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Abstract 
This paper develops a joint analysis of efficiency and distributional issues in 
an economy in general equilibrium with a focus on bargaining under bounded 
rationality. Our analysis relies on evolutionary strategies based on the Nash- 
Harsanyi bargaining model, but we go beyond the Nash-Harsanyi model by 
generalizing it with ordinal preferences as well as allowing for inefficient bar-
gaining agreements. We show that our evolutionary schemes converge to 
bargaining agreements under general conditions. The analysis covers the case 
where the bargaining agreement is inefficient as well as the case where the 
bargaining process converges to an efficient allocation located on the Pareto 
utility frontier. We show that the outcome of the bargaining process can be 
represented by the simple maximization of a “generalized Nash product”. We 
explore the implications of bargaining agreements for income distribution. 
Finally, we discuss our model’s insights in analyzing the performance of an 
economy, emphasizing the roles of preferences, decentralization, and public 
goods.  
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1. Introduction 

The concept of efficiency is a cornerstone of economic analysis, and the linkages 
between competitive markets and Pareto efficiency have indicated how decen-
tralized decisions can generate efficient allocations in a market economy (e.g., 
Debreu, 1959). But three sets of issues remain. First, Pareto efficiency does not 
provide guidance on evaluating income and welfare distribution: some alloca-
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tions can be found efficient even under extreme forms of income inequality 
(Crockett et al., 2011). Yet, income and welfare inequality have always been part 
of the design, implementation, and evaluation of economic policy (e.g., Mila-
novic, 2013; Piketty, 2014), indicating the need to incorporate distributional is-
sues in the analysis of efficiency and market outcomes. Second, while markets 
play an important role in a global economy, the management of externalities and 
public goods is often difficult and typically relies on contracts and/or govern-
ment policy (e.g., Coase, 1960). This suggests that the role of public goods is 
important in the evaluation of efficiency and welfare analysis. Third, obtaining 
and processing information about resource scarcity can be challenging, and in-
dividuals often exhibit “bounded rationality” as they have limited cognitive abil-
ities that affect their decisions (Simon, 1955). There is strong evidence that cog-
nitive limitations can make it difficult for individuals to make decisions in com-
plex situations (e.g., Oprea, 2020), suggesting that the evaluation of resource al-
location and welfare distribution should consider allowing for possible ineffi-
ciency. The objective of this paper is to address these three sets of issues and to 
propose a formal and unified framework supporting a refined analysis of eco-
nomic behavior and policy.  

This paper develops a joint analysis of efficiency and distribution issues, with 
a focus on the role of bargaining under bounded rationality. It builds on the se-
minal work of Nash (1950, 1953) and Harsanyi (1950, 1963, 1977) on bargain-
ing1. The Nash-Harsanyi bargaining model provides guidance on welfare distri-
bution: relying on threat points that reflect the bargaining position of each indi-
vidual, it identifies a unique point on the Pareto utility frontier that would be 
acceptable to all parties. But as noted in Nash (1950, 1953) and Harsanyi (1950, 
1963, 1977), the Nash-Harsanyi bargaining model has two limitations: 1) it is 
based on the expected utility model and its cardinal representation of prefe-
rences; and 2) it focuses on choosing an efficient allocation on the Pareto utility 
frontier. Our paper goes beyond the Nash-Harsanyi model in two ways: 1) we 
propose to model bargaining based on ordinal preferences; and 2) we consider 
bargaining agreements that are not necessarily efficient. Our analysis builds on 
evolutionary schemes where decisions are made reflecting limited information 
under bounded rationality (e.g., Sandholm, 2010). Besides being more realistic, 
evolutionary games keep the option open that they may converge to efficient al-
locations (Vega-Redondo, 1997; Ostrom, 2000; Gintis, 2007; Mandel & Gintis, 
2016; Chavas & Wang, 2021). We propose evolutionary schemes representing 
bargaining, where each step of the bargaining process identifies who is willing to 

 

 

1The Nash-Harsanyi approach focuses on cooperative bargaining. This differs from the non-cooperative 
approach to bargaining (Rubinstein, 1982, 1998; Chatterjee et al., 1993). While the two approaches 
are not mutually exclusive (Binmore et al., 1986), we note that bounded rationality means that indi-
viduals can have difficulties evaluating efficiency as well as strategic behavior (including coalition 
formation). Also, the non-existence of core allocations (defined as being coalition-proof) can be 
problematic (Forges et al., 2002; Compte & Jehiel, 2010). We see these issues as significant limita-
tions of the non-cooperative bargaining approach. Our focus on cooperative bargaining avoids these 
issues. 
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make a concession depending on the relative perceived cost of bargaining fail-
ure. We show how such evolutionary schemes converge to bargaining agree-
ments under general conditions. Under bounded rationality, the bargaining agree-
ments may be inefficient. We then identify the magnitude of the associated effi-
ciency loss. In this context, we explore the implications of a bargaining agree-
ment for income distribution. Depending on the purchasing power of each indi-
vidual at the threat points, we show how income distribution can vary from ega-
litarian to very unequal. We also consider the case where the bargaining process 
would converge to an efficient allocation located on the Pareto utility frontier. 
We show that the outcome of the bargaining process (whether it is efficient or 
not) can be represented by the simple maximization of a “generalized Nash 
product”. This is an important generalization of the Nash-Harsanyi bargaining 
model as it applies under general ordinal preferences and allows for possible in-
efficiency (under bounded rationality). Finally, we discuss the implications of 
our analysis for the performance of the economy, emphasizing the roles of pre-
ferences, decentralization, and public goods. While our model is consistent with 
the efficiency of markets, it provides new insights into three sets of issues: 1) the 
role of bounded rationality in economic analysis; 2) the role of public goods and 
their management in public policy; and 3) an integrated evaluation of the im-
portance of income and welfare distribution in society.  

The paper is organized as follows. Section 2 presents an overview of the eco-
nomic efficiency of an economy in general equilibrium. Section 3 develops a 
model of bargaining under ordinal preferences, with a focus on evolutionary 
strategies. Section 4 evaluates the linkages between bargaining and efficiency. 
Sections 5 and 6 discuss the role of threat points and their effects on income dis-
tribution. Finally, Section 7 discusses the economic and policy implications of 
our analysis.  

2. Efficiency 

This section sets up the notation for resource allocation in an economy and 
presents a general equilibrium characterization of Pareto efficiency that will be 
an important building block in our analysis. Consider a society composed of n 
members, with 2n ≥  and { }1, ,N n=  . Decisions are made about both con-
sumption decisions and production activities. For the i-th individual, consump-
tion decisions include m private goods m

i ix X∈ ⊂   and leisure time [ ]0,iz T∈ , 
i N∈ , T denoting the total time available to any individual. Consumption deci-
sions also include public goods 0 0x X∈ . Let  

( )0 0 1, N nx x x X X X X≡ ∈ ≡ × × ×  and ( ) [ ]1, , 0, n
nz z z T= ∈ . We assume 

that the sets X0 and X are closed and convex. The goods ( )0 , Nx x  are also pro-
duced. Denote the aggregate production of private goods by my∈ . Feasibility 
requires that consumer goods are also produced, implying that ii N x y

∈
≤∑ . 

Throughout, we use the netput notation where positive quantities ( 0jy ≥ ) cor-
responds to outputs while negative quantities ( 0jy ≤ ) corresponds to inputs. 
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The aggregate production technology is represented by the feasible set F where 
( ) [ ]0 1 0, , , , 0, nm

nx y T z T z F X T− − ∈ ⊂ × ×   means that  
( )0 1, , , , nx y T z T z− −  is feasible, where ( )iT z−  is the amount of time spent 
by the i-th individual on production activities, i N∈ . In this case, production 
feasibility simply states that goods ( )0 ,x y  can be produced using labor input 
( )1, , nT z T z− − . Throughout the paper, we assume that the set F is non-empty 
and closed.  

We study the economics of choosing an allocation ( ), ,x y z . The preferences 
of the i-th individual are represented by the utility function ( )0 , , ,i i iu x x z i N∈ . 
We make the following assumptions: 

Assumption As1: The utility function ( )0 , ,i i iu x x z  is continuous in  
( ) [ ]0 0, , 0,i i ix x z X X T∈ × × ; and for any ( ) [ ]0 0, 0,ix z X T∈ × , ( )0 , ,i i iu x x z  is 
quasi-concave in ,i ix X i N∈ ∈ .  

Assumption As2: Let 0g ≥  be a non-zero bundle of private goods. For each 
i N∈  and any ( ) [ ]0 0, , 0,i i ix x z X X T∈ × × , the utility function  
( )0 , ,i i iu x x g zα+  is strictly increasing in α ∈ .  
Assumption As3: Conditional on ( )0 ,x T z− , the set  
( ) ( ){ }0 0, : , ,Y x z y x y T z F= − ∈  is convex.  
The strict monotonicity assumption in As2 is a form of non-satiation:  
( )0 , ,i i iu x x g zα+  being strictly increasing in α implies that individual prefe-

rences are non-satiated in private goods. Note the generality of the approach. 
First, it allows for public goods (which includes public “bads” as well as exter-
nalities). Second, As3 does not assume that the set F is necessarily convex. For 
example, it allows for a technology exhibiting increasing returns to scale in the 
production of the public goods 0x . Third, the approach treats labor as a diffe-
rentiated product allowing for labor productivity to vary across individuals. 
Fourth, the allocation ( ), ,x y z  can occur over time, allowing for an intertem-
poral analysis: in this case, the vector y would include saving/investment (or 
borrowing if negative) that allows for resource transfers across periods, the con-
sumer goods x would represent consumption path over time and the utility 
functions would reflect time preferences. Fifth, the analysis can apply under un-
certainty. Representing the uncertainty by states of nature, the elements of the 
vector ( ), ,x y z  would then be defined as being state-dependent, with the utility 
functions representing risk preferences (Debreu, 1959)2. Note that this also al-
lows for heterogeneous information3 across individuals (Radner, 1968). 

Our analysis will rely in part on the classical concept of Pareto efficiency. We 
define a feasible allocation to be Pareto efficient if there does not exist another 
feasible allocation that can make one individual better off without making any-
one else worse off. 

Again, let 0g ≥  be a non-zero bundle of private goods. Consider the follow-

 

 

2Under uncertainty, the reference bundle g in assumption As2 would be taken to be state-independent 
so that any individual receiving (α g) can be interpreted as an ex ante welfare measure. See below. 
3Heterogeneous information would be represented by different partitions of the state space across 
individuals. 
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ing maximization problem 

( ) ( ){
( ) }

, , , 0

0

max : , , , ;

, , , , ,,

x y z i i i i i ii N

n
ii N

W U u x x g z U i N

x y x y T z F x X

β β β

β
∈

∈

= − ≥ ∈

≤ − ∈ ∈ ∈

∑
∑ 

        (1) 

where iU  is a reference utility level for the i-th individual, i N∈ , and  
( )1, , nU U U=  . Conditional on ( )1, , nU U U=  , denote the solution to (1) by 

( )*x U , ( )*y U , ( )*z U  and ( )* Uβ . The objective function in (1) measures 
the number of units of the reference bundle g the n individuals are willing to 
give up starting with allocation ( ), ,x y z  to obtain utility levels U. Below, we 
consider the case where the bundle g is defined to be worth $1. In this context, 

ii N β∈∑  has a simple welfare interpretation: it is a monetary measure of aggre-
gate willingness-to-pay. It follows that ( )W U  in (1) is the maximum aggregate 
willingness-to-pay of the n individuals, conditional on U. We make the addi-
tional assumption:  

Assumption As4: Let U ∈ , where  
( ) ( ){ }{ }*: 0, : 0 ,i i i iU W U x U g X i Nα α′ ′ ′= ≥ − > ≠ ∅ ∈ . 

Assumption As4 imposes two conditions: 1) fiscal feasibility represented by a 
non-negative aggregate willingness-to-pay: ( ) 0W U ≥ ; and 2) the condition 

 ( ){ }* : 0 ,i i i ix U g X i Nα α− > ≠ ∅ ∈ , which rules out situations of complete 
destitution. This last condition guarantees that each individual is able to give 
up some private goods in g so that individual willingness-to-pay remains a valid 
welfare measure. Note that U ∈  in As4 still allows for a wide distribution of 
purchasing power across individuals (including situations of poverty where 
some individuals have limited purchasing power and low consumption of private 
goods).  

While Equation (1) is conditional on U, under assumption As4, we consider 
the following choice for U: 

( ){ }* : 0,U U W U U∈ = ∈ .                (2) 

As stated next, Equations (1) and (2) provide a basis to evaluate efficiency. 
(The proofs of our propositions, corollaries, and lemmas are presented in the 
Appendix). 

Proposition 1. Under assumptions As1 - As4, an allocation ( )* * *, ,x y z  is Pa-
reto efficient if and only if it satisfies Equations (1) and (2). 

For a given welfare distribution ( )1, , nU U U=  , Equation (1) associates an 
efficient allocation with the maximization of aggregate willingness-to-pay. And 
Equation (2) states that the distribution of welfare ( )1, , nU U U=   is such that 
the maximized aggregate value ( )W U  is entirely redistributed among the n 
individuals. It has a useful interpretation: choosing ( )1, , nU U U=   such that 

( ) 0W U =  defines the utility frontier. For example, when 2n = , solving  
( )1 2, 0W U U =  for 2U  gives the utility frontier ( )2 1U U , which traces out the 

utilities ( ){ }1 2 1,U U U  that can be attained under an efficient allocation. Thus, 
when 2n ≥ , Equations (1) and (2) identify the set of efficient allocations along 
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the utility frontier. It makes it clear that efficient allocations are not unique, as 
they change depending on the values taken by 1U  and ( )2 1U U . Which point 
on the utility frontier is actually obtained depends on the distribution of welfare 
within society. In turn, since *x , *y  and *z  depend on *U , the welfare le-
vels obtained by each individual will affect behavior. In that sense, both efficien-
cy and distribution issues are relevant in the analysis of private decisions and 
public choice.  

To establish linkages between Proposition 1 and previous literature, consider 
the case of a market economy where mp +∈  denotes the prices of private 
consumer goods. As noted above, we normalize prices such that 1pg = , mean-
ing that ( )W U  in (1) is a welfare measure with a monetary interpretation. In 
this context, an alternative representation of efficiency is presented next.  

Corollary 1. Under assumptions As1-As4, an allocation ( )* * *, ,x y z  is Pareto 
efficient if and only if it satisfies  

( ) ( ){ }0 0, , , max : , , ,
ii i i i i i i i i ib x x z U u x x g z U i Nβ β β= − ≥ ∈       (3) 

( ) ( ){ }0 0, , , min , , , :
ii i i x i i i i i i ie p x z U px b x x z U x X= − ∈        (4) 

( ){ }0min : , , , ,
ix i i i i i i ipx u x x z U x X i N= ≥ ∈ ∈           (5) 

( ) ( ){ }0 0, , max : , ,yp x z py x y T z Fπ = − ∈             (6) 

( ) ( ) ( ) [ ]
0

0 0 0 00 ,
min max , , , , , : , 0, n

i i ip x z i N
W U p x z e p x z U x X z Tπ

≥ ∈

 = − ∈ ∈ 
 

∑    (7) 

and 

( ){ }* : 0,U U W U U∈ = ∈ .                   (8) 

Equation (3) gives the benefit function ( )0 , , ,i i i ib x x z U  proposed and dis-
cussed in Luenberger (1992). Equation (5) defines an expenditure minimization 
problem conditional on ( )0 , ix z , where ( )0, , ,i i ie p x z U  is a standard expend-
iture function measuring the purchasing power of the i-th individual, i N∈ . As 
showed in Luenberger (1992), the private expenditure function ( )0, , ,i i ie p x z U  
is dual to the benefit function. Denoting by iw  the income received by the i-th 
individual, the expenditure minimization problem used to generate the expend-
iture function is also dual to the utility maximization problem  
( ) ( ){ }0 0, , , max , , : ,

ii i i x i i i i i i iV p x z w u x x z px w x X= ≤ ∈  where ( )0, , ,i i iV p x z w  
is the indirect utility function satisfying ( )( )0 0, , , , , , ,i i i i i iw e p x z V p x z w i N= ∈  
(Deaton & Muellbauer, 1980). Under differentiability, ( )0 ,i ie x z∂ ∂  measures 
the shadow prices of ( )0 , ix z  for each i N∈ . Equation (6) is an income max-
imization problem, yielding the aggregate income function ( )0, ,p x zπ . Under 
differentiability, ( )0 ,x zπ∂ ∂  measures the shadow cost of ( )0 ,x z . Finally, 
Equation (7) states that the efficient choice of ( )0 ,x z  is consistent with the 
maximization of net aggregate income ( ) ( )0 0, , , , ,i i ii Np x z e p x z Uπ

∈
 − ∑ . When 

( )0 ,x z  include externalities, this identifies the efficient management of exter-
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nalities (Coase, 1960; Chavas, 2015). Also, Equation (7) identifies the market- 
clearing prices *p  for private goods supporting an efficient allocation in gen-
eral equilibrium.  

From Equation (7) and assumption As4, feasibility means that the aggregate 
budget constraint can be written as ( ) ( )0 0, , , , ,i i ii N e p x z U p x zπ

∈
≤∑  or  

( ) 0W U ≥ . From Equation (2) or (8), Pareto efficiency means that  
( ) ( )0 0, , , , ,i i ii N e p x z U p x zπ

∈
=∑ , implying that the aggregate budget constraint 

is necessarily binding. If ( ) 0W U ≥  under feasibility and ( ) 0W U =  under 
Pareto efficiency, it follows that ( ) 0W U >  is necessarily associated with ineffi-
ciency. As discussed in the introduction, under bounded rationality, individuals 
can have cognitive difficulties in making decisions in complex situations (Simon, 
1955; Oprea, 2020), indicating the need to explore inefficient allocations. The 
inefficiency can come from three sources: 1) society does not maximize income 
which lowers the purchasing power of consumers; 2) the n consumers do not 
minimize their expenditures; 3) some of the income is not spent, with adverse 
effects on welfare. Our analysis will allow for economic inefficiency as discussed 
below.  

The aggregate income function ( )0, ,p x zπ  is given in (6). Let ( )0, ,cy p x z  
be the solution of the maximization problem in (6). Under differentiability, note 
that Hotelling’s lemma gives ( ) ( )0 0, , , ,cy p x z p x z pπ= ∂ ∂ . Comparing  

( )0, ,cy p x z  with the observed decisions y, Equation (6) can be used to investi-
gate possible departure from efficiency, with ( )0, , 0cpy p x z py − ≥   provid-
ing a measure of production inefficiency. These departures can come from tech-
nical inefficiency (if production of private goods is not situated on the boundary 
of the feasible set F), and/or allocative inefficiency (if production decisions do 
not maximize aggregate income as given in Equation (6)). In addition, the effi-
cient choices of public goods 0x  and leisure z correspond to the maximization 
of net aggregate income ( ) ( )0 0, , , , ,i i ii Np x z e p x z Uπ

∈
 − ∑  as given in Equa-

tion (7). Finally, from (8), ( ) 0W U =  is the aggregate budget constraint stating 
that aggregate income ( )0, ,p x zπ  is entirely redistributed among the n indi-
viduals in society. Clearly, how aggregate income is distributed affects the pur-
chasing power of each individual and thus the distribution of welfare in society. 
In the following sections, we will firstly introduce bargaining among members of 
society, and then connect it to distributional and efficiency issues for a joint 
analysis of efficiency and welfare distribution.  

3. Bargaining 

How to choose a point *U  on the Pareto utility frontier defined by Equation 
(2) or (8)? Many efficient points exist along the Pareto utility frontier. Moving 
along the Pareto utility frontier is associated with changing individual utilities 
( )1, , nU U  and the associated income distribution. In an egalitarian society, all 
individuals would have the same purchasing power. But efficiency can also be 
associated with unequal distribution of income if a few individuals receive a 
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large part of the aggregate income ( )0, ,p x zπ  (Crockett et al., 2011). This in-
dicates a need to go beyond Pareto efficiency and to examine income and wel-
fare distribution within society. 

This section investigates welfare distribution as the outcome of a bargaining 
process among the n members of society. The analysis is inspired by seminal 
work on bargaining by Nash (1950, 1953) and Harsanyi (1950, 1963, 1977). As 
noted in previous literature, the Nash-Harsanyi approach is limiting as it was 
presented under the expected utility model where utilities are defined up to a 
positive linear transformation. We extend the Nash-Harsanyi approach by pre-
senting our analysis under ordinal preferences. 

The analysis starts with threat points. Threat points are defined as feasible al-
locations representing outcomes that would arise in the case of bargaining fail-
ure among the n individuals. We denote the threat allocation for the i-th indi-
vidual by ( )0 , , , ,t t t t

i i i ix x y z i N∈ . The utilities associated with the threat points are 
( )0 , , ,t t t t

i i i i iU u x x z i N= ∈  where ( )1 , ,t t t
nU U U= ∈  . In this section, we treat 

the threat allocations as given. The determination of threat strategies and the 
factors affecting bargaining failure are discussed in Section 5. 

Using Equation (3), the benefit function ( )0 , , , t
i i i ib x x z U  is the willingness- 

to-pay of the i-th individual starting with ( )0 , ,i ix x z  to avoid facing the threat 
utility t

iU . Thus, for a given ( )0 , ,i ix x z , ( )0 , , , t
i i i ib x x z U  is a measure of the 

welfare loss perceived by the i-th individual facing the prospect of receiving the 
threat allocation: the greater ( )0 , , , t

i i i ib x x z U , the greater the associated welfare 
loss.  

To the extent that the threat outcomes are feasible and always available, no 
individual is willing to accept any payoff less favorable than his/her threat point. 
Thus, we restrict our bargaining analysis to the allocations ( ), ,x y z  satisfying 
( )0 , , ,t

i i i iu x x z U i N≥ ∈ . It follows from (3) that ( )0 , , , 0,t
i i i ib x x z U i N≥ ∈ , stat-

ing that the willingness-to-pay to avoid the threat points is non-negative. It this 
context, ( ) 0tW U ≥  provide a measure of the aggregate welfare loss associated 
with bargaining failure. We propose to use ( )0, , , t

i i i ib x x z U  to evaluate the bar-
gaining position of the i-th individual, i N∈ . 

Definition 1: The i-th individual facing ( )0 , ,i ix x z  is less willing to accept a 
bargaining failure than individual i' if 

( ) ( )0 0, , , , , , , ,t t
i i i i i i i ib x x z U b x x z U i N i N i′ ′ ′ ′ ′> ∈ ∈ − .         (9) 

Definition 1 states that a move from an allocation ( ), ,x y z  to the threat 
points would decrease the purchasing power more for individual i than individ-
ual i'. It asserts that the i-th individual, compared with i'-th one, is less willing to 
face a bargaining failure when a bargaining failure would reduce his/her welfare 
more than individual i'. Thus, the greater ( )0 , , , t

i i i ib x x z U  is, the less the indi-
vidual is willing to accept a bargaining failure. And we propose the following de-
finition of a bargaining agreement.  

Definition 2: A feasible allocation ( ), ,x y z  is a bargaining agreement for all n 
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individuals if  

( ) ( )0 , , , , ,t t
i i i ib x x z U M x z U=  for all i N∈ ,            (10) 

where 

( ) ( ){ }0, , max , , , :t t
i i i i iM x z U b x x z U i N= ∈ .            (11) 

Definition 2 states that a feasible allocation ( ), ,x y z  is a bargaining agree-
ment when all n individuals are equally willing to accept a bargaining failure. 
Building on evolutionary games where decisions are made reflecting limited in-
formation under bounded rationality (e.g., Sandholm, 2010; Vega-Redondo, 1997; 
Gintis, 2007; Chavas & Wang, 2021), we propose an iterative scheme representing 
the bargaining process. We show how the scheme can converge to a bargaining 
agreement and discuss the efficiency properties of agreements.  

Bargaining scheme S: 
 Step S1: Start at iteration 1k = . Propose a feasible allocation ( ), ,k k kx y z . 

Let ( )0 , , ,k k k k t
i i i i ib x x z U∆ = , i N∈ , and { }max :k k

i iM i N= ∆ ∈ .  
 Step S2: Find the set kN  of individuals being least willing to face a bargain-

ing failure  

{ }: ,k k k
iN i M i N= ∆ = ∈ .                 (12) 

 Step S3: 
○ Step S3a: If kN N= , then stop the bargaining process at #k k=  and an-

nounce ( )# # #
, ,k k kx y z  as a bargaining agreement. 

○ Step S3b: If kN N≠ , propose a feasible allocation ( )1 1 1, ,k k kx y z+ + +  satisfy-
ing 

1 , ,k k k
i i i N+∆ < ∆ ∈                     (13a) 

and  
1 , ,k k k

i M i N N+∆ < ∈ −                   (13b) 

where ( )1 1 1 1
0 , , ,k k k k t

i i i i ib x x z U+ + + +∆ = , i N∈ , and { }1 1max Δ :k k
i iM i N+ += ∈ . 

Then, let 1k k= +  and go to step S2.  
The bargaining scheme S involves identifying the individuals who are the least 

willing to face a bargaining failure. At the k-th iteration, the set of these individ-
uals is denoted by kN  in Equation (12) in step S2. In a way consistent with De-
finition 2, step S3a identifies a bargaining agreement occurring when kN N= , 
i.e. when all n individuals are equally willing to face a bargaining failure. In step 
S3b, Equation (13) states that the individuals in kN  are the ones making a 
concession at the k-th iteration, where making a concession means reducing 
current gains relative to threat points and therefore increasing their willingness 
to face a bargaining failure. Note that, as in Zeuthen (1930), the individuals 
making concessions are the ones least willing to face a bargaining failure (Zeu-
then, 1930; Harsanyi, 1950, 1977). As the bargaining process given in S moves in 
the direction of equalizing the willingness to accept a bargaining failure, upon 
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convergence, the process of making concessions in S leads to a bargaining agree-
ment.  

Proposition 2: Upon convergence, the bargaining scheme S identifies a bar-
gaining agreement ( )# # #

, ,k k kx y z . 
Proposition 2 identifies a bargaining agreement. From Definition 2, a bar-

gaining agreement occurs when all individuals are equally willing to face a bar-
gaining failure. Note that Proposition 2 does not say that convergence will al-
ways occur; and it does not say that a bargaining agreement is unique. These two 
issues will be revisited and explored in more detail in the next section. For ex-
ample, Proposition 4 presents a case where convergence to a bargaining agree-
ment is guaranteed.  

4. Bargaining and Efficiency 

Note that Proposition 2 does not require the bargaining agreement ( )# # #
, ,k k kx y z  

to be Pareto efficient. Thus, under bounded rationality, it allows for inefficient  

bargaining outcomes. If the bargaining outcome ( )# # #
, ,k k kx y z  is not Pareto 

efficient, there are untapped efficiency gains. Letting ( )# # # #

0 , , ,k k k k
i i i iU u x x z i N= ∈   

and ( )# ##
1 , ,k k

nU U U= 
, the corresponding aggregate efficiency gain would be 

( )# 0W U > .  
Could the bargaining scheme S be modified to converge to an efficient alloca-

tion?  
Bargaining scheme S’: The scheme S’ is the same as S except that step S3 is re-

placed by S3’: 
 Step S3’: Let ( )0 , ,k k k k

i i i iU u x x z=  and ( )1 , ,k k k
nU U U=  . 

○ Step S3a’: If kN N=  and ( ) 0kW U = , then stop the bargaining process at 
*k k=  and announce ( )* * *

, ,k k kx y z  as a bargaining agreement. 

○ Step S3b’: If kN N≠  or ( ) 0kW U > , propose a feasible allocation  
( )1 1 1, ,k k kx y z+ + +  satisfying Equations (13a) and (13b) if kN N≠ , and  

( ) ( )1k kW U W U+ <  if ( ) 0kW U >                  (14) 

where ( )1 1 1 1
0 , ,k k k k

i i i iU u x x z+ + + += , ( )1 1 1
1 , ,k k k

nU U U+ + +=  ,  
( )1 1 1 1

0 , , ,k k k k t
i i i i ib x x z U+ + + +∆ = , i N∈ , and { }1 1max :k k

i iM i N+ += ∆ ∈ . Then, let 
1k k= +  and go to step S2.  

Scheme S’ differs from S in two ways. First, ( ) 0kW U =  has been added in 
step S3a’. From Proposition 1, this corresponds to Pareto efficiency. Second, 
when ( ) 0kW U > , Equation (14) has been added to the iterative scheme. Equa-
tion (14) states that the bargaining process must reduce the distance to the Pa-
reto utility frontier across iterations from k to k + 1. This implies that the itera-
tive process necessarily moves toward the Pareto utility frontier. Upon conver-
gence, from S3a’, this leads to an allocation on the Pareto utility frontier. 

Building on Proposition 2, we have the following result. 
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Proposition 3: Upon convergence, the bargaining scheme S’ identifies an effi-
cient bargaining agreement ( )* * *

, ,k k kx y z  that corresponds to a unique point 
on the Pareto utility frontier.  

Proposition 3 states that the bargaining process given in S’ converges to a 
unique point on the Pareto utility frontier. The bargaining schemes S and S’ have 
some nice properties. First, they involve simple iterations that may reflect the 
steps taken during an actual bargaining session. Second, upon convergence, 
scheme S’ finds a bargaining agreement for an allocation that is Pareto efficient 
and where all individuals are equally willing to face a bargaining failure. Third, 
this bargaining process S’ identifies a unique point on the Pareto utility frontier. 
This unique point is linked directly with the threat of bargaining failure, thus 
stressing the importance of threat points.  

Note that the identification of a unique point on the Pareto utility frontier was 
obtained from a bargaining process. It did not require the specification of a so-
cial welfare function. Yet, a social welfare function can always be found to ratio-
nalize observed behavior. For example, if the Pareto utility frontier is concave, 
then there exists a hyperplane tangent to the utility frontier at some evaluation 
point. In this case, the slopes of this hyperplane can be treated as Bergsonian 
weights in a social welfare function. But changing these Bergsonian weights can 
rationalize any point of the utility frontier, meaning that a social welfare func-
tion does not really help to identify the factors affecting distribution issues. In 
contrast, our bargaining approach and its reliance on threat points do provide 
the additional information we can use in the investigation of income distribution 
within society. 

Below, we provide a simple representation of the outcome of the bargaining 
process S’.  

Proposition 4. Consider the following optimization problem 

( ) ( ) ( )

( ) ( )

0 0 0, , ,

0 0

max , , , , , , : , , , 0;

; , , , 0, ; ; , , ,

t
i i i i i i i i i i i ix y z U i Ni N

t n
i i i i i N

i N

b x x z U b x x z U b x x z U

x y b x x z U i N x X x y T z F U

∈∈

∈

 − ≥


≤ ≥

 
 

∈ ∈ − ∈ ∈ 


∑∏

∑ 
 (15) 

which has a solution ( ), , ,e e e ex y z U . The allocation ( ), ,e e ex y z  is an efficient 
bargaining agreement.  

Proposition 4 is an extension of Nash bargaining under ordinal preferences 
(Nash, 1950)4. As such, the term ( ) ( )0 0, , , , , ,t

i i i i i i i ii N b x x z U b x x z U
∈
 − ∏  in 

(15) is a generalized “Nash product”. The maximization problem in (15) subject 
to several constraints: the feasibility constraints ( )0 , , , 0i i i ii N b x x z U

∈
≥∑  and 

ii N x y
∈

≤∑ ; and the incentive compatibility constraints ( )0 , , , 0t
i i i ib x x z U ≥ , 

 

 

4The Nash bargaining model was first proposed by Nash (1950, 1953) under the expected utility model. 
Extensions of the Nash bargaining model under ordinal preferences have been explored by Rubinstein 
et al. (1992) and Hanany and Safra (2000). Our approach also applies under ordinal preferences. But it 
goes beyond Rubinstein et al. (1992) or Hanany and Safra (2000) in the sense that our approach does 
not rely on probability assessments. 
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i N∈ . When combined with Proposition 3, Proposition 4 states that the con-
strained maximization of the generalized Nash product in (15) picks a unique 
point on the Pareto utility frontier that is also a bargaining agreement as identi-
fied in scheme S’. This is one of our important results: combining bargaining 
and efficiency settles the issue of how welfare is distributed within society.  

While Proposition 4 identifies scenarios where bargaining leads to efficient 
allocations under bargaining scheme S’, we also consider allocations associated 
with bargaining agreements that may be inefficient. In general, the bargaining 
scheme S can generate inefficient bargaining outcomes. And inefficiency can 
arise if the bargaining individuals fail to identify the benefits from efficiency 
gains (e.g., due to cognitive limitations and/or information cost; see Simon (1955), 
Oprea (2020)).  

To examine the cost of inefficient agreements, consider a bargaining agree-
ment ( ), ,a a ax y z  associated with scheme S. How does it compare with a bar-
gaining agreement ( ), ,e e ex y z  associated with scheme S’? Let  

( ) ( ){ }1 0, , : , , ,a a a a a a a
n i i i iU U U U u x x z i N= = ∈ . And let  

( ) ( ){ }1 0, , : , , ,e e e e e e e
n i i i iU U U U u x x z i N= = ∈ . From Proposition 1, note that  

( ) 0eW U =  under efficiency. When ( ) 0aW U ≥ , then the efficiency cost of a 
bargaining agreement ( ), ,a a ax y z  can be measured by  

( ) 0a aW W U∆ = ≥ .                    (16) 

Equation (16) gives aW∆  as a welfare measure of the distance between the 
bargaining agreement ( ), ,a a ax y z  and the Pareto utility frontier. When bar-
gaining leads to efficient outcomes then 0aW∆ =  (from Proposition 1). But 
when bargaining agreements lead to allocations that fall short of efficiency, then 

0aW∆ > . In this case, Equation (16) provides a basis to evaluate the welfare cost 
of imperfect bargaining.  

Note that there are many ways for society to be inefficient. From Corollary 1, 
inefficiency can arise when ix  does not satisfy (4), when y does not satisfy (6), 
when ( )0 ,x z  does not satisfy (7) and/or when the aggregate budget constraint 
is not binding. Given this complexity, is there a simple way to represent ineffi-
cient agreements? The answer is: Yes. Consider the case where imperfections in 
bargaining can be represented by a bargaining cost c. Under bounded rationali-
ty, c can be interpreted as the cost of making decisions in a complex situation 
(Oprea, 2020). The bargaining cost c can provide a rationale for inefficient agree-
ments: bargaining would stop when aW c∆ < , i.e. when the benefit of bargain-
ing is less than its cost. We can introduce this bargaining cost in the evaluation 
of bargaining agreements by modifying Proposition 4 as stated next. (The proof 
is similar to Proposition 4 and is omitted).  

Proposition 5: 
1) If ( )tc W U≥ , there is no bargaining agreement and the allocation is the 

threat point ( ), , ,t t t tx y z U .                                       (17a) 
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2) If ( )0 tc W U≤ < , consider the optimization problem 

( ) ( ) ( )

( ) ( )

0 0 0, , ,

0 0

max , , , , , , : , , , ;

; , , , 0, ; ; , , ,

t
i i i i i i i i i i i ix y z U i N i N

t n
i i i i i N

i N

b x x z U b x x z U b x x z U c

x y b x x z U i N x X x y T z F U

∈ ∈

∈

− ≥


≤ ≥ ∈ ∈ − ∈

    

∈ 


∏ ∑

∑ 
 (17b) 

which has for solution ( ), , ,b b b bx y z U . Then, the allocation ( ), , ,b b b bx y z U  is 
a bargaining agreement which is efficient if 0c =  but inefficient if 0c > .  

Proposition 5 proposes a simple representation of inefficient bargaining agree-
ments, conditional on c. Equation (17a) states that bargaining fails and will gen-
erate the threat allocation ( ), , ,t t t tx y z U  when bargaining cost is larger than 
the payoff from bargaining: ( )tc W U≥ . And Equation (17b) generalizes (15) by 
introducing cost c. In a way similar to (15), the solution to (17b) is a bargaining 
agreement (see the proof for Proposition 4). When 0c = , (17b) reduces to (15), 
which identifies an efficient bargaining agreement (from Proposition 4). But 
when ( )0 tc W U≤ < , (17b) provides useful information on inefficient bar-
gaining agreements. In general, the solution ( ), , ,b b b bx y z U  to (17b) varies 
with c. Evaluating (17b) for different values of 0c ≥  generates a set of bargaining 
agreements going from an efficient agreement (when 0c = ), to inefficient 
agreements (when ( )0 tc W U< < ) and to no agreement (when ( )tc W U≥ ). 
In this context, c reflects the degree of inefficiency: the agreements represented 
by (17b) become increasingly inefficient as c increases from 0 to ( )tW U . In-
terpreting c as the cost of making decisions in a complex situation, our analysis 
sheds light on the joint analysis of bargaining and efficiency under bounded ra-
tionality: As the bargaining scheme S’ generates a unique point on the Pareto 
utility frontier (from Propositions 3 and 4), combining bargaining and efficiency 
settles the issue of how welfare is distributed within society. But scheme S opens 
the possibility that bargaining does not always lead to efficient outcomes under 
bounded rationality, and this inefficiency can be reflected by the bargaining cost 
c in Proposition 5. 

5. Threat Points 

What determines the threat allocations ( )0 , , ,t t t t
i i i ix x y z  and associated utilities 

,t
iU i N∈ ? These threats are the outcomes obtained under bargaining failure. In 

general, the occurrence and nature of bargaining failures depend on the so-
cio-economic and political context. In this section, we discuss several alternative 
approaches to evaluate threat strategies.  

A first approach involves the extreme situation where bargaining failure oc-
curs in all aspects of society. In this case, the threats would correspond to break-
ing up society into n parts, each individual managing his/her resources inde-
pendently. Since in this approach each decision is made entirely at the individual 
level, the characterization of bargaining failure would be simple: the threat 
points ( )0 , , ,t t t t

i i i ix x y z  would be the outcomes obtained from applying the anal-
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ysis presented above to each individual, i N∈ .  
A second approach associates the threats to non-cooperative behavior within 

society. In this case, building on the work of Nash (1950, 1953), the threat points 
could be identified as equilibrium points in a non-cooperative game played by 
the n individuals (e.g., Rubinstein, 1982; Osborne & Rubinstein, 1990; Binmore 
et al., 1992). This approach captures strategic interactions existing among indi-
viduals within market as well as non-market institutions. But it faces two chal-
lenges. First, the nature of these interactions can be complex as many coalitions 
can form, with each individual possibly joining multiple coalitions in the bar-
gaining process (Harsanyi, 1977). Second, dealing with the role of asymmetric 
and incomplete information in non-cooperative games remains difficult (Bin-
more et al., 1992).  

A third approach involves the role of social rules and their effects on resolving 
conflicts and limiting the cost of bargaining failure within society. Such social 
rules can be formal as well as informal. Formal rules are set by local, state and 
international institutions, and they guide and constrain socio-economic and po-
litical behavior. Such rules also involve the Courts that can step in when disputes 
cannot be resolved through private bargaining. The Courts system is a specia-
lized disputes-settling institution whose existence is justified by the high fre-
quency of bargaining failure in our modern society.  

Informal social rules which reflect the social nature of human beings are also 
important. Each individual typically belongs to many social networks, where 
each social network develops behavioral rules that can guide social interactions 
and individual behavior. The household is a good example of a social institution 
where informal rules help manage social interactions among its members (e.g., 
Ellickson, 2008). In general, social rules play a role when conflicts arise between 
individuals within a group. When social networks help manage and reduce con-
flicts, they can also limit the effects of bargaining failure on individual welfare. 
In this case, informal social rules would also affect the threat points used in our 
analysis.  

In general, we expect threat points to depend on the social and political insti-
tutions that impact the conflict resolution mechanisms in each specific context. 
We explore next the importance of threat points and their effects on income dis-
tribution.  

6. Bargaining and Welfare Distribution 

How does the bargaining outcome relate to welfare distribution in society? From 
Equations (9)-(11), our definition of a bargaining agreement relies on the benefit 
function ( )0 , , , t

i i i ib x x z U  in (3). How does this benefit function relate to in-
come distribution? To answer this question, we will make use of the following 
result. 

Lemma 1: Assuming that ( )0 , , ,i i i ib x x z U  is absolutely continuous in iU , 
we have 
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( ) ( )( ) ( )0 0 0 0, , , , , , , , , , ,c t c t
i i i i i i i i i i i ib x x z U e p x z u x x z e p x z U= − .      (18) 

where c
ix  is the Hicksian demand function satisfying  

( ) ( ){ }0 0, , , arg min : , , , ,
i

c
i i i x i i i i i i ix p x z U px u x x z U x X i N∈ ≥ ∈ ∈ . 
Equation (18) establishes a relationship between ( )0 , , ,c t

i i i ib x x z U  and the ex-
penditure function ( )0, , ,i i ie p x z U  defined in (5). In turn, let ( )0, , ,M

i i ix p x z w  
be the Marshallian demand function that solves the utility maximization prob-
lem ( ) ( ){ }0 0, , , max , , : ,

ii i i x i i i i i i iV p x z w u x x z px w x X= ≤ ∈  where iw  is the 
income allocated to the i-th individual and ( )0, , ,i i iV p x z w  is the associated in-
direct utility function, i N∈ . By duality, we have  

( ) ( )( )0 0 0, , , , , , , , ,c M
i i i i i i i ix p x z U x p x z e p x z U=  and  

( )( )0 0, , , , , ,i i i i i ie p x z V p x z w w=  (e.g., Deaton & Muellbauer, 1980), making it 
clear that the expenditure function ( )0, , ,i i ie p x z U  measures the purchasing 
power of the i-th individual, i N∈ , conditional on ( )0, , ,i ip x z U . 

In this context, the distribution of purchasing power in society can be meas-
ured by the expenditure share 

( )
( )( )

( )( ) [ ]0 0

0 0

, , , , ,
, , 0,1 ,

, , , , ,
i i i i i

i
j j j j jj N

e p x z u x x z
S p x z i N

e p x z u x x z
∈

= ∈ ∈
∑

.      (19) 

The expenditure share ( ), ,iS p x z  in (19) reflects the distribution of income 
in society: ( ), ,iS p x z  being large (small) means that the i-th individual receives 
a large (small) share of aggerate income. What are the implications of a bar-
gaining agreement for welfare distribution? Using Equations (9)-(11) and (18), a 
bargaining agreement implies that  

( ) ( )( ) ( )0 0 0 0, , , , , , , , , , ,c t c t
i i i i i i i i i i i ib x x z U e p x z u x x z e p x z U k= − =  for some k for 

all i N∈ . It follows that  

( )( )
( ) ( )( ) ( )

0 0

0 0 0 0

, , , , ,

, , , , , , , , , , ,

c
i i i i i

t c t
i i i j j j j j j j jj N

e p x z u x x z

e p x z U e p x z u x x z e p x z U n
∈
 = + − ∑

, im-

plying that expression (19) can be alternatively written as  

( )
( ) ( )

( )( ) [ ]
0 0

0 0

, , , , , ,1, , 0,1 , .
, , , , ,

t t
i i i j j jj N

i c
j j j j jj N

e p x z U e p x z U n
S p x z i N

n e p x z u x x z
∈

∈

−
=


+


∈ ∈

∑
∑

 (20) 

Equation (20) indicates how the expenditure share iS  of the i-th individual 

depends on the threat points ( )1 , ,t t
nU U . It implies that ( ) 1, ,iS p x z

n

> 
 = 
 < 

 

when ( ) ( )0 0, , , , , ,t t
i i i j j jj Ne p x z U e p x z U n

∈

> 
 = 
 < 

∑ . Thus, under a bargaining  

agreement, all individuals would have equal private expenditures if they face the 
same expenditure ( )0, , , t

i i ie p x z U  under the threat point t
iU . Alternatively, 

Equation (20) shows how unequal relative distribution of purchasing power can 
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arise when the threat expenditures ( )0, , , t
i i ie p x z U  vary across individuals. In-

dividuals who have a high ( )0, , , t
i i ie p x z U  would have high relative purchasing 

power ( ), ,iS p x z . Alternatively, individuals who have a low ( )0, , , t
i i ie p x z U  

would have low relative purchasing power ( ), ,iS p x z . Thus, our analysis ap-
plies to a wide range of income distributions: depending on the purchasing 
power of each individual at the threat points, income distribution can vary from 
egalitarian to very unequal. In general, noting that ( )0, , , t

i i ie p x z U  is increasing 
in t

iU , a ceteris paribus increase (decrease) in the threat point t
iU  would in-

crease (decrease) the i-th individual’s private expenditure share ( ), ,iS p x z . In-
terpreting this expenditure share as a measure of relative welfare in society 
shows how the threat points affect relative welfare. Individuals who face limited 
threat from bargaining failure get a higher share of aggregate income. 

7. Implications 

This section explores the implications of our analysis. In particular, we evaluate 
the role of preferences and their effects on bargaining outcomes. We also discuss 
the possible decentralization of economic and political institutions and the role 
of public goods. 

7.1. The Role of Preferences 

Our analysis of a bargaining agreement relies on the willingness-to-pay meas-
ured by ( )0 , , , ,t

i i i ib x x z U i N∈ . From Equation (3), this willingness-to-pay 
measure depends on individual preferences. Thus, we expect bargaining agree-
ments to be influenced by the nature of individual preferences. What is the role 
of preferences in the bargaining process? Given ( )0 , ,t t t t

i i i iU u x x z= , the answer 
to this question depends on how preferences affect ( )( )0 0, , , , ,t t t

i i i i i ib x x z u x x z . 
This gives two important insights. First, both the current allocation ( )0 , ,i ix x z  
and the threat allocation ( )0 , ,t t t

i ix x z  play a role. Second, the impact of prefe-
rences on bargaining is driven by their effects on the term  

( )( )0 0, , , , ,t t t
i i i i i ib x x z u x x z , which depends on the shape of preferences as well as 

preferences’ valuations at the current and threat allocations. Generally, a ceteris 
paribus change in individual i’s preferences would strengthen his/her bargaining 
position if the change reduces ( )( )0 0, , , , ,t t t

i i i i i ib x x z u x x z , as this would make 
individual i less willing to make a concession. Alternatively, a preference change 
would weaken the bargaining position of individual i when it induces an in-
crease in ( )( )0 0, , , , ,t t t

i i i i i ib x x z u x x z , as this would make individual i more will-
ing to make a concession.  

Recall that our model represents a general economy. As in Debreu (1959), our 
approach applies to intertemporal allocations (in which case ( ), ,x y z  represent 
current as well as future allocations within some planning horizon) and it ap-
plies under uncertainty (in which case the allocations ( ), ,x y z  are defined to be 
state-contingent). In this context, our analysis can evaluate the role of impa-
tience and the role of risk aversion. 
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First, consider the effects of impatience on bargaining (Rubinstein, 1982). The 
role of impatience arises whenever the benefits occur in the future. Then, the 
current evaluation of an agreement depends on the intertemporal preferences 
which reflect how individuals discount future benefits. And different individuals 
could discount the future at different rates, with “more patient” individuals have 
a lower discount rate while “more impatient” individuals have a higher discount 
rate (Rubinstein, 1982). Our analysis shows that the effects of patience (or impa-
tience) on bargaining strength depend on each specific situation. On the one 
hand, the i-th individual becoming more patient would strengthen his/her bar-
gaining position when this change decreases ( )( )0 0, , , , ,t t t

i i i i i ib x x z u x x z , thus re-
ducing his/her willingness to make a concession. This would occur when bar-
gaining failure allocates relatively more benefits to the future, compared with the 
current allocation, thus associating greater patience with a decline in ex ante wil-
lingness to pay to avoid a bargaining failure. But greater patience would instead 
weaken the bargaining position of individual i if it induces an increase in 

( )( )0 0, , , , ,t t t
i i i i i ib x x z u x x z , as this would make individual i more willing to make 

a concession. This would occur when bargaining failure has large adverse effects 
on future benefits, thus associating greater patience with an increase in ex ante 
willingness to pay to avoid a bargaining failure. Note that this result differs from 
the one obtained by Rubinstein (1982). The reason is that, in our model, the 
bargaining position of each individual is evaluated in relative terms, i.e. com-
pared with threat points. 

Similar arguments apply to the effects of risk preferences. When benefits are 
uncertain, the willingness-to-pay measures ( )0 , , ,i i i ib x x z U  are ex ante meas-
ures. For risk averse individuals, willingness-to-pay would decline when benefits 
become more uncertain. In this context, one expects bargaining to be affected by 
both risk exposure and risk aversion (e.g., Murnighan et al., 1988). How does a 
ceteris paribus change in risk aversion affect the outcome of the bargaining 
process? Again, the answer depends on the specific situation. If bargaining fail-
ure involves higher individual risk exposure compared with the current alloca-
tion, then greater risk aversion is associated with a rise in ex ante willingness to 
pay to avoid a bargaining failure. In this case, the i-th individual becoming more 
risk averse would weaken his/her bargaining position as this change raises 

( )( )0 0, , , , ,t t t
i i i i i ib x x z u x x z , thus increasing his/her willingness to make a conces-

sion. In the opposite case, if bargaining failure reduces individual risk exposure 
compared with the current allocation, greater risk aversion could instead streng-
then the bargaining position of individual i. These results reflect that the effects 
of risk aversion depend on the patterns of risk exposure that can vary between 
the current allocation and the threat allocation.  

7.2. Decentralization 

Our analysis sheds light on the institutions supporting the bargaining process in 
society. An important issue is the role of markets in supporting decentralized 
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resource allocations. To discuss this issue, it will be convenient for us to examine 
the special case where 0 0x = , i.e. where no public goods are provided. The role 
of public goods will be evaluated in the next sub-section. Given 0 0x = , the 
analysis of efficiency then reduces to investigating the allocation choice  
( )1 1, , , , , ,n nx x y z z  . In a market economy, efficiency would be given in Co-
rollary 1 with one exception: conditional on 0 0x = , Equation (7) would become  

( ) ( ) ( ){ }0 0min max ,0, ,0, , : n
p z i i ii NW U p z e p z U z Zπ≥ ∈

= − ∈∑ .      (7’) 

Then, Equations (5) And (6) and (7’) along with ( )0 0W U =  provide a re-
presentation of an economy supporting an efficient allocation of private goods 
(conditional on 0 0x = ). This corresponds to the standard welfare theorems es-
tablishing close linkages between efficiency and competitive markets (e.g., De-
breu, 1959). Indeed, under competitive markets, Equation (5) states that con-
sumers minimize expenditures; Equation (6) is a profit maximization condition 
for production decisions; and Equation (7’) states that time allocation  

( )1, , nz z z=   is efficient and prices p clear the markets for private goods. In 
this case, competitive prices support an efficient allocation of private goods. 
From Equation (5), the consumption decisions are decentralized: each consumer 
makes consumption decisions in response to market prices p, i N∈ . And when 
production decisions are made by multiple firms with the absence of externali-
ties, the profit maximization condition (6) would apply at the firm level, mean-
ing that profit-maximizing competitive firms would produce efficient outputs. 
This is Adam Smith’s (1776) “invisible hand” where competitive market prices 
guide decentralized decision making for both producers and consumers to sup-
port an efficient allocation.  

Our analysis goes beyond the standard welfare theorems in two ways. First, it 
allows for inefficiency. The inefficiency could apply to any good in  
( )1 1, , , , , ,n nx x y z z  , involving consumption decisions ( )1, , nx x  (when such 
decisions do not satisfy (5)), production decisions y (when such decisions do no 
maximize aggregate profit in (6)) and/or time allocation (when the choice of z 
does not satisfy (7)). Inefficient outcomes are the allocations located below the 
Pareto utility frontier. As discussed above, inefficiency could arise because of the 
limited cognitive abilities of decision makers. One advantage of competitive mar-
kets is their reliance on price signals to guide producers and consumers toward 
efficiency, thus greatly reducing the need for information about the extent of re-
source scarcity and/or the preferences of all members of society. But this argu-
ment becomes weaker when applied to time allocation. The efficient allocation 
of time ( )1, , nz z z=   given in (7) depends on leisure preferences, on the prod-
uctivity of labor and the ability to match labor supply with labor demand. Hete-
rogeneities in leisure preferences and labor productivity across individuals along 
with search cost make the matching of supply and demand in the labor market 
challenging. This is a scenario where imperfections in the labor market can gen-
erate unemployment, generating a debate about whether markets alone can sup-
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port an efficient economy (e.g., Keynes, 1936). By allowing for inefficiency (in-
cluding inefficiency in the labor market), our analysis provides a basis to address 
these issues.  

Second, our approach goes beyond the welfare theorems by investigating the 
linkages between bargaining and distribution issues. Pareto efficiency does not 
provide guidance about the evaluation of income distribution, but our bargain-
ing model does. There are more than one points along the Pareto frontier, but 
there is only one unique point which is both efficient and a bargaining agree-
ment. Bargaining agreements can be inefficient in general, but each move to-
wards the Pareto frontier in the bargaining scheme improves efficiency. This il-
lustrates how a joint analysis of bargaining and efficiency provides new insights 
on the tradeoff between efficiency and distribution issues.  

7.3. The Role of Public Goods 

What is the role of public goods in resource allocation? From Corollary 1, the ef-
ficient choice of public goods 0x  is given in Equation (7), stating that the effi-
cient 0x  occurs when the aggregate net benefit is maximized (where the aggre-
gate benefit is given by ( ) ( )0 0, , , , ,i i ii Np x z e p x z Uπ

∈
 − ∑ ). Assuming that 

00 X∈ , comparing (7) and (7’) implies that ( ) ( )0W U W U≥ . This follows from 
the fact that (7’) is a constrained version of (7): the restriction 0 0x =  is im-
posed in (7’) but not in (7). Therefore, a measure of the aggregate welfare loss 
due to a failure to invest in public goods is given by  

( ) ( )0 0W W U W U∆ ≡ − ≥ .                      (21) 

When the public goods affect many individuals, decentralized decision mak-
ing might no longer support an efficient allocation. Some form of coordination 
scheme is then needed, which can be provided by centralized institutions. Con-
sider the case where there are positive benefits from the public goods, i.e. where 

0W∆ > . In this case, society benefits from investment in the public goods 0x . 
But two questions remain: First, is the choice of 0x  efficient? Second, is the 
distribution of the associated benefits acceptable to society members so that it 
can support a bargaining agreement? Evaluating the efficiency of public goods is 
equivalent to investigating whether 0x  satisfies Equation (7). And assessing the 
acceptability of an agreement is equivalent to examining whether Equations (10) 
and (11) are satisfied. Therefore, having positive benefits from providing public 
goods is not sufficient to support a bargaining agreement: both efficiency and 
distribution issues play a role in the economic assessment of investments in pub-
lic goods. 

Our analysis provides useful insights into the economics of public goods. Un-
der our framework, the collective action supporting the provision of public 
goods is likely to be successful under three conditions: 1) the aggregate benefit 
ΔW is large; 2) the provision of the public goods is efficiently administered; and 
3) the benefits are distributed to satisfy Equations (10) and (11). When all three 
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conditions are satisfied, we expect to see strong political support for collective 
action. But a failure to satisfy any of the three conditions is sufficient to under-
mine the support for associated policies. Condition 1) would be satisfied when 
public goods generate significant benefits to many members of society (e.g., in-
vestment in infrastructure); but it is less likely to be satisfied for “local public 
goods” that benefit only a few individuals. In the latter case, potential bargaining 
leading to an efficient allocation can be hindered by bargaining cost. Condition 
2) would not be satisfied when the provision of public goods is not well admi-
nistered. This would include situations of “rent seeking” behavior (Krueger, 1974) 
and poor governance or corruption (Rose-Ackerman, 1975). Such situations 
would reduce the perceived benefits of providing public goods and thus weaken 
the political support for associated policies. Finally, condition 3) may not be sa-
tisfied in the presence of large income and welfare inequalities that could moti-
vate individuals to reject a bargaining agreement on the basis of welfare distribu-
tion. Hence, how individuals perceive their welfare situation compared to the 
threat points matter. And this stresses the importance of these threat points in 
the evaluation of bargaining and political agreements.  

8. Conclusion 

This paper has investigated the economics of resource allocation and welfare 
distribution under general conditions. The analysis generalizes the Nash-Harsanyi 
bargaining model: it applies under ordinal preferences and under bounded ra-
tionality. The approach relies on evolutionary schemes where each step represents 
the bargaining process among all individuals in society. At each step, each indi-
vidual’s willingness to make a concession depends on the relative perceived cost 
of bargaining failure. In this context, we show how the bargaining process con-
verges to a bargaining agreement. Under bounded rationality, the bargaining 
agreement can be inefficient, in which case our analysis provides a measure of 
the economic cost of inefficiency. We also show how bargaining agreements can 
be efficient and converge to a unique point on the Pareto utility frontier. In all 
cases, we show how bargaining agreements can be represented by the maximiza-
tion of a “generalized Nash product”. We also investigate the implications of 
threat points (representing bargaining failure) for welfare distribution. Whether 
or not efficiency is achieved, we explore the linkages between threat points and 
welfare distribution, showing how the relative bargaining power of individuals 
affects income distribution. We also discuss the role of decentralization and 
public goods, and of markets as well as non-market institutions as they affect the 
efficiency of resource allocation and associated welfare distribution.  

We stress the generality of our approach: it allows for private goods as well as 
public goods; and it applies to bargaining under bounded rationality. We see in-
troducing bounded rationality as an important contribution: it helps make eco-
nomic modeling more realistic (reflecting cognitive difficulties often faced by 
individuals involved in the process of economic and political bargaining). We 
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also see the joint analysis of efficiency and distribution issues as another impor-
tant contribution. Finally, in the presence of public goods, our analysis provides 
useful insights into the role of markets, management and government policy in 
global markets.  

While our approach applies under general conditions, further refinements are 
possible. First, the management of bargaining failures needs more attention. In 
the presence of strong linkages between threat points and welfare distribution, 
the design and implementation of conflict resolution mechanisms need further 
investigations. Second, the analysis presented in this paper is theoretical. Further 
research is needed to explore applications of our approach to economic and pol-
icy decisions. 
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Appendix: Proofs 

Proof of Proposition 1. 
Consider a feasible point ( )* * * * *, , , ,x y z Uβ  that satisfies Equations (1) and 

(2), where ( )* * * *
0 , , ,i i i iU u x x z i N= ∈ . Assume that the allocation ( )* * *, ,x y z  is 

not efficient. It means that there exists another feasible allocation ( )0 0 0, ,x y z  
such that ( ) ( )0 0 0 * * * *

0 0, , , ,i i i i i i iu x x z u x x z U≥ =  for all i N∈  and  
( ) ( )0 0 0 * * * *

0 0, , , ,j j i j j j ju x x z u x x z U> =  for some individual j N∈ . Let  
( ) ( ){ }* *

0 0, , , max : , , ,
ii i i i i i i i i ib x x z U u x x g z U i Nβ β β≡ − ≥ ∈ . Under Equations 

(1) and (2), we have ( )* * * *
0 , , , 0,i i i ib x x z U i N= ∈ . Under assumptions As1 (con-

tinuity), As2 (strict monotonicity) and As4 (no destitution), ( )0 0 0 *
0 , ,i i i iu x x z U≥  

implies that ( )0 0 0 *
0 , , , 0,i i i ib x x z U i N≥ ∈ , and ( )0 0 0 *

0 , ,j j j ju x x z U>  implies that 
( )0 0 0 *

0 , , , 0j j j jb x x z U > . Note that feasibility is maintained as 0 0
ii N x y

∈
≤∑  im-

plies ( )0 0 0 0 * 0
0 , , ,i i i i ii N x b x x z U g y

∈
 − ≤ ∑ . Thus, we have  

( )0 0 0 *
0 , , , 0i i i ii N b x x z U

∈
>∑ , which contradicts that ( )* * *, ,x y z  is a solution to 

Equations (1) and (2). That is, if *U  satisfies (2), then ( )* * *, ,x y z  is not the 
willingness-to-pay maximizer in (1); or *U  does not satisfy (2). Therefore, Eq-
uations (1) and (2) imply efficiency. 

Now consider a feasible allocation ( ), ,a a ax y z  that is efficient. Assume that 
it does not satisfy Equations (1) and (2). This can happen in two ways. First, it 
can happen if ( ), , , ,a a a a ax y z Uβ  does not satisfy Equation (1), i.e. if there ex-
ists a feasible point ( ) ( ), , , , , ,d d d d a a a ax y z x y zβ β≠  such that  

0d a
i ii N i ND β β

∈ ∈
≡ − >∑ ∑ . Under assumption As2, redistributing D units of 

the private bundle g to the n individuals can make at least one person better off 
without making anyone worse off, contradicting efficiency. Second, it can hap-
pen if ( ), , , ,a a a a ax y z Uβ  does not satisfy Equation (2), i.e. if 0a

ii N β∈
≠∑ . 

Note that the feasibility conditions ( ){ }0 , , ,a a a a
i i i iu x x z U i N≥ ∈  in (1) imply that 

0a
ii N β∈
≥∑ . But under assumption As2, having 0a a

ii NB β
∈

≡ >∑  means that 
aB  units of the private bundle g can be redistributed to the n individuals to 

make at least one person better off without making anyone worse off, contra-
dicting efficiency. It follows that efficiency implies Equations (1) and (2). 

Proof of Corollary 1.  
Under assumption As3 (stating that the set ( )0 ,Y x z  is convex), the con-

strained maximization problem in (1) can be written in terms of the associated 
Lagrangian ( ), , i ii N i NL x y z p y xβ

∈ ∈
 = + − ∑ ∑  where 

1 j jj
mpy p y
=

= ∑  and 
mp +∈  is a vector of Lagrange multipliers associated with the constraints 

ii N x y
∈

≤∑ . Then the optimization problem (1) can be alternatively written as 
the following saddle-point problem (Takayama, 1985): 

( )* * * * *
i i i i i

i N i N i N i N i N
p y x W U p y xβ β β

∈ ∈ ∈ ∈ ∈

 
 

 + − ≤ ≡ ≤ + −  
∑ ∑ ∑ ∑ ∑ ,     (A1) 

for any ( ), , ,x y z p  satisfying ( )0 , ,i i i i iu x x g z Uβ− ≥ , i N∈ , ( )0 , ,x y T z F− ∈ , 
x X∈ , nβ ∈  and mp +∈ , where the Lagrange multipliers *p  are market 
clearing prices for private goods.  
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Equations (3)-(7) follow from a stage-wise decomposition of the saddle-point 
problem in (A1). Under Assumptions As1-As3 and choosing g to satisfy  

1pg = , the proof of the equivalence of Equations (4) and (5) is presented in 
Luenberger (1992: p. 472-474). Finally, Equation (8) is Equation (2).  

Proof of Proposition 2:  
When kN N≠ , Equations (13a)-(13b) in S3b imply that 1k kM M+ < , i.e. 

that the maximum willingness-to-pay to avoid bargaining failure declines across 
iterations from k to k + 1. Thus, the bargaining process given in S moves in the 
direction of equalizing the willingness to accept a bargaining failure. Upon con-
vergence, from S3a, the iterative scheme in S leads to a point where 

#kN N= . 
From definition 2, this identifies ( )# # #

, ,k k kx y z  as a bargaining agreement.  
Proof of Proposition 3:  
From Proposition 2, ( )* * *

, ,k k kx y z , is a bargaining agreement. Upon conver-
gence, condition S3a’ states that ( )*

0kW U = . Under assumptions As1-As3, 
Proposition 1 implies that 

*kU  is on the Pareto utility frontier. This implies 
that the allocation ( )* * *

, ,k k kx y z  is a bargaining agreement that is Pareto effi-
cient.  

We now show that this efficient agreement corresponding to a unique point 
on the Pareto utility frontier. Under assumption As2, note that ( )W U  is strictly 
decreasing in U. Assume that there are two efficient bargaining agreements  

a dU U≠  satisfying ( ) ( ) 0a dW U W U= = . ( )W U  being strictly decreasing in 
( )1, , nU U U=  , there must exist some i j N≠ ∈  such that 

( ) ( )0 0, , , ,a a a a d d d d
i i i i i i i iu x x z U U u x x z= > =  and  

( ) ( )0 0, , , ,a a a a d d d d
j j j j j j j ju x x z U U u x x z= < = . This implies  

( ) ( )0 0, , , , , ,a a a t d d d t
i i i i i i i ib x x z U b x x z U>  and ( ) ( )0 0, , , , , ,a a a t d d d t

j j j j j j j jb x x z U b x x z U< . 
But this contradicts the definition of a bargaining agreement in (9)-(11) (stating 
that all individuals are equally willing to accept a bargaining failure). Thus, 

a dU U=  is the only possibility.  
Proof of Proposition 4: 
Under assumption As2, the constraint ( )0 , , , 0i i i ii N b x x z U

∈
≥∑  is necessari-

ly binding. It follows that the solution to (15) is Pareto efficient and that eU  is 
on the Pareto utility frontier: ( ){ }: 0,eU U W U U∈ = ∈ .  

First, consider the case where ( )0 , , , 0t
i i i ib x x z U =  for all i and hence 

 ( ) 0tW U = . Then tU  is on the Pareto utility frontier and e tU U= . Second, 
consider the case where ( ) 0tW U > . Then, the maximization problem in (15) 
can be alternatively written as  

( ) ( ) ( )

( )

0 0 0, , ,

0

max ln , , , , , , : , , , 0;

; ; , , ,

t
i i i i i i i i i i i ix y z U i N i N

n
i N

i N

b x x z U b x x z U b x x z U

x y x X x y T z F U

∈ ∈

∈

  − ≥  
≤ ∈ − ∈ ∈ 


∑ ∑

∑ 
  (15’) 

Under assumption As2, ( )0 , , ,i i i ib x x z U  is decreasing in ,iU i N∈ . Denoting 
by λ  the Lagrange multiplier associated with the constraint  
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( )0 , , , 0i i i ii N b x x z U
∈

≥∑  in (15'), the first-order necessary conditions with re-
spect to iU  in (15') give ( ) ( )0 01 , , , , , , ,t

i i i i i i i ib x x z U b x x z U i Nλ  = − ∈  . Not-
ing that ( )0 , , , 0i i i ib x x z U =  at the optimum, this implies that the solution to 
(15’) satisfies the convergence criterion in S3a’, i.e. that the solution to (15) is a 
bargaining agreement located on the Pareto utility frontier.  

Proof of Lemma 1: 
Assuming that ( )0 , , ,i i i ib x x z U  is absolutely continuous in iU ,  
( )0 , , ,i i ib x x z a a∂ ∂  exists almost everywhere and ( )0 , , , t

i i i ib x x z U  can be  

written as ( ) ( )( )0
0 0, ,
, , , , , , d

t
i

i i i

Ut i
i i i i i iu x x z

b
b x x z U x x z a a

a
∂

=
∂∫ . Applying the envelop 

theorem to (5) yields ( ) ( )0 0, , , , , ,i i
i i i i i

i i

e b
p x z U x x z U

U U
∂ ∂

= −
∂ ∂

 evaluated at c
ix . 

This implies that 
( ) ( )( )

( )( ) ( )
0

0 0, ,

0 0 0

, , , , , , d

, , , , , , , ,

t
i

c
i i i

Uc t i
i i i i iu x x z

c t
i i i i i i i i

e
b x x z U p x z a a

a

e p x z u x x z e p x z U

∂
= −

∂

= −

∫
. 
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