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Abstract: Van der Waals interactions, primarily attractive van der Waals interactions, have been
studied over one and half centuries. However, repulsive van der Waals interactions are less widely
studied than attractive van der Waals interactions. In this article, we focus on repulsive van der
Waals interactions. Van der Waals interactions are dipole–dipole interactions. In this article, we study
the van der Waals interactions between multiple dipoles. Specifically, we focus on two-dimensional
six-body van der Waals interactions. This study has many potential applications. For example, the
result may be applied to physics, chemistry, chemical engineering, and other fields of sciences and
engineering, such as breaking molecules.
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1. Introduction

Van der Waals interactions are dipole–dipole interactions [1–8]. For example, we
consider a molecule made of two atoms. Each atom in this molecule can be treated as a
dipole. Explicitly, the ion core and the valence electron of one atom are the two poles of
a dipole. Therefore, the interactions between two atoms are dipole–dipole interactions
or van der Waals interactions. In other words, if there is more than one atom, van der
Waals interactions exist between those atoms, or van der Waals interactions are very
common in three phases of matter. However, one question remains: neutral atoms do not
have permanent dipoles. In this article, we will focus on induced-dipole induced-dipole
interactions. When two atoms approach each other, the charges within the two atoms
will interact with each other, producing induced dipoles. The interactions between those
induced-dipoles are van der Waals interactions.

In this article, we use Rydberg atoms to study few-body van der Waals interactions.
Rydberg atoms are highly excited atoms, n > 10, where n is the principal quantum number.
Such atoms have magnified properties, such as greater electric dipole moments compared
to ground state atoms, since the radius of an atom is proportional to n2. In this article, we
treat one Rydberg atom [9] as a dipole, the highly excited electron of a Rydberg atom is the
negative pole of a dipole, and the ion core of the Rydberg atom is the positive pole of this
dipole. Similar to Configuration Interaction (CI) [10], here we consider excited states only.

Repulsive van der Waals interactions have been measured using Atomic Force Mi-
croscope (AFM) by intervening liquids between surfaces and between inorganic materi-
als [11,12]; such interactions are combinations of various orders of higher-order interactions.
In this article, we consider the near-resonance states, for which the van der Waals interac-
tions are primarily dominant. The repulsive interaction studied in this article is different
from the hardcore model described in different textbooks, which is an approximate solution
to various orders of higher-order interactions. In this article, we choose a near-resonant
state, for which the van der Waals interactions are maximized. Laser cooling and trap-
ping made it possible to directly study repulsive van der Waals interactions in ultracold
gases [13–19]. Recently, repulsive van der Waals interactions were discovered in ultracold
Rydberg gases [20–22], in which two-body van der Waals interactions were studied. In this
article, we focus on six-body interactions. Recently, van der Waals interactions have been
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proposed to make more stable quantum gates [23,24]. It has been experimentally tested
that repulsive interactions can lead to a longer coherence time [25]. A frequency shift has
been observed and explained by a four-body model [26]. However, it was concluded that
more atoms need to be taken into account. In this article, we consider six-body interactions.

One possible application of this work is that this may be used to calculate the interac-
tions of molecules with hexagonal structures, including macroscopic molecules composed
of highly excited atoms. Another application is to study the interactions within graphene,
or Carbon mono-layers, which have a variety of applications [27]. More importantly, the
mixing between different states can be used to store quantum information. Furthermore,
the results presented can be applied to anti-matters, such as anti-hydrogen, and chemical
reactions between anti-matters. For example, the strongest interaction at longer distances
between two neutral anti-hydrogen atoms is van der Waals interaction.

2. Theory

The interaction potential energy between two atoms, two dipoles or four charges, is
the sum of all pair-wise Coulomb potential energies between the four charges as shown in
Figure 1,

V12 =
e2

4πε0
(− 1

r1
− 1

r2
+

1
R
+

1
R′
− 1

R′′
− 1

R′′′
). (1)

Figure 1. Two ion cores are locatedat O and O′. The electron of the bottom atom is r1 (the bottom blue
line) away from the bottom ion core, and the electron of the top atom is r2 (the top blue line) away
from the top ion core. R is the distance between the two ion cores. R′ (—) is the distance between the
two electrons. R′′ (—) is the distance between the bottom ion core and the electron of the top atom.
R′′′ (—) is the distance between the electron of the bottom atom and the ion core of the top atom.

In Figure 1, the bottom atom is a dipole, which has one excited electron with charge−e
and one ion core with a positive charge e located at the origin of the bottom xyz coordinate.
Similarly, the top atom is another dipole. The two poles are the excited electron with
charge −e and the ion core with an opposite charge e located at the origin of the top
x′y′z′ coordinate. − e2

4πε0
1
r1

is the internal electric potential energy of the bottom atom.

Similarly, − e2

4πε0
1
r2

is the internal potential energy of the top atom. The rest of the equation,
e2

4πε0
( 1

R + 1
R′ −

1
R′′ −

1
R′′′ ), is the potential energy between the two atoms, or two dipoles. If

we do Taylor expansion and keep the 1
R3 terms, the three-dimensional two-body dipole–
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dipole interactions between the top atom, atom 1, and the bottom atom, atom 2, can be
written as

V12 =
p1 p2

4πε0R3 {−C1
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1,1 + C1
1,0C2

1,0
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(2)

where p1 = er1 and p2 = er2 are the dipole moments of the atom 1 (or the bottom atom
in Figure 1) and atom 2 (or the top atom in Figure 1). r1 is the radius of the bottom atom
or the distance between the ion core and the electron of the bottom atom. Similarly, r2 is
the radius of the top atom. θ is the angle between R and the Z axis, and φ is the angle
between the projection of R on the XY plane and the X axis. Ck,q is the spherical tensor
operator [28], and

Ck,q =

√
4π

2k + 1
Ykq(θ, φ), (3)

where Ykq(θ, φ) is a kth order spherical harmonic. The superscript on the spherical tensor
operator indicates the atom that this operator acts on. If θ = 0 and φ = 0, Equation (2)
converts to the very common one-dimensional equation for dipole–dipole interactions [29].

In this article, we considered pair-wise interactions among six bodies. Specifically, we
study the dipole–dipole interactions between six excited 85Rb atoms. We will primarily
focus on the hexagon configuration shown in Figure 2a, where the six 85Rb atoms are
located at the six vertices of the hexagon. In the end, the excitation probability of this
configuration is compared to the octahedron case shown in Figure 2b.

Figure 2. (a) A hexagon. The six atoms are located at the six vertices of this hexagon. (b) An
octahedron. The six atoms are located at the six vertices of this octahedron.

If the six atoms in the hexagon shown in Figure 2a are named atom 1 to 6, respectively.
The total potential energy of such a configuration is shown in the following equation [30].

V = ∑
i<j

Vij, (4)

where i is from 1 to 6, and i 6= j. For example, if i = 1 and j = 2, then Vij is V12 as shown in
Equation (2), which is the dipole–dipole interaction between atom 1 and atom 2 plotted in
Figure 1.

In this calculation, we assume one atom is in 39s state, and five atoms are in 38s state. For
example, the 39s38s38s38s38s38s state is strongly coupled with the 38p3/238p3/238s38s38s38s
state through van der Waals interactions [23]. The energy difference between those two
states, as the internuclear spacing between two neighboring atoms approaching ∞, is
4.46 MHz, a small difference. Therefore, those states are called near-resonance states. In
this calculation, we consider exchange symmetry. For example, all ssssss configurations
are considered. Specifically, 39s38s38s38s38s38s, 38s39s38s38s38s38s, 38s38s39s38s38s38s,
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38s38s38s39s38s38s, 38s38s38s38s39s38s, and 38s38s38s38s38s39s are all taken into account
based on the exchange symmetry. In addition, we consider all M states, where M is
the projection of the total angular momentum in the Z axis. For example, the M value
for the 39s1/2,1/238s1/2,1/238s1/2,1/238s1/2,1/238s1/2,1/238s1/2,1/2 spin-up state is 3. Total
4224 states are included in this calculation. The calculation is done by diagonalizing the
Hydrogen-like Hamiltonian matrix elements.

3. Results and Discussion

Figure 3 shows the energy levels calculated for the six-atom configuration shown in
Figure 2a by diagonalizing the matrix composed of the possible states described in the the-
ory section. For most levels, it is shown that the energy increases as the internuclear spacing
decreases. The corresponding forces, F, are repulsive based on the following equation:

~F = −∇V, (5)

where V is the potential energy defined in Equation (4), which indicates that the force
is state-dependent. ∇ means the divergence of the potential energy. Attractive energy
levels are also obtained. However, here we focus on the repulsive energy levels. Unlike
the on-resonance dipole–dipole interactions, for which the energy difference between the
coupled states is zero as R→ ∞, pure repulsive few-body coupled states can be achievable
from van der Waals interactions. For example, Figure 4 shows five-body interactions, and
the top group of states is purely repulsive [31].
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Figure 3. The repulsive energy levels calculated for the hexagon configuration shown in Figure 2a.

The probability of each eigenstate is also investigated. Due to the interactions between
the atoms, the atomic eigenstates are no longer the eigenstates of the system. Different
states will be mixed, and each state will have a mixing probability. Figure 5 shows the
mixing probabilities of different states. Specifically, Figure 5a is the probability for the
configuration shown in Figure 2a, and Figure 5b is the probability for the configuration
shown in Figure 2b. In this figure, we assume atoms are initially in the ssssss states, or the
probability of each ssssss state is one when R approaches to ∞, where R is the internuclear
spacing between neighboring atoms. In addition, it is assumed that the probability in
all ssssss states is the same. It is shown that the probabilities in different states do not
monotonically increase or decrease as the energy increases or decreases. Instead, the
probabilities in certain levels are higher than that of the others. This indicates that as
the number of atoms increases, the excitation to a single level converts the excitation to
energy bands. The higher probabilities indicate that it is possible to excite the atoms to such
repulsive states, which leads to repulsive forces between the atoms. Therefore, such states
can be used to break molecules. Experimentally, the line shape, which shows broadening
and changing shapes caused by few-body interactions, will deviate from the standard
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atomic line shape. Such bands are especially useful for superradiance generation. In
addition, as a greater number of states are considered, the energy levels are closer to each
other, which are closer to energy bands.
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Figure 4. Four atoms are located at the four vertices of a tetrahedron, and one atom is located at
the center of the tetrahedron. Two groups of levels are shown. For the top group, there are four 40s
atoms and one 41s atom, and there are three 40s atoms and two 40p3/2 atoms in the bottom group.
The horizontal axis is the side length of the tetrahedron. The detailed calculation can be found in
Reference [31].

Figure 5. (a) The probabilities as a function of the frequency shift and the internuclear spacing
R in the states calculated in the hexagon configuration shown in Figure 2a. (b) The probabilities
as a function of the frequency shift and the internuclear spacing R in the states calculated in the
Octahedron configuration shown in Figure 2b.

4. Conclusions

In contrast to previous calculations, this article focuses on two-dimensional six-body
interactions among excited atoms, which have not been reported in the past. It has been
shown that two-dimensional van der Waals interactions can be repulsive. For example, six-
body van der Waals repulsive energy levels have been calculated, and the corresponding
probability in each repulsive state is investigated. In addition, it has been shown that a
group of energy levels, which are energetically close, has much higher probabilities than
other energy levels, which indicates excitation bands can be achievable experimentally.
Such calculations show that it is possible to break molecules or to be used to study chemical
reactions between anti-matters. In most dissociation processes, ionization is very likely to
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happen due to collisions or autoionization. If the atoms are excited to the dipole–dipole
coupled purely repulsive states, the dissociation can happen quickly, and ionization can be
avoided at certain internuclear spacings.
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