates,
JAC can also be applied to approximate and systematically improve relativistic ASF by
including different classes (schemes) of virtual excitations with regard to a given set of
reference configurations. In addition, the JAC toolbox also facilitates the computation of
atomic processes, cascades or even the symbolic simplification of expressions from Racah’s
algebra [61].

Numerical results are shown above for the low-lying level structure of Th 2+ ions.
These and similar computations for other actinide ions will be useful for developing
new excitation schemes for heavy elements and for applications in medicine, radiation
safety or elsewhere. Although, at present, the JAC program can often not immediately
compete with its (numerical) accuracy with many-body perturbation or all-order techniques;
these tools will help to go beyond the currently available applications of relativistic atomic
structure theory.

Since JAC’s very first design in 2017, the number of atomic properties and processes
that can be handled by this code has grown steadily and it now supports the generation
of (atomic) data for astro and plasma physics [62]. In fact, there are at present various
demands to further advance the JAC toolbox: For open d- and f -shell elements, these
requests mainly refer to efficiency and memory issues, the re-use of angular coefficients or
the coupling of free electrons in ionization or capture processes. With the present version,
however, a major step has already been made to obtain useful estimates and data for a large
class of heavy and super-heavy elements.
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