4

Advances in Pure Mathematics, 2022, 12, 186-205

”“ Scientific https://www.scirp.org/journal/apm
0 " Research :
94% Publishing ISSN Online: 2160-0384

@,

ISSN Print: 2160-0368

On the Spectra of General Ordinary
Quasi-Differential Operators and

Their L: -Solutions

Sobhy El-Sayed Ibrahim

Department of Mathematics, Faculty of Basic Education, Public Authority of Applied Education and Training, Kuwait City,

Kuwait
Email: sobhyelsayed_55@hotmail.com

How to cite this paper: El-Sayed Ibrahim,
S. (2022) On the Spectra of General Ordi-
nary Quasi-Differential Operators and Their
L2 -Solutions. Advances in Pure Mathema-
tics, 12, 186-205.
https://doi.org/10.4236/apm.2022.123016

Received: February 1, 2022
Accepted: March 18, 2022
Published: March 21, 2022

Copyright © 2022 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

(ONom

Abstract

In this paper, we consider the general ordinary quasi-differential expression
7 of order n with complex coefficients and its formal adjoint 7* on the in-
terval [a, b) . We shall show in the case of one singular end-point and under
suitable conditions that all solutions of a general ordinary quasi-differential equa-
tion (T—}LW)U =Wf are in the weighted Hilbert space Liv (a,b) provided

that all solutions of the equations (7—AW)u=0 and its adjoint

(f —/TW)V =0 are in IfN(a,b). Also, a number of results concerning the

location of the point spectra and regularity fields of the operators genera-
ted by such expressions may be obtained. Some of these results are exten-
sions or generalizations of those in the symmetric case, while the others are
new.
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1. Introduction

Akhiezer and Glazman [1] studied that the self-adjoint extension S of the mini-
mal operator T (T) generated by a formally symmetric differential expression
T with maximal deficiency indices have resolvents which are Hilbert-Schmidt

integral operators and consequently have a wholly discrete spectrum. The rela-
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tionship between the square-integrable solutions for real values of the spectral
parameter and the spectrum of self-adjoint ordinary differential operators of
even order with real coefficients and arbitrary deficiency index are studied in [2]
[3]. Sobhy E.I. has been extended their results for general ordinary quasi-di-
fferential expression 7 of N th order with complex coefficients [4] [5] [6] [7]
(8].

The operators which fulfill the role that the self-adjoint and maximal symmet-
ric operators play in the case of a formally symmetric expression 7 are those
which are regularly solvable with respect to the minimal operators T, (T) and
T, (f) generated by a general quasi-differential expression 7 and its formal
adjoint " respectively, the minimal operators T, ( ) and T, ( +) form an ad-
joint pair of closed, densely defined operators in the underlying LW -space, that
is Ty(7)c [TO (z’ )] Such an operator Ssatisfies T,(r)<=S [T (r* )} and
for some 1eC, (S -l ) is a Fredholm operator of zero index, this means that
Shas the desirable Fredholm property that the equation
(S -l )u =f has a solution if and only if fis orthogonal to the solution space

f (S -Al )U =0 and furthermore the solution space of (S -Al )u =0 and
(S* -2l )V =0 have the same finite dimension. This notion was originally due
to Visik in [5].

Our objective in this paper is an extension of those results in [7] [9] [10] [11]
[12] [13] [14] for the general ordinary quasi-differential operators
To(7).T, (z’+) and to investigate (according to the spectral theory) the location
of the point spectra and regularity fields of general ordinary quasi-differential op-
erators in the case of one singular end-point and when all solutions of the equa-
tions [T —/1W]u =0 and [f —ZW]V =0 arein L‘ZN (a, b) for some (and hence
all 1e€C).

We deal throughout this paper with a general quasi-differential expression 7
of arbitrary order 1 defined by Shin-Zettl matrices [15] [16] [17] [18], and the min-
imal operator T (T ) generated by W_lz'[.] in st (l ), where wis a positive wei-
ght function on the underlying interval /. The end-points a and b of 7/ may be

regular or singular.

2. Notation and Preliminaries

We begin with a brief survey of adjoint pairs of operators and their associated
regularly solvable operators; a full treatment may be found in [2] [11] ([18],
Chapter III) and [19] [20] [21] [22]. The domain and range of a linear operator
Tacting in a Hilbert space H will be denoted by D(T) and R(T) respective-
lyand N (T) will denote its null space. The nullity of 7; written nul (T ) , is the
dimension of N(T) and the deficiency of 7; written def (T ) is the co-dimen-

sion of R(T) in A thus if 7'is densely defined and R(T) is closed, then
def =nul(T ( ) The Fredholm domain of 7'is (in the notation of [18]) the open
subset A ( ) of C consisting of those values of 1€ C which are such that

(T /U) is a Fredholm operator, where 7 is the identity operator in A. Thus
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Ael, (T) if and only if (T -l ) has closed range and finite nullity and defi-
ciency. The index of (T —Al) is the number
ind (T — A1) =nul(T — A1) —def (T — A1), this being defined for A€ A;(T).
Two closed densely defined operators A and B acting in a Hilbert space H are
said to form an adjoint pairif Ac B" and, consequently, B c A"; equivalently,
(AX, y) = (X, By) for all Xe D(A) and Ye D(B), where (,) denotes the
inner-product on H.
Definition 2.1: The field of regularity H(A) of Aisthesetofall 1eC for

which there exists a positive constant K (/1) such that:

(A=21)x| 2 K(2)|X]| for all xeD(A), (2.1)

or, equivalently, on using the Closed Graph Theorem, nul (A—/ll ) =0 and
R(A-Al) are closed.

The joint field of regularity I1(A,B) of Aand Bisthe setof 1 C which are
such that 2 €TT(A), 1 €TI(B) and both def (A—2l) and def (B-Z1) are
finite. An adjoint pair A and Bis said to be compatible if H(A, B) 0.

Definition 2.2: A closed operator Sin His said to be regularly solvable with
respect to the compatible adjoint pair of Aand Bif AcS B’ and

TI(AB)I A,(S)#¢,where A,(S)={4:2€A,(S),ind(S-4l1)=0}.

Definition 2.3: The resolvent set p S) of a closed operator Sin H consists
of the complex numbers A for which (S—2l )71 exists, is defined on Hand is
bounded. The complement of p(S) in C is called the spectrum of Sand writ-
ten O'(S). The point spectrum o, (S), continuous spectrum O, (S) and resi-
dual spectrum o, (S) are the following subsets of U(S) (see [5] [7] [12] [14]
[18]).

o,(S)={2e0c(S):(S~Al)is not injective},

Le., the set of eigenvalues of S,

O¢

(8)={2ec(s):(S-21)is injective,R(S A1) CR(S—21) = H};
ar(S)z{}teo-(S):(S—/ll)is injective, R(S — A1) = H}_

For a closed operator Swe have:
o(S)=0,(S)Uo,(S)Ua,(S). (2.2)

An important subset of the spectrum of a closed densely defined operator Sin
H is the so-called essential spectrum. The various essential spectra of S are de-
fined as in ([18], Chapter 9) to be the sets:

04 (S)=C\A(S), (k=1234,5), (2.3)

where A, (S) and A, (S) have been defined earlier.

Definition 2.4: For two closed densely defined operators A and B acting in /,
if AcScB" and the resolvent set p(S) of S'is nonempty (see [18]), Sis said
to be well-posed with respect to A and B.

Note that,if AcScB” and Ae p(S) then A€ H(A) and
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e p(S*) cTI(B) so that if def (A—A1) and def (B—ZI) are finite, then
A and B are compatible, in this case Sis regularly solvable with respect to A and
B. The terminology “Regularly solvable” mentioned by Visik in [4] [5] [6] [7] [8]
[19] [20] [22], while the notion of “well posed” was introduced by Zhikhar in
[23].

3. Quasi-Differential Expressions

The general quasi-differential expressions are defined in terms of a Shin-Zettl
matrix Q on an interval I The set Z ( | ) of Shin-Zettl matrices on 7 consists of
Nxn -matrices Q = {qrs} whose entries are complex-valued functions on 7/ which

satisfy the following conditions:

s € L2 (1), (I<r,s<n,n>2)
Ot # 0, ae,onl(1<r<n-1) (3.1)
0, =0, ae,onl, (2<r+l<s<n)

For QeZ, (| ), the quasi-derivatives associated with Q are defined by:
Y=y,

[ . (Y 3 gyl
y = (qr,r+1) {(y ) _zszlqrsy }, (1S r< n—l) (3'2)

Y = {( yln4 ) -3 gy }

where the prime ' denotes differentiation.

The general quasi-differential expression 7 associated with Qis given by:
r[]= i"yl", (n>2) (3.3)
this being defined on the set:
V(r)= {y e ac, (1),r=12,, n}
where AC,, (|) denotes the set of functions which are absolutely continuous

on every compact subinterval of 1.
The formal adjoint 7* of 7 isdefined by the matrix Q" given by:

o [J=i"2", for all zev(e7)={z: " e AC (1),r=12,n}, (3.4)

where Z[fl] , the quasi-derivatives associated with the matrix Q" in Z, (I ) ,

Q' =(q,) = (—1)r+s+l Ons:1nrs1» for each rand s (3.5)
are therefore:

(0] ._

" =1,

rl_ (5 -1 [r-1] ' r 1 r+s+l — [s-1]

Z+ — (anfr_n—r#-l) (Z+ ) _25:1(_ ) qn,s+1’n7r+lZ+ (3.6)

Z£n] — (Z£n71] )' _z:ﬂ(_l)msﬂ qn_5+1v1z£s—l]’(:l-S r<n _1)
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Note that: (Q") =Q andso (¢*) =7.We refer to [11] [13] [16]-[22] [24]
for a full account of the above and subsequent results on quasi-differential expre-
ssions.

For UeV (), veV(r') and @, B el ,wehave Greens formula,
J (e lu]-ur vl ox =[uv](b) ~[u.v](a), (37)
where,
[uv]() = 1" (X (1) (v ()
v (3.8)

wn| (%)

1]

= ()" (u,u[l],---,u[”‘l])x J

—[n-
V+

see [4] [10]-[18] [24]. Let the interval | have end-points

a, b(—oo <a<bg OO) ,andlet w:l —> R be anon-negative weight function with
welj, (1) and w>0 (for almost all xel). Then H = L\z,v(l) denotes the
Hilbert function space of equivalence classes of Lebesgue measurable functions\

such that J.I W| f |2 < o0 the inner-product is defined by:
(f.9)=[w(x)g(x)dx (f,gel(1)).
The equation:

r[u]-Awu=0 (2€C) on| (3.9)

is said to be regular at the left end-point aeR, if for all X € (a,b), aeR,
qurs € Ll(ayx)) r,s :1,2,---,n .
Otherwise (3.9) is said to be singular at a. If (3.9) is regular at both end-points,

then it is said to be regular; in this case we have:
abeR, w(,e€ Ll(a,b), r,s=12,---,n.

We shall be concerned with the case when ais a regular end-point of (3.9), the
end-point b being allowed to be either regular or singular. Note that, in view of
(3.5), an end-point of 7is regular for (3.9), if and only if it is regular for the equa-
tion:

" [v]-Awv=0 (1eC) on | (3.10)

Note that: At a regular end-point a, say, ul4 (a) (v[j’l] (a)) , r=12,...,n is
defined for all UeV (7) (vev(r')). Set:

D(r):={u:ueV(r),uandw'z[u]e L’ (ab)}

(3.11)
D(r*):: {v veV (r*), vand w'z;[v]e Ipr (a,b)}

The subspaces D(z’) and D(z’+) of (a, b) are domains of the so-called
maximal operators T (Z‘) and T (T+) respectively, defined by:

T(r)u = W’lr[u], (u € D(r)) and T(z’+)v:: wiz? [V], (VE D(f)).
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For the regular problem the minimal operators T, (T) and T, (f) , are the
restrictions of W_lr[u] and W'z’ [V] to the subspaces:

Dy (r):={usueD(z),ul ™ (a) =ul (b)}

Dy (") = {v veD(z), v (a) = (b)}
respectively. The subspaces D, (T) and D, (T+) are dense in IfN(a,b) and
To (T) and To(f) are closed operators (see ([6], Section 3) and [18] [19] [20]
(21] [22]).

In the singular problem we first introduce the operators TO'(‘r) and TO'(f);

(3.12)

TO'(z'p) being the restriction of W;lr[.] to the subspace:
D;(z)={u:ueD(r),supp(u) = (a,b)} (3.13)

and with T z'+) defined similarly. These operators are densely-defined and
closable in Lj,(a,b); and we define the minimal operators Ty(7) and T, <T+)
to be their respective closures (see [5] [11] ([13], Section 5) [18] [22]) and We
denote the domains of Ty(7) and T, (f) by Dy(7) and D, (f) respectively.
It can be shown that:

ueD,(r)= ul™ (a)=0,(r=12,-,n)

3.14
veD, ()= v (a)=0,(r=12-,n) 19

because we are assuming that a is a regular end-point. Moreover, in both regular

and singular problems, we have:
TO*(T):T(f), TO*(T+)=T(T); (3.15)

see ([13], Section 5) in the case when 7 =7" and compare with treatment in ([18],
Section I11.10.3) and [20] in general case.

For the case of one singular end-point, we consider our interval to be | = [a, b)
and denote by Ty(7) and T(z) the minimal and maximal operators. We see
from (3.15) that Ty (7)< T(7)= [TO (T+ )]* and hence Ty(7) and T(7) form
an adjoint pair of closed densely defined operators in L\ZN (a, b) .

Lemma 3.1: For Ae H[T0 (). To (r* )],
def [T, (7)— Al ]+ def [To (z7)-21 ] is constant and:

0 <def [T, ()~ Al ]+def [T, (")~ 71 |<2n.

In the problem with one singular end-point,
n<def [T, (z)— Al ]+def [To (z)-41 ] <2n forall fe H[TO (7).T, (r)]

In the regular problem,
def [T, (z)— A1 ]+def [T, (")~ 21 |=2n forall 2en[T,(c),T(z")]-

Proof: The proof is similar to that in [3] [4] [15] [16] [17] [18] [21] [22], and
therefore omitted.

For Ae H[T0 (). To (‘r+ )J , we define r, sand m as follows:

r=r(2)=def [T,(r)-41], s=s(2):=def[T,(c")-Z1]  (3.16)

and:
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m=r+s. (3.17)

Also,
0<m<2n. (3.18)

For 1‘1[T0 (7). Ty (" )J =@ the operators which are regularly solvable with re-
spect to T, (T) and T, (f) are characterized by the following theorem which
proved for a general quasi-differential operator in [7] [11] [12] ([18], Theorem
10.15) [23] [24].

Theorem 3.2: For Ae H[T0 (). To (r*)g. Let r, s and m be defined by (3.16)
and (3.17), and let v/ (J =1,2,~~-,|’) , O (k
satisfying:

1) Vi (j =12, r) cD [T (z’)] are linearly independent modulo
D[T0 (r)} and @, (k=r+1--,m)c D[T (z )J are linearly independent mo-
dulo D [TO (r* )J

2) [v;,@,](b

Then the set:

{u ‘Ue D[T(r)],[u,d)d(b)—[u,d)k](a):0,k = r+1,---,m} (3.19)

=r+l,--, m) be arbitrary functions

)—[l//,-,@k](a):o, (i=12,rk=r+L..,m).

is the domain of an operator S which is regularly solvable with respect to T, (‘L’)
and T, (f) and the set:

{VZVE D[T (T+):|,|:l//j,V](b)—[l//j,VJ(a)ZO, j=1 2,...,r} (3.20)

is the domain of the operator S”; moreover A€A,(S).

Conversely, if Sis regularly solvable with respect to T, (T) and T, (f) and
Ae H[TO (7)., (r* )} | A,(S), then with 1; sand m defined by (3.16) and (3.17)
there exist functions Y/ (j =1,2,~~~,I’),CDk (k = r+1,--.,m) which satisfy 1) and
2) and are such that (3.19) and (3.20) are the domains of Sand §° respectively.

Sis self-adjoint if, and only if, z=7", r=$ and ® =y, _, (k =r+1-, m);
Sis J-self-adjointif 7=Jz"J (Jisa complex conjugate), I'=S and
O =y, (k=r+1...m).

Proof: The proof is entirely similar to that of [7] [11] [13] [18] [23] [24] and
therefore omitted.

4. The Square Integrable Solutions

The following Lemma is very important for the proof of the main results in this

section.
Lemma 4.1 (cf. [8]: Gronwall’s inequality). Let u(t) and V(t) be two con-
tinuous and non-negative functions on the interval | = [0, b) , >0 be a constant.

The classical Gronwall’s inequality states that, if:
u(t)<c+ _[;v(s)u (s)dx, 0<t<1.
Then:

u(t)swxp(ﬁv(s)ds)ds, 0<t<1. (4.1)
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Theorem 4.2: Suppose f € L}OC ( I ) , and suppose that the conditions (3.1) are
satisfied. Then, given any complex numbers ¢, €C, r=0,1,2,--,n-1 and
X, € (a,b), there exists a unique solutions of T[(p] =wf (1 eC) which satis-
fies:

¢m(&):q,r:0¢2qu—1

Proof: The proof is similar to that in ([21], part II, Theorem 16.2.2) and there-
fore omitted.

Theorem 4.3: (cf. [18] [21]). Let 7 be a regular quasi-differential expression
of order non the interval [a,b]. For f eL%(a,b), the equation 7[¢]=Wf has
asolution peV (T) satisfying:

?(a)=¢"(b)=0, r=012,,n-1
If and only if £is orthogonal in L% (a,b) to solution space of 7" [y]=0, ie,
R[T, (1)~ 41 ]=N[T(")-71] .
Corollary 4.4 (cf. [12]), As a result from Theorem 4.2, we have that:
R[To(r)-21] =N[T(z")-21].
Let ¢, (t, /1), k=12,,n be the solutions of the homogeneous equation:
(r—/ll)u:O ()te(C) (4.2)
satisfying:
gng-l] (tyyA) =6, forall tye[ab) (j,k=12-,nr=01-,n-1)

for fixed t,, a<t, <b.Then (pgr] (t,A) is continuousin (t,4) for a<t<b,

|ﬁ| <, and for fixed it is entire in 4. Let ¢ (t,4),k=12,--,n denote the

solutions of the adjoint homogeneous equation:
(z*=Z1)v=0 (1eC) (4.3)
satisfying:
(0)" (0 2)=(-1)"" 5, . forall t,<[ab)
(j.k=12,mr=01--,n-1).
Suppose a<c<b, by [21], a solution of the product equation:
(r—Al)u=wf (1eC), feL}N(a,b) (4.4)

satisfying ul’ (c)=0,r=0,1,,n—1 is giving by
1 n ; T
o0 |E 10 (D0 ()1 (5 (),

where @ (t, /1) stands for the complex conjugate of ¢, (t, /1) and for each j,k,
§jk is constant which is independent of t, 2 (but does depend in general
on ty).

The next lemma is a form of the variation of parameters formula for a general

quasi-differential equation is giving by the following Lemma.
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Lemma 4.5: Suppose f € IiN(a,b) locally integrable function and ¢(t, 1)
is the solution of the Equation (4.4) satisfying:

o (t,2)=a,, for r=01-.n’-1, t, e[a,b)
is giving by:
n 1 n -
(p(t, }“) = ijlai (A)% (t’ A ) +i_n(ﬂ’ —A )Zj,k:lgjk(pj (t' Z )
%[ gy (t.2) f (s)w(s)ds

for some constants & (4),a, (1), a, (/1) € C, where ¢, (t.4) and
o (t,ﬂo), J,k=12,---,n are solutions of the Equations (4.2) and (4.3) respec-
tively, §jk is a constant which is independent of ¢

Proof: The proof is similar to that in [8]-[16] and [17]-[22].

Lemma 4.5: Contain the following lemma as a special case.

Lemma 4.6: Suppose f € L{N (a,b) locally integrable function and ¢(t,ﬂ) be
the solution of the Equation (4.4) satisfying:

(4.5)

o (t,2)=a,, for r=01-.n%-1, t, e[a,b).
Then:
P4 =S s, (Dol ()4 (2 ) Z a8l (1)
x.[;gok* (t, 4 ) (s)w(s)ds

for r=1,--.,n—1. We refer to [13] [22] for more details.
Lemma 4.7: Suppose that for some A, € C all solutions of the equations:

(r-21)p=0, (f—z_ol)(p*:o (4.7)

arein L2 (a,b). Then all solutions of the Equations in (4.7) are in L, (a,b) for
every complex number AeC.

Proof: The proof is similar to that in [16]-[22].

(4.6)

Lemma 4.8: Suppose that for some complex number A, € C all solutions of
the Equations in (4.7) are in L‘ZN(a,b). Suppose f e st(a,b). Then all solu-
tions of the Equation (4.4) are in L\ZN (a, b) forall 1eC.

Proof: The proof is similar to that in [8]-[16] [22].

Remark: Lemma 4.8 also holds if the function fis bounded on [a, b) .

Lemma 4.9: Suppose that for some A, € C all solutions of the Equations in
(4.7) are in L\ZN (a,b). Then all solutions of the Equations (4.2) and (4.3) are in
L\ZN (a, b) for every complex number AeC.

Proof: The proof is similar to that in [16]-[22].

Lemma 4.10: If all solutions of the equation (T —J,UW)U =0 are bounded on
[a,b) and ¢);' (t,ﬂo)e HN(a,b) for some A, €C, k=1--,n. Then all solu-
tions of the equation (7—AW)U=0 are also bounded on [a, b) for every com-
plex number 1eC.

Lemma 4.11: Suppose that for some complex number A, € C all solutions of
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the Equations in (4.7) are in L, (a,b). Suppose f e 2 (0,b), then all solutions
of the Equation (4.4) are in L\ZN (a, b) forall 1eC.

Proof: Let {p(t,2),0,(t,4),0,(t.4)}, {¢1+ (5.4).05 (S, 4), 07 (s, /1)}
be two sets of linearly independent solutions of the Equations (4.7). Then for any
solutions ¢(t, l) of the equation (T -l )(p =Wf (1 eC) which may be writ-
ten as follows:

(1= 2W)p=(A—2, )W +Wf and it follows from (4.5) that:

o(t2) =20, (2)e; (t4) + Z?,k:ﬁjk%(t'ﬂo)

(4.8)
A Aol )+ £ ek
for some constants al( ) ( ) ( )G(C.Hence:
o621 = Tl ) 620 o2 49

<[ o0 (t.20)[| A= Au|0 (5,2 +| £ ()] Jw(s)ds.

since felj(ab) and ¢ (.4)eL}(ab) forsome 4, e£,then
o (.,Zﬁ)f € Ltv(a,b),forsome 4 €£ and k=1--,n
Setting:

C,(A)=3" e[’

o (2| (s)w(s)ds, =120, (4.10)
then:
lo(t,2)] < Z?:1<|“j (/1)| +C; (’1))|¢’j (tvﬂo)|
= Xl

On application of the Cauchy-Schwartz inequality to the integral in (4.11), we

(4.11)

t /10)“<p(s,i)|w(s)ds

get:

ot )] < 3y (A)]+ €5 (4) oy (t20)|+12 = 20] 25 1] ™oy (1,20
x(j: o (t,/io)‘2 W(s)ds)2 (j:|¢(s,i)|2 W(S)dS)E.

From the inequality (u+v)’ <2(u”+v*) it follows that:
lo(t2) <43 (e, (2)]+€,(2)) Joy (. 3)f
+ 2= 2" e oy (62 (4.13)
x[ [l w(s)dsj( [lo(s.2) w(s)as).
By hypothesis there exist positive constant K, and K, such that:

"("J (t’ﬂo)"ﬁ,(a,b) <K, and o (t'/lo) 2 (ab)

wld

(4.12)

<K j,k=12,-,n.(4.14)

Hence:
ot ) <4l (2)+€, () o, (020)f

- )l , (4.15)
4k =4[ X[ oy () ([l (s, 2)f w(s)as)
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Integrating the inequality in (4.15) between a and ¢, we obtain:
ﬂq) 5,2 |2 )| w(s)ds
<K +(4|/1 Aol Z,k 1|§’k| )

where:

(4.16)

(s, 2 | (j |o(x /1| w(x )dx)w(s)ds,

n 2
K, =4k Y (|er; (1) +C; (2)) (4.17)
Now, on using Gronwall’s inequality (Lemma 4.1), it follows that:
Hgo s, ﬂ)| s)ds <K exp(4K 22| > 1|§Jk (t,ﬁo)|2w(s)ds).(4.18)

Since, ¢; ('[,Z.O) € LfN(a,b) for some A, €£ andfor j=1--,n,then
qo(t, /1) el (a,b).

Remark: Lemma 4.11 also holds if the function f isbounded on [a, b) .

Lemma 4.12: Let f e (a,b). Suppose for some A, £ that:

1) All solutions of (2'+ YN )go+ =0 arein L (ab).

2) o (t /10) j=L1--,n arebounded on [a,b).

Then (p[ ]( A)e L2 (a,b) for any solution (o(t,/l) of the equation
(t=A1)p=wf forall Aef .

Proof: The proof is similar to that in ([20], Theorem 4.2).

Lemma 4.13: Let f e L} (a,b). Suppose for some A, £ that:

1) All solutions of (f — 1 )(p+ =0 arein L} (a,b).

2) (pgr] (t,/LO), j=1,--,n arebounded on [a,b) for some r=0,1,-.-,n—-1.

Then (p[r] (t, /1) IS L\ZN (a, b) for any solution ¢(t, ﬂ) of the equation
(t=Al)p=wf forall Ac£.

Proof: The proof is the same up to (4.11). By using Lemma 4.3, (3.11) be-
comes:

A (62 < Tl () +C, (1) o (12|
1| L Tl o (2 o ()

Applying the Cauchy Schwartz inequality to the integral in (4.19), we get:
o (6.2) < T1(C, +a, () (t.%)

=0 2 2ol (8 4, )| (4.20)
[ Loz wisyes (o 00 wis)os
From the inequality (u+v)’ <2(u®+v?) it follows that;
(4 s4Z?Zl(Cf+|aj( | )wﬁr]( A

IV N S [r](t,ﬂo)r (4.21)
(@A wisyes o 5.2 wisyes ).
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Since @, (t,ﬂo)e L‘ZN(O,b) for some 4, e€C and gogr] (t,ﬂo), j=1--,n are
bounded on [a,b) for some r=0,1,---,n—1 by hypothesis, then there exist a

positive constants K, and K; such that:

‘(pgr] (t,ﬂo)‘ <K, and

. (S <K,. 4.22
ACEY P (4.22)

Hence,

‘(D[r] (t,/l)r 54K022?=1(C,-2 +|aj (/1)|2)+4K02K1|/1—ﬂo|2
< Tl [ [l (5,2 wis)es).

By integrating the inequality in (4.23) between a and # and by using Lemma

(4.23)

4.1 (Gronwall’s inequality), we have the result.

5. The Spectra of Differential Operators

In this subsection we deal with the various components of the spectra of qua-
si-differential operators T, (‘L’) and T, (f) . X

We see from (3.15) and Theorem 4.2 that T, (z) =T (7)= [TO (r* )J and hence
To (‘L’) and T, (f) form an adjoint pair of closed, closed-densely operators in
2 (ab).

We shall now investigate in the case of one singular end-point that the resolvent
of all well-posed extensions of the minimal operator T, (T) and we show that in

the maximal case, 7.e., when:
def [TO (r)-Al ] = def [TO (f)—ﬂTI ] =n forall A€ H[T0 (7).T, (z”)]

these resolvent are integral operators, in fact they are Hilbert-Schmidt integral op-
erators by considering that the function f bein L\ZN (a, b) , e, is quadratically
integrable over the interval [a,b).

Theorem 5.1: Suppose for an operator T, (T) with one singular end-point
that,

def [Ty (7)— 41 ] = def [ Ty (+7) =21 [=n forall 2eM1[T,(2).To(")],

and let Sbe an arbitrary closed operator which is a well-posed extension of the
minimal operator To(7) and A€ p(S), then the resolvents R, and R;j of
Sand S" respectively are Hilbert-Schmidt integral operators whose kernels
K(t,S,/i) and K~ (S,t,Z) are continuous functions on [a,b)x[a,b) and sa-
tisfy:

K(t,;s,2)=K"(s,t,2) and J':j:|K(t,s,l)|2W(s)w(t)dsdt<oo. (5.1)
where:

R.f(t)=[ K(t,s.2) f(s)w(s)ds and R;g(t)=[ K" (s,t,Z)g(t)w(t)dt,

for f,geli(ab),andforall stefab).
Remark: An example of a closed operator which is a well-posed with respect

to a compatible adjoint pair is given by the Visik extension ([7], Theorem 1) (see
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([18], Theorem 1I11.3.3) and [21]). Note that if Sis well-posed, then T, (z’) and
T, (f) are compatible adjoint pair and S is regularly solvable with respect to
To (T) and T, (T+)

Proof: Let def [T M] def[ ( *)—ZIJ:n for all
/IEH[TO( ),To(z' )J then we choose a fundamental system of solutions
{0(62).0,(L2), 0, (LA} 5 {0 (L2).05 (tA),05 (tA)} of the equa-

tions,

[To(r)- 2], =0, [Ty (c") =71 g =0 (j,k=1--,n)on [ab), (52)

so that {¢(t,2),0,(t.4),¢, (1, 2)}, {¢71+ (t.2).0; (t,A), .0, (t,/l)} belong
to LfN(a,b) ILe., they are quadratically integrable in the interval [a,b). Let
R, =(S-4l )71 be the resolvent of any well-posed extension of the minimal op-
erator Ty(7).For fe IfN(a,b) weput ¢(t,4)=R,f(t) then

[T (r)-4l 1(0 =wf and consequently has a solution (0('[, Z) in the form,

(o(t ﬂ’) Z,l 1( )q’J( ) (’1 %)Z?,k:ﬁjk%(t!%)

(5.3)
,[ o (t4) T (s)w(s )
for some constants 0!1( ) (/1), e a ( )e C (see Lemma 4.5). Since
feli(ab) and ¢ (. ) L%, (a,b) for some 4, eC,then
o (. A) T e I_W(a,b), =1--,n for some A, € C and hence the integral in
the right-hand of (5.3) will be finite.
To determine the constants o ( ) j=1--,n, let (DQ( ﬂ),k:l,-~-,n be a

basis for { /D [ }} then because ¢(t,4)e D(S)c p(S)c=A,(S),

we have from Theorem 3.2 that,

[0, |(0)-[ 2. ](2) =0, (k=1,2,-,n) on [a,b) (5.4)
and hence from (5.3), (5.4) and on using Lemma 4.7, we have:
4 n 1 n i
[0 ]0)-3) e <z)+i—n(z—zo>zj,kzlcs'k
(A TR ()uts)es o000, 65)

[o.o () =2 e, (1)[% o J(a) k=12,
By substituting these expressions into the conditions (5.4), we get:

1

S o (4 (=) B [ (2 (< wl)is [ ]
-, ()00 (o)
This implies that the system:

DI 1(/1)[%% ]b— /1._”/1‘) (Z?ykdéikﬁ(p{(t,/%)f(s)w(s)ds), (5.6)

in the variable «; (4),i=12,-,n. The determinant of this system does not
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vanish (see [9] and [12]). If we solve the system (5.6) we obtain:

o (1) =22 (2, 6* [T (. 4) F(S)w(s)ds), =12 (57)

where h; (S, /1) is a solution of the system:

S A) (o0 ]) =" L% (L) @00 ] (b). (5.8)

Since, the determinant of the above system (5.8) does not vanish, and the func-
tions ¢ (S,4),k=1,2,-,n are continuous in the interval [a,b), then the func-
tions h; (S, ﬁ) are also continuous in the interval. By substituting in formula (5.3)

for the expressions @; (/1), 1=12,-,n we get,

R 1 ()= 0(t,4)
/l-nﬂo|:21k1 a;(A)p;(t ﬂo)f [ﬁ‘k o (t4)+h (s, )}f(s)w(s)ds (5.9)

#3200, (1 2)] 0y (5.4) T (s)w(s)ds |

Now, we put:

/Ii_nlo (Z?le,- (t,A)h, (S,ﬂ)) fort<s
K(t,s,4)= (5.10)

/ -_n/lo (Z?,k:ﬁjkwi (t, ﬁo)(w.f (t,4)+h, (s,/i))) fort>s

Formula (5.9) then takes the form:
R f(t)=[K(t;s,2)f(s)w(s)ds for all te[ab), (5.11)
ie, R, isan integral operator with the kernel K(S,t,4) operating on the fun-

ctions f el (a,b). Similarly, the solutions ¢"(t,4) of the equation
[T (T+)—Z| ]gf =wg has the form:

0 (5= X, ()6 (52)+ 22K 80 (54)
<[ o (t.4)g (Hw(t)dt,

where ¢ (t,4,) and @] (5,4 ).k, j=12,-,n are solutions of the Equations in
(5.2). The argument as before leads to,

Rig(t)=[ K" (s.t.2)g(t)w(t)dt for geli(ab), (5.13)

(5.12)

Le, R} is an integral operator with the kernel K* (t, s, A ) operating on the
(a, b) , where:

._IO(Z:ngoj*(s,ﬂo)hj+ (t,ﬂ)) fors<t

K*(st.2)={_" _ (5.14)
" (Z?,kﬂéik(ﬂ,—*(s,ﬂo)((pk (t,ﬂo)+h;(t,z))) fors >t

functions ¢ €

Aqé_m

&

and h; (t, l) is a solution of the system:

>0 hi(s.4)([ o 40{]): =" L (tA)] @00 |(b). (5.15)
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From definitions of R, and R:T , it follows that:

(R.f.9)= jb{jb K(tsA)f (s)w(s)ds}@w(t)dt e
= [ K (bs.A)g(Ow(t)dt] £ (s)w(s)ds =(.R;g),

for any continuous functions f,g € H and by construction (see (5.10) and (5.14)),
K (t,S,/I) and K* (S,t,/T) are continuous functions on [a,b)x[a,b) and (5.16)

gives us:
K(ts,2)=K"(s,t,7) for all t,s€[a,b)x[ab). (5.17)

Since ¢, ('[,/1),(0k+ (S,/l) € L@(a,b) for j,k=1,2,--,n and for fixed s,
K (t,S,/i) is a linear combination of ¢; (t,/i) while, for fixed , K* (S,t,ﬂ_,) is
a linear combination of ¢, (S, /1) Then we have:

[|K (t.s.2)] w(t)d
and (5.17) implies that,
J':|K (t,s,/1)|2 w(s)ds = j:

(a7 wit)dt=[7[K (t,5,2)f w(t)dt <o

K* (s,t,Z)‘zw(s)ds <, a<s,t<b

K* (s,tj)‘z w(s)ds < o,

Now, it is clear from (5.8) that the functions hj (S,/I),(j =12, n) belong
to IfN(a,b) since h, (S,4) is a linear combination of the functions o; (s,4)
which liein L% (a,b) and hence h;(t,4) belongto L2, (a,b). Similarly
hj+ (t, /1) belong to Lz,v (a, b) . By the upper half of the formula (5.10) and (5.14),

we have:
(21K (65, 2) wi(s) dswi(t)de <o,

for the inner integral exists and is a linear combination of the products

; (t,ﬁ)¢)|: (S,ﬂ) , (j,k =1, 2,---,n) and these products are integrable because
each of the factors belongs to L (a, b) . Then by (5.17), and by the upper half of
(5.14),

F(FI s, 2) wis)yasw(yee=[7( ]

Hence, we also have:

K*(s.t, Z)r w(s)ds)w(t)dt <.

[ TIK (t.s, 2) w(t)w(s)dtds < oo,

and the theorem is completely proved for any well-posed extension.

Remark: It follows immediately from Theorem 5.1 that, if for an operator T, (T)
with one singular end-point that def [TO (z)-2l ] = def [TO (z-* ) -1 } =n for
al Aell [TO (7).T, (f )] and Sis well-posed with respect to Ty (7) and T, (f)
with 1ep(S) then R, =(S-21)" isa Hilbert-Schmidt integral operator.
Thus it is a completely continuous operator, and consequently its spectrum is
discrete and consists of isolated eigenvalues having finite algebraic (so geometric)

multiplicity with zero as the only possible point of accumulation. Hence, the spec-

DOI: 10.4236/apm.2022.123016

200 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2022.123016

S. El-Sayed Ibrahim

tra of all well-posed operators Sare discrete, ‘e,

0y (S)=D, for k=1,234,5. (5.18)

We refer to [3] [5] [7] [14] ([18], Theorem IX.3.1) [21] for more details.

An example of a closed operator which is a well-posed with respect to a com-
patible adjoint pair is given by the Visik extension ([7], Theorem 1) (see ([18],
Theorem I11.3.3) [21]). Note that if Sis well-posed, then T, (T) and T, (f)
are compatible adjoint pair and Sis regularly solvable with respect to T, (‘L’ ) and
To (f ) .

Lemma 5.2: The point spectra o [To (r)] and o, [TO (r+ )} of the operators
To(7) and T, (f) are empty.

Proof: Let Aeo, [TO (T)] . Then there exists a nonzero element @ e D [TO (r)} ,
such that:

[T,(z)- Al Jp=0.
In particular, this gives:
(r—2w)p=0, ¢l'l(a)=¢!"(b)=0, r=0,12,-,n-1.

From Theorem 4.2, it follows that ¢ =0 and hence o, [TO (z’)] =(J . Simi-
larly o [ (z’+ )] =J.

Theorem 5.3: 1) p[ T } ,

2) o [ ] o, [T T)] ,

3 o[T(r)]=0[T(r)]=C

Proof: 1) Since R I:To (r)-Al ] is a proper closed subspace of L, (a, b), then
the resolvent set ,O[T0 (T)] is empty.

2) Since R[TO (T)—M] is closed, then the continuous spectrum of T, (‘L’)
is empty set, i.e, o,[T,(z)]=2.

3) From 1) and 2) and Lemma 5.2, it follows that G|:T0 (r)} =0, [TO (z’)} =C.

Corollary 5.4: 1) o[ T(r)]=0,[T(7)]=2,

2) U[T (z’)}:ap [T (z’)}:(C and p[T (r)}z@. )

Proof: From Theorem 4.2 and since T(7)= [TO (z-+ )J , it follows that
R[T (r)—MJ is closed for every Ae€C, see ([3], Theorem 1.3.7). Also, we

have:

null[T (z)- 41 =def [Ty (*)- 21 | =
and:

def [T (z)- 1] =null[Ty(¢*)- 21 ] =

1) Since R[T (T)—/II } is closed and def [T (‘r)—/ll } =0, then
R[T(r)-Al|=H and this yields that:

o.[T(7)]=0.[T(r)]-2.

2) Since null [T (z’)—/ll ] =n forevery 1eC, then wehave o [T (z’)] =C.
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It also follows that o-[T (z’)] =C and hence p[T (r):l =0.
Lemma 5.5: (cf. ([18], Lemma IX.9.1)). If | = [a, b] ,with —o<a<b<ow then
for any A e C, the operator T (T) has closed range, zero nullity and deficiency

N . Hence,

oy [ To(7)]= {z Et j,25)3) (5.19)

Proof: The proof is similar to that in ([7], Lemma 4.9) and [18].
Corollary 5.6: Let A eIl [TO (7).T, (f )] with:

def [T, (7)- 21 ] =def [Ty(<*)- 21 |=n. (5.20)

Then,
0y (S)=3, for k=123. (5.21)
of all regularly solvable extensions S with respect to the compatible adjoint pair

To(7) and To(f).
Proof: Since:

def [T, (7)~ 21 ] =def [ Ty(¢") =21 |=n, forall 2eT1[Ty(z),To(e")]-
Then we have from (18], Theorem IIL.3.5) that,
dim{D(S)/D, [T ()} = def [Ty (r) =21 ]=n,
dim{D(S*)/DO[TO(T*)]}=def [T(c)-21]=n

Thus Sis an N -dimensional extension of T, (T) and so by [5] [7] and ([18],
Corollary 1X.4.2).
0u (S)=0y[To(7)]. (k=123). (5.22)
From Lemma 5.2 and Lemma 5.5, we get,
oy [To(7)]=2, (k=123). (5.23)
Hence, by (5.22) and (5.23) we have that,
Oy (S)z@, (k =1,2,3).
Remark: If Sis well-posed (say the Visik’s extension, see [5] [6]) we get from
(5.19) and (5.22) that:
0w [To(7)]=2, (k=123).
On applying (5.22) again to any regularly solvable operator S under consider-

ation, hence (5.21).
Corollary 5.7: Let A€ H[T0 (7).T, (f )J with:

def [T, (7)~41]=def [Ty(<*)- 71 |=n. (5.24)
Then,
04 (S)=D, for k=123. (5.25)
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for all regularly solvable operators S with respect to the compatible adjoint pair
To(7) and To(f).
Proof: Since:

def [T, (¢)~ 21 ] =def [ Ty(¢")~Z1 |=n, forall 2eT1[Ty(z),T(e")]-

Then we have from ([18], Theorem I11.3.5) that,

dim{D(S)/D, [T (7) ]} = def [Ty (r) =21 ]=n,

Thus Sisan N -dimensional extension of T, (T) and so by [5] [7] [18],
0y (8) =04 [To(z)], (k=123). (5.26)
From Lemma 5.2 and Lemma 5.5, we get,

ou[To(7)]=2, (k=123). (5.27)

Hence, by (5.26) and (5.27) we have that,
Oy (S) =, (k =1,2,3).

Remark: If Sis well-posed (say the Visik extension, (see [5] [7])), we get from
(5.21) and (5.26) that:

0w [To(7)]=2, (k=123).

On applying (5.26) again to any regularly solvable extensions S under consid-
eration, hence (5.25).

Corollary 5.8: If for some A, € C, there are nlinearly independent solutions
of the equations:

(r=Aw)u=0, (¢ ~2w)v=0, & eM[T,(2), T ()]  (528)
in Lz,v(a,b),andhence,
[Ty ()T ()] =€ and 0, [Ty(7)To(7")]=2, k=123,

where o, [TO (7). T (f )] is the joint essential spectra of T (7),T, (r*) de-
fined as the joint field of regularity H[T0 (7). T (f )} :

Proof: Since all solutions of the equations in (5.28) are in sz (a,b) for some
4 € C then, def [TO (r)-2l ] = def [TO (T*)_ZI } =n, for some
A € H[T(J (7).T, (z’+ )] .

From Lemma 4.12, we have that T, (T) has no eigenvalues and so
[To(7) =4l Tl exists and its domain R[T0 (T)—ﬂ,ol] is a closed subspace of
L\ZN (a, b) . Hence, since T, (‘L’) is a closed operator, then |T,(7)-4,l Tl is
bounded and hence H[To (z’)] =£ . Similarly H[TO (f) =£ . Therefore
H[T0 (7).T, (z’+ )} =£ and hence, def [TO (r)-4l ] = def [TO r+)—ﬂT| ] =n, for
all e H|:T0 (7).T, (f )} .

From Corollary 5.7, we have for any regularly solvable extension S of T, (Z')
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that 0, (S)=D, k=123 and by (5.22), we get o, [T,(r)]=D, k=123.
Similarly o, [TO <T+ )] =, k=1,2,3. Hence,

o [T (1), To(7") |- 2, k=123

Remark: If there are n linearly independent solutions of the Equations (5.28)
in L2 (a, b) for some A, € C then the complex plane can be divided into two
disjoint sets:

£= H[TO (r) To(7 )] Uo, [To (0). T (" )} k=123.

We refer to [3] [4] [5] [7] [11] [12] [13] [14] [18] [19] [20] [21] [22] for more de-
tails.

Conclusion. We have investigated (according to the spectral theory) the loca-
tion of the point spectra and regularity fields of general ordinary quasi-differential
operators in the case of one singular end-point and when all solutions of the equa-
tions [‘[—ZW]U =0 and [f —ZWJV =0 are in the space La, (a,b) for some
(and henceall 1 eC).

Acknowledgements

I am grateful to the Public Authority of Applied Education and Training (PAAET)
in Kuwait for supporting scientific research and encouragement to the research-

€rs.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this pa-

per.

References

[1]  Akhiezer, N.I. and Glazman, .M. (1963) Theory of Linear Operators in Hilbert Space.
Vol. 2, Frederick Ungar Publishing Company, New York.

[2] Hao, X,, Sun, J. and Zettl, A. (2011) Square-Integrable Solutions and the Spectrum
of Differential Operators. Journal of Mathematical Analysis and Applications, 376,
696-712. https://doi.org/10.1016/j.jmaa.2010.11.052

[3] Hao, X,, Sun, J. and Zettl, A. (2012) The Spectrum of Differential Operators and
Square-Integrable Solutions. Journal of Functional Analysis, 262, 1630-1644.
https://doi.org/10.1016/j.jfa.2011.11.015

[4] Sobhy, E.I. (1994) Singular Non-Self-Adjoint Differential Operators. Proceedings of
the Royal Society of Edinburgh A, 124, 825-841.
https://doi.org/10.1017/50308210500028687

[5] Sobhy, E.I. (1995) The Spectra of Well-Posed Operators. Proceedings of the Royal
Society of Edinburgh A, 125, 1331-1348.
https://doi.org/10.1017/S0308210500030535

[6] Sobhy, E.I (1995) Non-Self-Adjoint Quasi-Differential Operators with Discrete Spec-
tra. Rocky Mountain Journal of Mathematics, 25, 1053-1348.
https://doi.org/10.1216/rmjm/1181072204

[7] Sobhy, E.I. (2001) On the Essential Spectra of General Differential Operators. /ta/-

DOI: 10.4236/apm.2022.123016

204 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2022.123016
https://doi.org/10.1016/j.jmaa.2010.11.052
https://doi.org/10.1016/j.jfa.2011.11.015
https://doi.org/10.1017/S0308210500028687
https://doi.org/10.1017/S0308210500030535
https://doi.org/10.1216/rmjm/1181072204

S. El-Sayed Ibrahim

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

ian Journal of Pure and Applied Mathematics, 45-67.

Sobhy, E.I. (2019) On Classifications for Solutions of Integro Quasi-Differential Equa-
tions. International Journal of Applied Mathematics & Statistical Sciences, 8, 1-14.

Bao, Q., Sun, J., Hao, X. and Zettl, A. (2019) Characterization of Self-Adjoint Domains
for Regular Even Order C-Symmetric Differential Operators. Electronic Journal of Qua-
litative Theory of differential Equations, 1-17.
https://doi.org/10.14232/ejqtde.2019.1.62

El-Gebeily, M.A., Regan, D.O. and Agarwal, R. (2011) Characterization of Self-Adjoint
Ordinary Differential Operators. Mathematical and Computer Modelling, 54, 659-672.
https://doi.org/10.1016/j.mcm.2011.03.009

Sobhy, E.I. (2021) On Class of General Quasi-Differential Operators in the Hilbert Space
and Their Resolvents. International Journal and Applied Mathematics, 6, 117-127.

Race, D. (1980) On the Location of the Essential Spectra and Regularity Fields of Com-
plex Sturm-Liouville Operators. Proceedings of the Royal Society of Edinburgh A,
85, 1-14. https://doi.org/10.1017/S0308210500011689

Zettl, A. (1975) Formally Self-Adjoint Quasi-Differential Operators. Rocky Mountain
Journal of Mathematics, 5, 453-474. https://doi.org/10.1216/RM]J-1975-5-3-453

Race, D. (1982) On the Essential Spectra of Linear 2nith Order Differential Operators
with Complex Coefficients. Proceedings of the Royal Society of Edinburgh A, 92, 65-75.
https://doi.org/10.1017/S0308210500019934

Everitt, W.N. and Race, D. (1987) Some Remarks on Linear Ordinary Quasi-Differen-
tial Expressions. Journal of London Mathematical Society, 54, 300-320.
https://doi.org/10.1112/plms/s3-54.2.300

Hao, X., Zhang, M., Sun, J. and Zettl, A. (2017) Characterization of Domains of Self-
Adjoint Ordinary Differential Operators of Any Order Even or Odd. Electronic Jour-
nal of Qualitative Theory of Differential Equations, 1-19.
https://doi.org/10.14232/ejqtde.2017.1.61

Krall, AN. and Zettl, A. (1998) Singular Self-Adjoint Sturm-Liouville Problems. Journal
of Differential and Integral Equations, 1, 423-432.

Edmunds, D.E. and Evans, W.D. (1987) Spectral Theory and Differential Operators.
Oxford University Press, Oxford.

Evans, W.D. (1990) Regularly Solvable Extensions of Non-Self-Adjoint Ordinary Dif-
ferential Operators. Proceedings of the Royal Society of Edinburgh A, 114, 99-117.

Evans, W.D. and Sobhy, E.I. (1984) Boundary Conditions for General Ordinary Diffe-
rential Operators. Proceedings of the Royal Society of Edinburgh A, 97, 79-95.
https://doi.org/10.1017/S0308210500031851

Naimark, M.N. (1968) Linear Differential Operators. New York, Unger, Part II.

Sobhy, E.I. (2022) On the Domains of Regularly Solvable Operators in Direct Sum
Spaces. International Journal and Applied Mathematics, 7, 55-68.

Zhikhar, N.A. (1959) The Theory of Extension of J-Symmetric Operators. Ukrains kyi
Matematychnyi Zhurnal, 11, 352-365.
Wang, A., Sun, J. and Zettl, A. (2009) Characterization of Domains of Self-Adjoint

Ordinary Differential Operators. Journal of differential Equations, 246, 1600-1622.
https://doi.org/10.1016/j.jde.2008.11.001

DOI: 10.4236/apm.2022.123016

205 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2022.123016
https://doi.org/10.14232/ejqtde.2019.1.62
https://doi.org/10.1016/j.mcm.2011.03.009
https://doi.org/10.1017/S0308210500011689
https://doi.org/10.1216/RMJ-1975-5-3-453
https://doi.org/10.1017/S0308210500019934
https://doi.org/10.1112/plms/s3-54.2.300
https://doi.org/10.14232/ejqtde.2017.1.61
https://doi.org/10.1017/S0308210500031851
https://doi.org/10.1016/j.jde.2008.11.001

	On the Spectra of General Ordinary Quasi-Differential Operators and Their -Solutions
	Abstract
	Keywords
	1. Introduction
	2. Notation and Preliminaries
	3. Quasi-Differential Expressions 
	4. The Square Integrable Solutions
	5. The Spectra of Differential Operators 
	Acknowledgements
	Conflicts of Interest
	References

