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Abstract: This paper addresses the problem of a low-speed missile intercepting a hypersonic vehicle
in the longitudinal plane. Firstly, based on the concept of the zero of the angular rate of the line-of-
sight (LOS) angle, the guidance system is established by defining the LOS angular rate as the state
variable. Secondly, in view of the difficulty of precisely measuring the external disturbance caused
by the hypersonic vehicle’s maneuver in the guidance system, a non-homogeneous disturbance
observer is designed to precisely estimate the disturbance information. Then, by introducing the
fractional-order operator into the sliding surface, a fractional-order fast power reaching (FOFPR)
guidance law is proposed based on the fast power reaching law. Simulation examples are carried
out in two different maneuver modes of the hypersonic vehicle: the bang-bang maneuver mode and
sinusoidal maneuver mode. Besides, comparative experiments are conducted with the proportional
navigation (PN) and the integer-order fast power reaching (IOFPR) guidance laws. Finally, the
simulation results demonstrate the superiority of the effectiveness of the proposed guidance law.

Keywords: fractional-order operator; sliding mode control; hypersonic vehicle; guidance law

1. Introduction

Currently, with the increasing maturity of scramjet technology, hypersonic flight tech-
nology has been developed rapidly. Hypersonic vehicles are able to reach a speed of over
Mach 5, with outstanding characteristics of various launching platforms, a strong maneu-
verability and a strong penetration ability [1,2]. Besides, compared with traditional vehicles,
hypersonic vehicles can perform weave maneuvers [3,4], which results in overturning the
traditional concept of warfare so that it poses a great threat to the existing defense system.
Therefore, research on a more advanced guidance strategy for intercepting hypersonic
vehicles has become an important issue.

The guidance law is the core of a missile’s guidance system. Based on the information
obtained in real time, the missile generates a guidance command through the guidance law
and guides it to the target in an appropriate way. Therefore, the performance of the guidance
law determines the damage effect of the missile on the target to a certain extent. The
proportional navigation (PN) guidance law has been widely used due to its simple form and
easy implementation [5,6]. Based on differential geometry and true proportional navigation
(TPN) guidance, Zhao et al. [7] proposed a combined guidance law that could intercept the
target in a short time, reducing the possibility of target escape. Kumar et al. [8] proposed a
proportional-navigation-based guidance scheme for intercepting a high maneuvering target
based on anticipating the target’s trajectory, which could improve the interception accuracy
and be easily applied for real time applications. However, the guidance laws on the basis of
PN or its modified forms have a great guidance performance in intercepting stationary or
uniformly moving targets. For hypersonic vehicles, the PN is prone to overload saturation
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caused by the divergence of the line-of-sight (LOS) angular rate at the end of the interception
moment, which will result in a failure to intercept or a full deflection of the actuator.

Sliding mode control (SMC) has been widely utilized in nonlinear systems due to its
high precision, rapidity and strong robustness [9–11], and has been a hotpot in the guidance
area in recent years. SMC divides the control process into two stages: converging to the
sliding surface and moving along the sliding surface. By designing different reaching laws
and sliding surfaces, the control quality of the two stages can be adjusted separately. Based
on the combination of the traditional PID control, SMC in Filippov’s sense and relative
degree concepts, Kada [12] designed a robust sliding-PID tracking motion controller for the
flight control system of missiles, where the high-level performances, robustness and fast
convergence of the closed-loop system were guaranteed. Shtessel et al. [13] proposed an
integrated autopilot and guidance scheme by using higher-order SMC for missiles steered
by a combination of aerodynamic lift, sustainer thrust and center-of-gravity divert thrusters,
which showed great robustness to the uncertainties of the missile model. Based on the
SMC method, Idan et al. [14] designed an integrated autopilot and guidance algorithm
for a missile with forward and aft control surfaces. The designed integrated controller
could simultaneously account for the guidance and autopilot requirements by using the
additional degree of freedom offered by the dual-control configuration. In order to improve
the performance of tracking and intercepting a low-altitude target, Chen et al. [15] proposed
a nonlinear integral sliding mode guidance law that guaranteed that the line-of-sight (LOS)
angle converged to a desired tracking angle in a finite time. Liu et al. [16] designed an
impact time control guidance (ITCG) scheme with field-of-view (FOV) constraint to achieve
a saturation attack for ships based on the equivalent SMC method. By using a terminal
sliding surface, Zhang et al. [17] proposed a guidance scheme with impact angle constraint
for the missile attacking its target with zero miss distance. Aiming at the requirement
that the guidance law should meet the minimum miss distance and the desired terminal
angle at the same time, Wang et al. [18] designed a fuzzy neural SMC guidance law
with terminal angle constraint for attacking a maneuvering target that could increase the
attack effectiveness on the large maneuvering target. Zhu et al. [19] proposed a novel
head-pursuit guidance law, considering the dynamic characteristics of a missile control
system and the target mobility by combining a fast power reaching law with back-stepping
SMC. However, the guidance command generated by the SMC method may appear as a
chattering phenomenon because of the existence of a system delay and measurement error,
which brings difficulties and challenges to the practical application.

In the last decades, fractional-order control (FOC) has been used in the control structure
to increase the controller flexibility and enhance the controller performance [20,21]. Unlike
the discontinuous change in the integer-order differential, FOC extends the traditional
integer order and calculus order to a non-integer order that can comprehensively make full
use of the historical and global distributed system information, reflecting a phenomenon
of memory and time dependence. The main advantages of FOC are its few parameters,
simple form, special memory function and stable characteristics, and it has been widely
used in the field of guidance and control. In order to control the trajectory of the missile’s
flight path with six degrees of freedom, Aboelela et al. [22] introduced the fractional-
order operator into a PID controller. By using the particle swarm optimization (PSO)
method to optimize the parameters of the controller, the designed controller could improve
the dynamics of the missile system and could reduce chattering in the control signal.
Aimed at controlling the trajectory of a nonlinear missile model in the pitch channel,
Ahmed et al. [23] conducted cooperative experiments between a fractional PID controller
(FPID) and a gain schedule fractional PID controller (GSFPID). The simulation results
showed that the GSFPID controller gave the best performance, stability and deflection
actuator. For the terminal guidance problem of an unpowered lifting reentry vehicle
attacking the stationary target, Sheng et al. [24] proposed a fractional-order theory that
combined the sliding mode guidance law, which was more robust against the disturbance
of random noise and ensured a higher precision in terms of the impact angle error and miss
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distance. Considering a class of skid-to-turn (STT) missiles with impact angle constraint to
intercept a maneuvering target, Zhou et al. [25] designed a three-dimensional integrated
guidance and control law based on the fractional integral terminal SMC. In order to intercept
the maneuvering targets, Golestani et al. [26] proposed a new guidance scheme considering
control loop dynamics by using a fractional-order calculation at an integer-order control
to improve the robustness and performance properties. However, the above mentioned
guidance schemes based on the FOC are aimed at the stationary targets or low-speed
moving targets, which are not suitable for intercepting hypersonic targets.

For the problem of intercepting hypersonic vehicles, the concept of the zero angular
rate of the LOS angle is usually adopted to design the corresponding guidance schemes.
Indeed, the guidance command calculated by this method usually changes drastically
and the total energy consumption is large. In this paper, for intercepting hypersonic
vehicles, we are mainly concerned with the following two aspects: (1) how to overcome the
disadvantages of the PN guidance law to guide a low-speed missile to accurately intercept a
hypersonic vehicle with various maneuver modes; (2) under the premise of intercepting the
hypersonic vehicle accurately, how to design a guidance law that can ensure the guidance
command can converge fast and consume less energy.

Thus, motivated by the above mentioned studies, based on the SMC method, we
introduce the fractional-order operator into the sliding surface to design a fractional-
order fast power reaching (FOFPR) guidance law to accurately and effectively intercept a
hypersonic vehicle with less energy consumption. The main contributions of the paper can
be summarized as follows:

1. Aiming at the scenario of a low-speed missile intercepting a hypersonic vehicle in the
longitudinal plane, a guidance law based on the SMC method is proposed that can
effectively overcome the disadvantage of the PN to avoid the divergence of the LOS
angular rate at the end of the interception moment;

2. By introducing the fractional-order operator into the sliding surface, a fractional-
order fast power reaching (FOFPR) guidance law is proposed based on the fast
power reaching law. It can not only improve the convergence speed of the guidance
command, but can also effectively consume less energy in the interception process.

The remainder of this paper is organized as follows: Section 2 addresses the problem
of missiles intercepting the hypersonic vehicle in the longitudinal plane; the design of the
guidance law is outlined in Section 3; numerical simulations are presented in Section 4; and
conclusions are drawn in Section 5.

2. Problem Formulation

In this section, we consider the problem of a missile intercepting a hypersonic vehicle,
and the schematic view of the longitudinal planar geometry between the missile and the
hypersonic vehicle is presented in Figure 1, where OXY denotes the inertial coordinate
system. In order to facilitate the design and analysis of the guidance law, the following
assumptions are put forward in advance.

Assumption 1. Both the specific shapes of the missile and hypersonic vehicle can be ignored.

Assumption 2. The influence of the rotation of the earth and the external environment on the
missile and hypersonic vehicle can be ignored.
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Figure 1. Guidance geometry of missile–hypersonic-vehicle engagement.

Based on Figure 1, the relative motion relationship between the missile and hyper-
sonic vehicle established in the line-of-sight (LOS) coordinate system can be described as
Equations (1)–(4).

ṙ = vT cos(λc − γT)− vM cos(λc − γM) (1)

rλ̇c = vM sin(λc − γM)− vT sin(λc − γT) (2)

γ̇M = aMc/vM (3)

γ̇T = aTc/vT (4)

where M and T denote the missile and hypersonic vehicle, respectively; r denotes the
relative range between the missile and hypersonic vehicle; λc denotes the LOS angle
between the missile and hypersonic vehicle; vM and vT denote the speed of the missile
and hypersonic vehicle, respectively; γM and γT denote the path angle of the missile and
hypersonic vehicle, respectively; aMc and aTc denote the acceleration commands of the
missile and hypersonic vehicle respectively, which are normal to their speed directions.

Besides, the missile speed is governed by

mv̇M = D−mg sin γM (5)

where m denotes the missile mass and g denotes the gravity coefficient; D denotes the
aerodynamic drag, which is defined as

D = 0.5ρ̄v2
MSre f CD (6)

where ρ̄ denotes atmospheric density, Sre f denotes the reference area of the missile and CD
denotes the drag coefficient.

Moreover, the kinematics equations of the missile and hypersonic vehicle in the inertial
coordinate system can be presented as follows:

Ẋi = vi cos γi (i = M, T) (7)

Ẏi = vi sin γi (i = M, T) (8)

where Xi and Yi denote the trajectory that is projected on the X axis and Y axis in the
inertial coordinate system, respectively.

Then, taking the derivative of Equations (1) and (2) yields
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r̈ = rλ̇2
c + ωr − ur

λ̈c = − 2ṙ
r λ̇c − 1

r uλ + 1
r ωλ

ωr = v̇T cos(λc − γT) + vTγ̇T sin(λc − γT)
ur = v̇M cos(λc − γM) + vMγ̇M sin(λc − γM)
ωλ = vTγ̇T cos(λc − γT)− v̇T sin(λc − γT)
uλ = vMγ̇M cos(λc − γM)− v̇M sin(λc − γM)

(9)

where ur and ωr denote the acceleration components of aMc and aTc that are along the LOS,
respectively; uλ and ωλ denote the acceleration components of aMc and aTc that are normal
to the LOS, respectively.

Assume that the acceleration of the hypersonic vehicle can only change in the direction
of speed, which indicates that the speed of the hypersonic vehicle is unchanged.

Then, based on Equations (3) and (4), Equation (9) can be rewritten as follows:

r̈ = rλ̇2
c + ωr − ur

λ̈c = − 2ṙ
r λ̇c − 1

r uλ + 1
r ωλ

ωr = aTc sin(λc − γT)
ur = v̇M cos(λc − γM) + aMc sin(λc − γM)
ωλ = aTc cos(λc − γT)
uλ = aMc cos(λc − γM)− v̇M sin(λc − γM)

(10)

Usually, there are external noise- and time-delays for the seeker and the actuator in
the real interception scenario. Thus, in order to make the guidance model closer to the
practical scenario, the seeker and the actuator models are presented as follows:

λ̇ =
1

Ts + 1
(
λ̇c + λ̇error

)
(11)

ai =
1

τs + 1
aic (i = M, T) (12)

Then, based on the concept of the zero angular rate of the LOS angle, defining a state
variable x = λ̇ and combining Equation (10) yields the guidance system, which is described
as follows: {

ẋ = f (x, t) + g(x, t)aM + d(t)
y = x

(13)

where 
f (x, t) = − 2ṙλ̇

r + v̇M sin(λ−γM)
r

g(x, t) = − 1
r cos(λ− γM)

d(t) = ωλ
r

(14)

It can be seen from Equation (13) that the core of the guidance law is to design the
guidance command aM so that the missile can accurately intercept the hypersonic vehicle
while ensuring that λ̇ converges to zero. Thus, the guidance objectives in this paper can be
summarized as follows: {

limt→t f r(t) = 0
limt→t f x(t) = 0

(15)

where t f denotes the final interception moment.

3. Guidance Law Design

Sliding mode control (SMC) is a distinct, nonlinear and robust control method that is
obtained by intermittent switching over time on a predetermined sliding surface with a
high-speed nonlinear feedback. In this section, subject to the guidance system (13), based
on a fractional-order sliding surface, we propose a fractional-order fast power reaching
(FOFPR) guidance law that can ensure that λ̇ converges to zero progressively.
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3.1. Fundamentals of Fractional-Order Calculus

The fractional-order calculus operator is defined as follows:

aDα
t =


dα

dtα , if Re(α) > 0
1, if Re(α) = 0∫ t

a (dτ)−α, if Re(α) < 0
(16)

where α ∈ R denotes the fractional-order operator; a and t denote the upper and lower
bounds of the integral, respectively; aDα

t denotes the fractional-order calculus operations.
Currently, different definitions related to the fractional-order calculus operation have

been studied. The Riemann–Liouville (R.L), Grunwald–Letnikov (G.L) and Caputo definitions
are the essential definitions in this area [27,28], and the Caputo definition has been utilized in
practical applications. In this paper, we will mainly consider the Caputo definition.

The fractional-order calculus operation defined by the Caputo definition is described
as follows:

t0 Dα
t f (t) =

 1
Γ(n−α)

∫ t
t0

f (n)(τ)
(t−τ)α−n+1 dτ, if n− 1 < α < n

1
Γ(α)

∫ t
t0

f (τ)
(t−τ)1−α dτ, if − 1 < α < 0

(17)

where f (t) denotes a continuous integrable function; Γ(z) =
∫ ∞

t0
tz−1e−tdt denotes the

Gamma function; t0 denotes the initial moment. For the convenience of analysis, when the
upper and lower bounds are not involved, t0 Dα

t f (t) is abbreviated as Dα
t f (t).

Remark 1. As shown in Equation (17), when 0 < α < 1, t0 Dα
t f (t) denotes the fractional-order

differential operations, and when −1 < α < 0, t0 Dα
t f (t) denotes the fractional-order integral

operations [29].

Remark 2. It can be seen from Equation (17) that the fractional-order differential is related to the
system information in the past time, so it enables the enhancement of the stability of the system.

Property 1. For an arbitrary constant c, its Caputo fractional derivative is defined as follows [29]:

t0 Dα
t c = 0 (18)

Property 2. For any continuously differentiable function f (t), the m-th derivative of its Caputo
fractional operator is defined as follows [29]:

dm

dtm (aDα
t f (t)) = aDα

t

(
dm f (t)

dtm

)
= aDα+m

t f (t) (19)

where m ∈ R+.

Property 3. For arbitrary δ1, δ2 ∈ R, similar to integer-order differentiation, fractional-order
differentiation is a linear operation [29].

Dα
t (δ1 f (t) + δ2g(t)) = δ1Dα

t ( f (t)) + δ2Dα
t (g(t)) (20)

3.2. Design of a Non-Homogeneous Disturbance Observer

Assumption 3. d(t) can be regarded as the external disturbance caused by the maneuvering of the
hypersonic vehicle, which is bounded, and |d(t)| ≤ dm. dm denotes the bound of d(t).

As is shown in the guidance system (13), ωλ cannot be measured directly in the
real-time interception scenario, so it is regarded as the external disturbance. A non-
homogeneous disturbance observer is subsequently designed to estimate the hypersonic
vehicle’s maneuver information as follows:
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ż0 = κ0 − 2ṙλ̇
r −

uλ
r

κ0 = −ζ2L
1
3
∣∣z0 − λ̇

∣∣ 2
3 × sign

(
z0 − λ̇

)
− µ2

(
z0 − λ̇

)
+ z1

ż1 = κ1

κ1 = −ζ1L
1
2 |z1 − κ0|

1
2 × sign(z1 − κ0)− µ1(z1 − κ0) + z2

ż2 = −ζ0L sign(z2 − κ1)− µ0(z2 − κ1)
d̂(t) ≈ z1

(21)

where L ∈ R+, ζi ∈ R+, κi ∈ R+, i = (1, 2, 3) are all positive parameters to be designed.
d̂(t) is the the estimated value of d(t). By selecting appropriate parameters, d̂(t) can
converge to d(t) in a finite time, and the stability analysis is discussed in [30]. As a
result, the acceleration command of the hypersonic vehicle can be estimated as âT =
d̂(t)r/ cos(λ− γT).

3.3. Guidance Law Design and Stability Analysis

Lemma 1. For the following linear fractional-order system [31]:

Dpi x(t) = Ax(t) (22)

where x =
[

x1 · · · xn
]T is an n-dimensional column vector, pi =

[
p1 · · · pn

]
∈ Rn

and 0 < pi < 1 denotes the order of the system (22).
The fractional-order system (22) is progressively stable if the matrix A satisfies:

| arg(eig(A))| > 1
2κ

π (23)

where eig(A) denotes the operation of solving all eigenvalues of the matrix A; arg(·) denotes the
calculation of the magnitude angle of the complex numbers in the complex plane; κ denotes the least
common multiple of pi.

Based on the guidance objectives in Equation (15), a fractional-order sliding surface is
chosen as follows:

s = x + k1Dα1−1x + k2Dα2 x (24)

where α1, α2 ∈ (0, 1), k1 and k2 are positive real numbers that need to be designed.
Then, taking the derivative of Equation (24) with respect to time t yields

ṡ = ẋ + k1Dα1 x + k2D1+α2 x (25)

Substituting Equation (13) into Equation (25), we can obtain

ṡ = f (x, t) + g(x, t)aM + d̂(t) + k1Dα1 x + k2D1+α2 x (26)

In the process of the sliding surface reaching motion, the dynamic performance of the
converging process can be guaranteed by adopting the reaching law method [32,33]. For the
traditional reaching laws, the convergence speed of the constant reaching law is single.
Although the convergence speed of the exponential reaching law is fast, the chattering
phenomenon is serious when it approaches the sliding surface, and the convergence speed
of the power reaching law is slow when getting away from the sliding surface, which results
in a long reaching process. Thus, in view of the deficiencies of the traditional reaching law,
we use the fast power reaching law to improve the convergence performance of the sliding
surface, which is described as

ṡ = −ρ1|s|β sign(s)− ρ2s (27)
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where 0 < β < 1, ρ1 and ρ2 are positive real numbers, and sign(·) denotes a signum
function that is defined as follows:

sign(x) =


−1, if x < 0
0, if x = 0
1, if x > 0

(28)

Thus, combining Equations (26) and (27), the guidance command based on the FOFPR
guidance law can be given as

aM,FOFPR =
−ρ1|s|β sign(s)− ρ2s− f (x, t)− d̂(t)− k1Dα1 x− k2D1+α2 x

g(x, t)
(29)

Theorem 1. The designed fractional-order sliding surface (24) can reach the equilibrium state
s = 0 within finite time T under the action of the reaching law in Equation (27).

T =
ln
(

1 + ρ1
ρ2
|s(0)|1−β

)
ρ2(1− β)

(30)

Proof. The proof of the stability and finite-time convergence analysis of the sliding sur-
face (24) can be divided into two steps. The first step is to prove that the sliding surface (24)
can converge to s = 0. The second step is to prove the finite-time convergence ability of the
sliding surface (24) under the action of the reaching law in Equation (27).

Step 1: Prove that the the sliding surface (24) can reach the equilibrium state s = 0.
Selecting a Lyapunov function as follows:

V(t) = 0.5s2 (31)

Then, taking the derivative of Equation (31) with respect to time t yields

V̇(t) = sṡ (32)

Substituting Equation (27) into Equation (32), we can obtain

V̇(t) = sṡ

= s
(
−ρ1|s|β sign(s)− ρ2s

)
= −ρ1|s|1+β − ρ2s2

≤ 0

(33)

Thus, based on the existence and accessibility condition of the reaching law for contin-
uous systems [34], it is easy to find that, by selecting k1, k2 > 0, for arbitrary V(t0) ≥ 0, V(t)
will converge to zero progressively, which, in turn, implies that the designed fractional-
order sliding surface (24) can reach the equilibrium state s = 0 under the action of the fast
power reaching law (27).

Step 2: Prove that the converge process of the sliding surface (24) is finite-time.
As shown in Equation (27), ṡ is continuous in the right side, and it is locally Lipschitz

except s(0) = 0. Thus, there is a unique solution for the forward time ∀s(0) ∈ R\{0} .
Then, multiplying both sides of Equation (27) by eρ2t at the same time yields

d
(
eρ2ts

)
dt

= −ρ1
∣∣eρ2ts

∣∣βe(1−β)ρ2t sign(s) (34)
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Equation (34) can be further rewritten as

d
(
eρ2ts

)
|eρ2ts|β sign(s)

= −ρ1e(1−β)ρ2tdt (35)

Then, by integrating both sides of Equation (35), the solution of Equation (35) can be
expressed as

s(t) =


sign(s(0))e−ρ2t

[
|s(0)|1−β + ρ1

ρ2
− ρ1

ρ2
e(1−β)ρ2t

] 1
1−β , if t < T, s(0) 6= 0

0, if t ≥ T, s(0) 6= 0
0, if t ≥ 0, s(0) = 0

(36)

where the converge time T can be described as

T =
ln
(

1 + ρ1
ρ2
|s(0)|1−β

)
ρ2(1− β)

(37)

Therefore, the sliding surface (24) can converge to the equilibrium state s = 0 in a
finite time. Theorem 1 has thus been completely proven.

Theorem 2. For the guidance system (13), when the sliding surface (24) reaches the equilibrium
state s = 0, the proposed FOFPR guidance command aM,FOFPR can ensure that λ̇ converges to zero
progressively, so the guidance objectives in Equation (15) can be guaranteed.

Proof. When s = 0, we can obtain

x + k1Dα1−1x + k2Dα2 x = 0 (38)

Based on Equation (38), we define an intermediate variable z

z =

[
z1
z2

]
=

[
Dα1−1x

x

]
(39)

Taking the (1− α1)-order fractional-order operation for z1 yields

D1−α1 z1

= D1−α1
(

Dα1−1x
)

= D1−α1+α1−1x

= x

(40)

Then, based on Equations (39) and (40), we can obtain[
D1−α1 z1

Dα2 z2

]
= B

[
z1
z2

]
=

[
0 1

−k1/k2 −1/k2

][
z1
z2

]
(41)

If k1 and k2 can be chosen, the eigenvalues of matrix B satisfy

| arg(eig(B))| > 1
2κ

π (42)

where κ is the least common multiple of 1− α1 and α2.
Then, by applying Lemma 1, it is easy to prove that z1 and z2 will progressively

converge to zero.
As a result, once the the sliding surface (24) reaches the equilibrium state s = 0,

the state in Equation (13) enables the convergence of the equilibrium point progressively,
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which, in turn, implies that the LOS angular rate λ̇ can converge to zero progressively.
Therefore, Theorem 2 has been proved completely.

Remark 3. In order to avoid the existence of the signum function leading to chattering of the
guidance command, it is replaced with a saturation function, which is defined as follows:

sign(s) ≈ sat(s) =


ε, if s > ε

s/ε, if |s| ≤ ε
−ε, if s < −ε

(43)

4. Simulation Analysis

In this section, numerical simulations are performed to evaluate the performance of
the proposed FOFPR guidance law (29) in two cases where the hypersonic vehicle adopts
bang-bang and sinusoidal maneuver modes, respectively. The simulation block diagram of
the proposed FOFPR guidance law is shown in Figure 2. For the two simulation cases, if not
specifically given, the initial conditions of the missile and hypersonic are set as Table 1.
The missile mass m = 734 kg. The reference area Sre f = 0.146 m2. The atmospheric density
ρ̄ = 1.205 kg/m2. The gravity coefficient g = 9.81 m/s2. The upper bound of the missile
acceleration is considered as aM,max = 10 g. The drag coefficient CD can be interpolated
based on Table 2 and the parameters of the non-homogeneous disturbance observer (21)
are shown in Table 3. Moreover, the parameters of the seeker and actuator are chosen as
T = 0.025 s, λ̇error = 0.015◦ and τ = 0.25 s.

Figure 2. Simulation block diagram of FOFPR guidance law.

Table 1. Initial condition of the missile and the hypersonic vehicle.

Position (km) Speed (m/s) Path Angle (◦)

T (35, 20) 2000 180
M (0, 16) 1300 8

Table 2. Drag coefficient.

Mach Number 0.2 0.78 0.94 1.07 1.32 1.61 2.43 3.5

CD 0.241 0.213 0.258 0.407 0.445 0.372 0.255 0.190

Table 3. Parameters of the non-homogeneous disturbance observer.

L ζ0 ζ1 ζ2 µ0 µ1 µ2

0.1 1.1 1.5 2 3 6 8

Moreover, in order to vertify the superiority of the FOFPR, we design an integer-order
fast power reaching (IOFPR) guidance law based on an integer-order sliding surface (44)
and the reaching law in Equation (27). Comparative numerical simulations are conducted
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among the PN, IOFPR and FOFPR guidance laws, respectively. The parameters related
to the three guidance laws in the Equations (29), (45) and (46) are shown in Table 4. In all
simulations, the fractional-order operator is approximated with high-order integer transfer
functions based on Ref. [35]. According to Ref. [36], the energy consumption J consumed
by the missile in the interception process is defined as Equation (47).

s = c
∫ t

0
λ̇dt + λ̇ (44)

aM,PNG = N|ṙ|λ̇ (45)

aM,IOFPR =
−ρ1|s|β sign(s)− ρ2s− f (x, t)− d̂(t)− cλ̇

g(x, t)
(46)

J =
∫ t f

0
a2

Mdt (47)

Table 4. Parameters of the guidance law.

Type Parameter Values

PN N = 4
IOFPR c = 0.4
FOFPR k1 = 6.5, k2 = 1.5, α1 = 0.9, α2 = 0.1

Reaching law ρ1 = 0.1, ρ2 = 0.06, β = 0.6

4.1. Hypersonic Vehicle Adopts the Bang-Bang Maneuver Mode

In this subsection, the simulation analysis is performed, with the hypersonic vehicle
adopting the bang-bang maneuver mode. The acceleration of the hypersonic vehicle
changes, as shown in Equation (48). The simulation results are presented in Table 5 and
Figure 3.

aT =

{
0, if t ≤ 2s
2g, if t > 2s

(48)

Table 5. Analysis of the bang-bang maneuver mode.

Guidance Law Interception Time (s) Miss Distance (m) Energy
(
m2/s3)

PN 12.424 1.74 4.9944 × 104

IOFPR 12.358 1.33 2.4613 × 104

FOFPR 12.334 0.24 2.9275 × 103

It can be seen from Table 5 that the missile can successfully intercept the hypersonic
vehicle under the action of three guidance laws, respectively, and that there is not a sig-
nificant difference in the interception time. However, the FOFPR has great advantages in
its interception accuracy and energy consumption. Compared with the PN, the FOFPR
improves the guidance accuracy by 86.21% and consumes 4.7016× 104 less energy. In com-
parison to the IOFPR, the FOFPR promotes the guidance accuracy by 81.95% and consumes
2.1685× 104 less energy. As shown in Figure 3a, when the missile is guided by the FOFPR
and IOFPR guidance laws, the interception trajectories are more straight than that of the
PN, and the ballistic curvature is smoother. In Figure 3b, under the action of the PN,
the LOS angular rate decreases with the interception time and does not converge strictly
to zero. Nevertheless, for the IOFPR and FOFPR guidance laws, the LOS angular rate
can converge to the neighbor of zero, and the FOFPR shows a greater performance in the
convergence speed and accuracy than that of the IOFPR. It can be observed from Figure 3c
that, compared to the PN and IOFPR guidance laws, when the hypersonic vehicle adopts
the bang-bang maneuver mode, the acceleration command does not exceed the maximum
limit aM,max = 10 g and changes smoothly under the action of the FOFPR. In Figure 3d,
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the two designed sliding surfaces can converge to zero without a chattering phenomenon
in the process of convergence. However, when the missile is guided by the FOFPR, the con-
vergence speed and accuracy of the sliding surface are better than those of the IOFPR.
It can be observed from Figure 3e that the missile speed gradually decreases due to the
aerodynamic drag, and that the speed at the final interception moment is approximately
851 m/s. As shown in Figure 3f, the designed non-homogeneous observer can effectively
estimate the maneuvering information of the hypersonic vehicle accurately.
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Figure 3. Interception results of the bang-bang maneuver mode. (a) Trajectory; (b) LOS angular rate;
(c) acceleration command; (d) sliding surface; (e) speed; (f) acceleration command of the hypersonic
vehicle.

4.2. Hypersonic Vehicle Adopts the Sinusoidal Maneuver Mode

In this subsection, a simulation analysis is conducted, with the hypersonic vehicle
adopting the sinusoidal maneuver mode. The acceleration of the hypersonic vehicle
changes, as shown in Equation (49). The simulation results are presented in Table 6 and
Figure 4.

aT = 4 g sin
(π

5
t +

π

3

)
(49)
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Table 6. Analysis of the sinusoidal maneuver mode.

Guidance Law Interception Time (s) Miss Distance (m) Energy
(
m2/s3)

PN 12.713 2.14 8.3284 × 104

IOFPR 12.530 1.48 2.5246 × 104

FOFPR 12.510 0.86 1.4412 × 104
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Figure 4. Interception results of the sinusoidal maneuver mode. (a) Trajectory; (b) LOS angular rate;
(c) acceleration command; (d) sliding surface; (e) speed; (f) acceleration command of the hypersonic
vehicle.

As shown in Table 6, when the hypersonic vehicle adopts the sinusoidal maneuver
mode, the missile can successfully intercept the hypersonic vehicle under the action of the
three guidance laws, and the interception time is basically the same. However, the value of
the miss distance and energy consumption are the largest for the PN, which is not acceptable
and is ineffective in the application of actual interception scenarios. Compared with the
PN, the FOFPR improves the guidance accuracy by 59.81% and consumes 6.8872× 104 less
energy. In comparison to the IOFPR, the FOFPR promotes the guidance accuracy by 41.89%
and consumes 1.0834× 104 less energy. It can be observed from Figure 4a that, under the
action of the three guidance laws, the missile can move towards the hypersonic vehicle,
and that the ballistic trajectory is the straightest based on the FOFPR. In Figure 4b, when
guided by the PN, the LOS angular rate does not converge to around zero effectively and
tends to disperse. Nevertheless, based on the IOFPR and FOFPR guidance laws, the LOS
angular rate has always been stable around zero, and the convergence speed and accuracy of
the FOFPR are better than those of the IOFPR. It effectively satisfies the guidance objectives.
It can be observed from Figure 4c that, compared with the PN and IOFPR guidance laws,
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the acceleration command does not exceed the maximum limit aM,max = 10 g and changes
smoothly under the action of the FOFPR. As shown in Figure 4d, under the action of
the IOFPR and FOFPR guidance laws, the two sliding surfaces change at the neighbor
of zero, and there is no chattering phenomenon in the process of convergence. However,
the convergence speed and accuracy of the FOFPR are better than those of the IOFPR.
It can be observed form Figure 4e that the missile speed gradually decreases due to the
aerodynamic drag, and that the speed at the final interception moment is approximately
837 m/s. As shown in Figure 4f, the disturbance observer enables the quick and precise
tracking of the maneuver information of the hypersonic vehicle, which ensures the efficient
implementation of the interception mission.

5. Conclusions and Future Discussion

In view of the problem of a low-speed missile intercepting hypersonic vehicles, a
fractional-order fast power reaching (FOFPR) guidance scheme is proposed by introducing
the fractional-order operator into the sliding surface. Comparative numerical simulations
are performed with the proportional navigation (PN) and the integral-order fast power
reaching (IOFPR) guidance laws with different maneuver modes of the hypersonic vehicle.
The main conclusions can be drawn as follows:

1. The FOFPR guidance law can accurately and effectively intercept the hypersonic vehi-
cle with different maneuver modes, and the guidance command changes reasonably
and smoothly without a chattering phenomenon;

2. When the hypersonic vehicle adopts the bang-bang maneuver mode, under the action
of the FOFPR, the interception accuracy is improved by 86.21% and 81.195% and
consumes 4.7016× 104 and 2.1685× 104 less energy compared to the PN and IOFPR
guidance laws, respectively;

3. When the hypersonic vehicle adopts the sinusoidal maneuver mode, under the action
of the FOFPR, the interception accuracy is improved by 59.81% and 41.89% and
consumes 6.8872× 104 and 1.0834× 104 less energy compared to the PN and IOFPR
guidance laws, respectively.

The design of the fractional-order guidance law for intercepting the hypersonic vehi-
cles in the three-dimensional plane is our future work.
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