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Abstract 
Purpose: To develop a new statistical index “percent CTV (clinical target vo- 
lume) coverage probability” (%CCP), defined as the probability that a specific 
percent (e.g., 95%) of the CTV can be reliably covered by the prescription dose, 
for evaluating the coverage loss of brain (fractionated) stereotactic radiosurgery 
(SRS/fSRS) when the PTV (planning target volume) margin is zero. Methods: 
The random variable Q for CTV percent coverage was derived using a previously 
developed model for CTV random motion that follows a three-dimensional 
(3D) independent normal distribution with a zero mean and a standard devia-
tion of Sσ  (for translation) or δσ  (for rotation). Assuming both CTV and 
PTV are spherical with the same diameter dCTV, the cumulative distribution 
function of Q could be obtained analytically using the relation of sphere- 
sphere intersection. The %CCP was then derived as the reliability function of 
Q and was used to quantify the coverage loss for selected dCTV. Results: The 
95% - 95% clinical goal (95% of the times, at least 95% of the CTV is covered) 
is not achievable with dCTV < 42 mm. For common CTVs (dCTV < 20 mm) en-
countered in SRS/fSRS, only 60% - 90% of the CTV could be reliably covered by 
the prescription dose 95% of the time. For 0.5 mmSσ =  and 0.4δσ = , the 
95% CCP was the highest when the distance between the CTV and the isocenter 

0I Td ⇔ =  and gradually decreased with the increasing I Td ⇔ . Conclusions: 
The %CCP was successfully derived for evaluating the CTV coverage loss for 
brain SRS/fSRS. When the PTV margin is zero, the 95% - 95% clinical goal can-
not be achieved for most targets (dCTV < 42 mm). 
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1. Introduction 

Brain Stereotactic Radiosurgery (SRS) was the first radiotherapy procedure that 
employed very high-precision immobilization/setup devices, e.g., frame [1] [2] 
and recently IGRT (image-guided radiotherapy) [3] [4] [5] [6] systems, for treating 
small brain targets with a high radiation dose delivered in one fraction. This con-
cept of SRS was later extended to the Fractionated Stereotactic Radiosurgery 
(fSRS), which allows up to five-fraction treatments using similar immobilization 
devices with comparable or slightly inferior setup accuracy. The accuracy of the-
se immobilization/setup devices, including the apparatus accuracy and total ac-
curacy, has been thoroughly investigated [5] [6] [7] [8] [9]. Almost all studies 
demonstrated sub-millimeter apparatus accuracy, although the total accuracy gen-
erally ranges between 1 and 3 millimeters, depending on the uncertainties in-
troduced through the whole treatment process. Based on the analysis of total 
accuracy, an expansion margin on the order of 1-2 mm around the Clinical Tar-
get Volume (CTV) is recommended for generating the Planning Target Volume 
(PTV) to achieve the desired “CTV coverage probability”, that is, 100% of the CTV 
is covered by the prescription dose for a specified probability (e.g., 95% of the 
time) [10]. 

However, because of the high apparatus accuracy, it is a common practice in 
some centers using the CTV as the PTV (i.e., with a zero PTV expansion margin) 
for brain SRS/fSRS. For example, in the RTOG Protocol 90-05 for brain SRS [11], 
“the target volume was defined as the contrast enhancing tumor volume without a 
margin of surrounding brain tissue”. This approach essentially ignores all uncer-
tainties in the treatment process and assumes the apparatus is perfect. Since no treat- 
ment process and apparatus are flawless, the CTV might not be covered by the 
prescription dose as expected when the PTV margin is 0. Even so, the actual cov-
erage loss is not well quantified. As will be explained in the “Methods” Section, the 
CTV coverage probability becomes zero when the PTV margin is zero. This is true 
even only a small fraction of the CTV is not covered by the prescription dose. There- 
fore, the CTV coverage probability is not an appropriate index for evaluating how 
well the CTV is covered when the PTV margin is zero, and an alternative index 
needs to be developed.   

In this study, a new statistical index, the “percent CTV coverage probability” 
(%CCP) defined as the probability of a specific percent (e.g., 95%) of the CTV 
can be reliably covered by the prescription dose (or equivalently the PTV), was 
proposed to evaluate the coverage loss of brain SRS/fSRS when the PTV margin 
is zero. To calculate this probability, a previously developed statistical model [12] 
was used to analyze the CTV random motion, from which the random variable 
Q for CTV percent coverage was derived for measuring the random loss of CTV 
percent coverage when the PTV margin is 0. The percent CTV coverage probabil-
ity is therefore equal to the reliability of Q for the specified percent CTV cover-
age. 

In general, the closed-form expressions for Q and the percent CTV coverage 
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probability do not exist. However, for perfectly spherical targets, the formulas of 
both quantities can be derived analytically using the relation of sphere-sphere inter-
section [13]. As pointed out in the report of RTOG 90-05 [11], most targets treated 
with SRS/fSRS can be approximated by a sphere or ellipse with a maximal diame-
ter of 40 mm or less. The author, therefore, focused the analysis on spherical CTVs 
with a diameter (dCTV) less than 40 mm to simplify the derivations of the cumu-
lative distribution function and the reliability function of Q. 

In this paper, the author will first present the definitions of Q and %CCP. The 
Cumulative Distribution Function (CDF) and reliability function of Q for perfectly 
spherical targets will then be derived analytically from the Probability Density Func- 
tion (PDF) of the random vector for CTV motion. Finally, the %CCP for clini-
cally interested (e.g., the 95% - 95% clinical goal or 95% of the CTV covered by 
the prescription dose at least 95% of the time) cases will be shown for selected CTV 
sizes and distances from the isocenter. Clinical implications of these results and 
the applications of the percent CTV coverage probability will be discussed. 

2. Methods and Materials 
2.1. The Statistical Model 

The author has developed a statistical model for analyzing the combined transla-
tional and rotational error of the CTV random motion relative to the treatment 
isocenter [12]. Details of this model was described in an early publication [12]. 
In brief, let S and R denote the random vectors for the translational and rota-
tional errors in the three-dimensional (3D) patient coordinate system and 
= +E S R  be the random vector for the combined setup error. Assuming both S 

and R follow the 3D independent normal distribution with a zero mean and a 
uniform standard deviation of Sσ  and Rσ , respectively, the probability density 
functions (PDFs) of S and R are: 
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Since S and R are independent random variables, the combined error E also 
follows a 3D normal distribution with a zero mean and a uniform standard de-
viation of 2 2
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Applying change of variables , ,x y z
E E E

x y zu u u
σ σ σ

= = =  in Equation (2) and  

transforming the PDF from the Cartesian to the spherical coordinates, the PDF 
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( )Pf ρ  for the random motion Ρ in the radial direction can be derived as: 

( )
2

2 22 e
2Pf

ρ

ρ ρ
−

π
= ,                     (3) 

which is the chi distribution with three degrees of freedom (3 DOF). A further 
change of variable 2u ρ=  leads to: 

( )2
21 e

2

u

P
f u u

−
=

π
,                      (4) 

which is the chi-square distribution with 3 DOF. 

2.2. CTV Coverage Loss When the PTV Margin Is 0 

The purpose of this study was to investigate how much the CTV coverage is lost 
when the PTV margin is 0. To achieve this goal, a statistical index needed to be iden-
tified first to quantify the CTV coverage loss. Traditionally, the CTV coverage is 
evaluated using the “CTV coverage probability”, that is, the probability the CTV 
is still covered by the prescription dose (or PTV) when the setup error is present. 
The CTV coverage probability is a very good index for quantifying the effective-
ness of a non-zero PTV margin. For a given PTV margin, the CTV coverage proba-
bility is 100% when there is no setup uncertainty, i.e., 0Eσ =  in Equation (2), 
and gradually decreases with increasing Eσ . The effectiveness of a non-zero PTV 
margin can therefore be evaluated by examining if the coverage probability will 
remain above a desired value, typically 95% of the time, for the setup error en-
countered in clinics. 

However, when the PTV margin is 0, the CTV will not be fully covered by the 
prescription dose unless the magnitude of CTV random motion E is 0, or 0ρ =  
in Equation (3). Since the chi distribution in Equation (3) is a continuous function, 
the probability for 0ρ =  is 0 unless 0Eσ =  in Equation (2). Given that the setup 
is not perfect, Eσ  in Equation (2) is always a positive real number and is not equal 
to zero. As a result, the probability of full CTV coverage by the prescription dose 
is always 0% if the PTV margin is 0. 

Therefore, the CTV coverage probability (by the prescription dose) is not ideal 
for quantifying the CTV coverage loss when the PTV margin is 0 and an alterna-
tive index is needed. This new index must have a reasonable probability distribu-
tion, that is, its probability is 100% when there is no setup error or 0Eσ =  in 
Equation (2), gradually decreases with increasing Eσ , and approximate 0 for 
large Eσ . 

2.3. Percent CTV Coverage Probability and CTV Percent Coverage 
Random Variable 

One concept similar to the CTV coverage probability, termed as the “percent 
CTV coverage probability” or %CCP in this study is the probability that at least 
a certain percent (e.g., 95%) of the CTV is covered by the prescription dose, or 
equivalently, the probability that at most a complementary percent (e.g., 100% - 
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95% = 5%) of the CTV is not covered by the prescription dose. This %CCP can 
be derived from the reliability function of the random variable Q for quantifying 
the CTV percent coverage as a function of CTV random motion E: 

C P,

C

V
Q

V
=  E                           (5) 

where: CV  is the volume of CTV, and C P,V
 E  is the volume of PTV CTV  

or the CTV still covered by the PTV after the random motion E. Note that since 
E is a random vector, Q is a scalar random variable. The cumulative distribution 
function (CDF) of Q is ( ) ( )QF q Prob Q q= < . Given that the 3D normal dis-
tribution of E in Equation (2) is circularly symmetric, ( )QF q  can be derived 
from the CDF of random variable 2P  for CTV random motion in Equation 
(4). The reliability function of Q is therefore ( ) ( ) ( )1Q QS q Prob Q q F q= > = − , 
and the %CCP for a chosen 0100 %q  (e.g., 95% when 0 0.95q = ) CTV cover-
age is ( )0QS q . 

The percent CTV coverage probability defined above is a more appropriate in-
dex when the PTV margin is 0. Because a fraction (e.g., 95%) of the CTV is smaller 
than the PTV, there is a finite probability that the specified percent CTV might still 
be covered by the PTV when the CTV random motion occurs. Therefore, the %CCP 
is not always 0 but a number between 0 and 1, depending on the specified “per-
cent coverage” and the values of Eσ  for the CTV random motion. For a chosen 
percent CTV, the coverage probability is 100% if 0Eσ = , and gradually decreases 
with increasing Eσ . 

The chosen 0q  for quantifying the %CCP must make clinical sense. Clinically, 
a 90% - 100% coverage of the treatment target volume is generally acceptable 
when evaluating the radiotherapy treatment planning. Note that the percent CTV 
coverage probability reduces to the traditional CTV coverage probability if 100% 
CTV coverage is specified. Therefore, a value of 0q  close to 100% will make 

( )QF q  approximate a degenerate CDF like the one for CTV coverage probabil-
ity which, as discussed earlier, is not ideal for quantifying the CTV coverage loss 
when the PTV margin is 0. In this study, 95% CTV coverage (i.e., 0 0.95q = ) was 
chosen as the evaluation criterion. 

2.4. Derivation of ( )QF q  for Perfectly Spherical Cases 

The CDF of Q, ( )QF q  is a function of CTV random motion and the shape of 
CTV. Although the CDF of 2P  for CTV random motion is known in Equation 
(4), the calculation of percent coverage in Equation (5) is shape specific and 
generally cannot be solved analytically. 

In this study, the author focused on the random motion and percent coverage 
for perfectly shaped spherical CTVs. This ideal shape was chosen because the 
closed-form expression of ( )QF q  exists if the CTV is perfectly spherical. In 
addition, quasi-sphered CTVs are frequently encountered in brain SRS/fSRS [11] 
[14]. When the PTV margin is 0, the shape of PTV is also spherical with the same 
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radius because its shape is the same as that of CTV. 
Figure 1 illustrates the random motion of CTV relative to the PTV. In Figure 

1, both CTV and PTV are spherical and have the same radius P Cr r r= =  because 
the PTV margin is 0. Due to the CTV random motion E, the centers of CTV and 
PTV do not coincide and the square of the distance ρ between these two centers 
is, as described above, an event of the random variable 2P  following the chi- 
square distribution with 3 DOF. In Figure 1, the area shaded in blue is C P,V

 E  
in Equation (5), which denotes the volume of the intersection of CTV and PTV 
(i.e., C P ) when separated by distance ρ, or the part of CTV still covered by 
the prescription dose cloud (i.e., PTV). 

The ratio of C P,V
 E  to the total CTV volume, C P,

C

V
V
 E  is the percent of CTV  

that is still covered by the prescription dose after the random motion E and can 
be solved analytically. That is, using the relation of sphere-sphere intersection [13], 
the closed-form expression of C P,V

 E  is: 
2 2

3
C P,

1 12 2 4
2 3 2 12

V r r r r
r r

ρ ρ ρ ρ        = − − − = − +              
π π

 
E

.     (6) 

The CTV percent coverage is therefore equal to C P,V
 E  divided by the vol-

ume of CTV, 3
C

4
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Note that C P,

C

V
V
 E  is also the output of a random variable, because ρ is the  

output of a chi random variable Ρ. Therefore, the random variable Q for percent  
 

 
Figure 1. Illustration of the CTV random motion relative to the PTV assuming both CTV 
and PTV are spherical with the same radius P Cr r r= = . The area shaded in blue, C P,V

 E , 

denotes the part of CTV still covered by the prescription dose cloud (i.e., PTV) after the 
CTV random motion E that leads to a separation of ρ between the centers of these two 
target volumes. 
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coverage of a spherical CTV is a function of random variable Ρ: 
21 2 4

16
P P PQ g
r r r

     = = − +     
     

,                (8) 

which quantifies the fraction of CTV remained inside the PTV after random 

motion Ρ. Note that Q is a monotonically decreasing function of P
r

 for 

0 2P
r

≤ ≤ . That is, 1Q =  (a full coverage) when 0P
r
= , gradually decreases with 

increasing P
r

 until 0Q =  (a complete miss) when 2P
r
= . The CDF of Q can be 

derived from the PDF of 2P , ( )2
21 e
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π
= ≥ = ∫
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2.5. Calculation of the Reliability Function ( )QS q  

As mentioned earlier, the goal of this study was to quantify the probability of 
CTV percent coverage (by the prescription dose) larger than a specified per-
cent 0q  (e.g, 90% or 95%), or ( )0Prob Q q> . Statistically, this is equivalent to 
find ( )QS q , the reliability or survival function of Q, from ( )QF q , the CDF 
of Q: 

( ) ( ) ( ) ( )( )21
2

0

11 e d
2

u
rg q

Q QS q Prob Q q F q u u
− −

π
= > = − = ∫ .      (10) 

In this study, ( )QF q  in Equation (9) and ( )QS q  in Equation (10) were pro-
grammed in a Microsoft Excel spreadsheet using the “CHISQ.DIST()” function 
for the chi-square distribution. The inverse function ( )1g q−  was calculated us-
ing the “Solver” function in Excel for finding optimal solutions for various kind 
of decision problems. 

2.6. Calculation of the 95% CTV Coverage Probability for the  
Single-Isocenter-for-Multiple-Target Technique 

The 95% CTV coverage probability (95% CCP) for the single-isocenter-for- 
multiple-target technique was calculated for a set of commonly encountered 
clinical parameters, 0.5 mmSσ =  and 0.4δσ = , as a function of the distance 
between the CTV and isocenter, I Td ⇔ . For a I Td ⇔ , δσ  was first converted to  

Rσ  using the relation 0.
180

816R I Td δσ σ⇔
π

=  as described in the previous  

publication [12]. Eσ  is then calculated as 2 2
E S Rσ σ σ= + , from which the 

95% CCP was obtained for various CTV size using the method described 
above. 
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3. Results 

Figure 2 shows the CDF of random variable Q for the CTV percent coverage 
(by the PTV), for CTVs of various radii r normalized to Eσ . For example, “1” 
means Er σ=  and “50” 50 Er σ= . If 0.5 mmEσ = , “1” means 0.5 mmr =  (or 
diameter = 1 mm) and “50” 25 mmr =  (or diameter = 50 mm). Note that 

( ) ( )QF q Prob Q q= ≤  is the cumulative probability of less than 100 %q  (or be-
tween 0% and 100 %q ) of CTV covered by the PTV. The probability for a com-
plete miss is the intersection of a curve with the Y-axis (or when Q = 0) in Fig-
ure 2. 

Figure 3 illustrates the reliability function ( )QS q , or the probability of Q 
larger than a given value q. Again, the various CTV sizes r are normalized to Eσ  
as in Figure 2. The vertical red dotted line indicates 0 0.95q q= = , or the relia-
bility threshold for 95% CTV coverage. Intersection of this vertical line with a curve 
marks ( )0.95QS , or the 95% CCP for that CTV size. The horizontal red dotted 
lines indicate the 95% reliability threshold for the CTV percent coverage. Inter-
section of this horizontal line with a curve specifies the value of Q or the percent 
of CTV that can be reliably covered by the PTV 95% of the time for that CTV 
size. The red-shaded area in the upper right corner is the “95% - 95% clinical goal” 
adopted in this study, that is, any curve entering this zone indicates the CTV of 
that size has a 95% probability that 95% or more of the CTV is covered by the 
PTV. 

 

 
Figure 2. Cumulative Distribution Function (CDF) of random variable Q, ( )QF q  for 

CTV percent coverage (by the PTV) for various radii r normalized to Eσ  (e.g., “1” means 

1 Er σ=  and “50” 50 Er σ= ). ( ) ( )QF q Prob Q q= ≤  is the cumulative probability of less 

than 100 %q  (or between 0% and 100 %q ) of CTV covered by the PTV. The probability 
for a complete miss or 0Q =  is negligible (i.e., ~0 probability) except for 

1 Er σ=  (Prob = 0.26). 
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Figure 3. Reliability function of random variable Q, ( )QS q  for CTV percent coverage 

(by the PTV) for various radii r normalized to Eσ  (e.g., “1” means Er σ=  and “50” 

means 50 Er σ= ). ( ) ( )QS q Prob Q q= >  is the probability of Q larger than a given 

value q. The vertical and horizontal dashed red lines indicate the 95% reliability thresh-
olds for respectively q and ( )QS q , the functions of which are explained in detail in the 

text. 
 

 
Figure 4. The 95% CTV coverage probability (95% CCP) for 0.5 mmSσ =  and 0.4δσ =  
as a function of the distance from the CTV to the isocenter, for various CTV diameters 
(dCTV) ranging from 1 mm to 60 mm (e.g., “1” means diameter = 1 mm and “50” means 
diameter = 50 mm). The dashed red line indicates the 95% reliability preference. 

 
Figure 4 shows the 95% CCP for 0.5 mmSσ =  and 0.4δσ = . This figure is 

particularly relevant to the single-isocenter-for-multiple-target technique because it 
is plotted as a function of the distance between the CTV and isocenter, I Td ⇔  in 

https://doi.org/10.4236/ijmpcero.2022.111008


J. Chang 
 

 

DOI: 10.4236/ijmpcero.2022.111008 93 Int. J. Medical Physics, Clinical Engineering and Radiation Oncology 
 

millimeter, for various CTV diameters (dCTV) ranging from 1 mm to 60 mm (e.g., 
“1” means dCTV = 1 mm and “50” means dCTV = 50 mm). The dashed red line in-
dicates the 95% reliability preference. Note that all distances in this figure are in 
unit of millimeter instead of being normalized to Eσ  as in the previous two 
figures. When 0.5 mmEσ =  in Figure 2 and Figure 3, the curves marked by the 
same numerical value have the same size in Figures 2-4. For example, for the curves 
marked by “20” in Figure 2 or Figure 3 have a radius of 10 mm, or a diameter of 
20 mm, which is the size for the curved marked by “20” in Figure 4. 

4. Discussion 

In this study a new statistical index, the percent CTV coverage probability 
(or %CCP) was developed for evaluating the CTV coverage loss of brain SRS/fSRS 
when the PTV margin is zero. The motivation for developing this new index is 
because there is an intrinsic deficiency in the CTV coverage probability tradi-
tionally used for this purpose. That is, although very effective in evaluating the 
CTV coverage loss for a non-zero PTV margin, the CTV coverage probability is 
a degenerate function (i.e., always 0) when the PTV margin is 0. The propo- 
sed %CCP, on the other hand, is a more meaningful index because its output is a 
reasonable probability between 0 and 1 unless the selected percent CTV coverage 
is close to 100%. Since 90% - 100% CTV coverage is clinically acceptable, the %CCP 
is reasonable once the specified percent CTV coverage is not too close to 100% 
(e.g., 95%), as proven by the results presented in this paper. 

The main disadvantage of the proposed %CCP is that its analytic form usually 
does not exist except for special geometries like the spherically-shaped targets adop- 
ted in this study. This disadvantage is not unique to the %CCP, but is common 
to other similar indexes, e.g., the traditional CTV coverage probability, that use 
statistical modeling to analyze the CTV random motion. A general approach to 
solve the statistical modeling problems is performing Monte Carlo simulations for 
each specific geometry, which can be time-consuming and sometimes impractical. 
Fortunately, most targets treated with SRS/fSRS can be approximated by a sphere 
or ellipse with a maximal diameter of 40 mm or less [11] [14]. Therefore, the pro-
posed %CCP can be used to predict the percent CTV coverage lost for most com-
monly encountered cases in SRS/fSRS. 

To calculate the %CCP, a previously published statistical model [12] was used 
to analyze the random motion of spherical CTVs. The basic assumptions of this 
statistical model [12] are that the translational, rotational and combined setup 
errors are isotropic, and are independent random variables following the nor-
mal distribution. This study was limited to spherical targets only because the 
CTV percent coverage by the PTV for a given setup error can be quantified analyti-
cally using the relation of sphere-sphere intersection [13]. In addition, most small 
SRS/fSRS targets encountered clinically tend to be roughly spherical in shape [11] 
[14] and therefore can be reasonably approximated by spheres of similar sizes. With 
these assumptions, the CDF and reliability function of the random variable Q for 
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CTV percent coverage were successfully derived from the chi-square distribu-
tion of the random variable 2P  for CTV random motion, and the numerical 
values of both functions were calculated in an MS Excel spreadsheet and plotted 
(Figures 2-4). 

Figures 2-4 can be used to estimate the CTV percent coverage loss for brain 
SRS/fSRS procedures that use zero PTV margin. One interesting observation in 
Figure 2 is that the CDF curve for 1 Er σ=  has a non-zero (~0.26) value, indi-
cating that there is a significant possibility that the CTV might be missed com-
pletely if the radius of CTV is on the order of the combined setup uncertainty 

Eσ . Assuming 0.5 mmEσ = , this result shows that there is a ~26% chance that 
the treatment might miss the target completely if the CTV is ~1 mm in diameter 
(dCTV = 1 mm). The probability of complete miss decreases quickly with increas-
ing radius of the CTV, which is essentially 0 when 2 Er σ≥ , as shown in Figure 
2. The author would like to point out that a complete miss might happen in the-
ory but not in practice. This is because for very small targets (on the order of a 
few millimeters in diameter), the CTV is usually contoured more generously and 
when the treatment plan is being developed, the planner usually makes the pre-
scription isodose line less tight (around the CTV) purposely than that for larger 
targets. 

Figure 3 sheds more lights on the %CCP for a spectrum of target sizes. In 
Figure 3, the q value of the intersection of the horizontal red dotted line with an 
r curve indicates that the 100q% CTV coverage probability is 95%, or 100q% or 
more of CTV will be covered by the prescription dose 95% of the time. The 

( )QS q  value of the intersection of the vertical red dotted line with an r curve, 
on the other hand, is the probability of at least 95% of that CTV will be covered 
by the prescription dose. Any curve that enters the red shaded area at the upper 
right corner of Figure 3 will therefore have at least 95% of its CTV covered by 
the prescription dose 95% of the time, which is the common “95% - 95%” clin-
ical preference. If other threshold values for q and ( )QS q  are preferred, the 
locations of vertical and horizontal dotted lines should be adjusted. 

It is observed in Figure 3 that the 95% - 95% clinical preference “at least 95% 
of CTV covered by the prescription dose 95% of the chance” is not easily achieva-
ble as most curves do not enter the red shaded area except for 50 Er σ= . Assum-
ing 0.5 mmEσ = , 50 Er σ=  corresponds to dCTV = 50 mm. In fact, the mini-
mal CTV size that will meet this preference is ( )42 21 mmEr σ= =  or dCTV = 42 
mm, which is usually on the larger side of the targets for single fraction SRS. 
Common sizes for single fraction SRS are between dCTV = 10 mm and dCTV = 40 
mm [11] (or 5 mm and 20 mm in radius), corresponding to the “5”, “10” and 
“20” curves in Figure 3. Within this range, only between 60% (“5” curve) and 90% 
(“20” curve) of the CTV can be reliably covered by the prescription dose 95% of 
the time. 

For the single-isocenter-for-multiple-target technique, Eσ , the standard de-
viation of the combined (translational and rotational) setup error, might not be a 
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constant for all targets treated at the same time. Although the translational error 
is the same for all targets, the rotational error increases with I Td ⇔  [12]. As a 
result, the percent CTV coverage probability might not be a constant but varies 
with I Td ⇔ . This is evidenced in Figure 4 where the 95% CTV coverage is plot-
ted as a function of I Td ⇔  for various dCTV. Note that in Figure 4, the clinical 
preference “95% of the CTV covered by the prescription dose 95% of the time” is 
met only for the part of a curve that is above the red dotted line. When the geo-
metric center of each target is positioned at the radiation isocenter for treatment, 
i.e., 0I Td ⇔ =  in Figure 4, the rotational error is insignificant and Eσ  is equal 
to the standard deviation of the translational error, or E Sσ σ= . The 95% CTV 
coverage probability for a CTV size is the same as the ( )0.95QS  for the same 
CTV size, or the QS  value of the intersection of the red dotted line with the 
curve for that CTV size in Figure 3 (note that the CTV size is presented as the 
CTV radius normalized to Eσ  in Figure 3, and as CTV diameter in mm in Fig-
ure 4). For the single-isocenter-for-multiple-target technique, the target is not 
positioned at the radiation isocenter but at a distance I Td ⇔  from the isocenter. 
As illustrated in Figure 4, the 95%CCP decreases with increasing I Td ⇔  for all 
CTV sizes. This is because a larger I Td ⇔  will lead to a larger  

0.816
180R I Td δσ σ⇔

 = 
 

π
, which results in a larger combined setup uncertainty  

Eσ  and therefore a lower 95% CCP. Therefore, this model predicted that for 
single-isocenter for multiple-targets technique, the %CCP will be lower for those 
targets farther away from the isocenter if the PTV margin is 0 for all targets. 

Even though the 3D Gaussian random motion has been widely used to model 
the treatment uncertainty, it still needs to be validated for the specific studies it 
is applied to. Verification of this model is not in the scope of the current paper 
but will be performed in future studies. The author plans to use either Monte Car-
lo simulations and/or real clinical data to validate the theoretical calculations and 
predictions presented in this paper. The results will be presented in future pub-
lications. 

5. Conclusion 

In conclusion, a new statistical index, the percent CTV coverage probability (%CCP) 
was successfully developed to replace the traditional CTV coverage probability 
for evaluating the CTV coverage loss of brain SRS/fSRS when the PTV margin is 
zero. Unlike the CTV coverage probability that is a degenerate function (i.e., al-
ways 0) when the PTV margin is 0, the proposed percent CTV coverage proba-
bility provides a reasonable coverage probability between 0 and 1 depending on 
the CTV size. To calculate this new index, a previously developed statistical model 
was used to analyze the CTV random motion, from which the CDF and reliabil-
ity function of random variable Q for measuring the CTV percent coverage was 
derived. The %CCP is equal to the reliability function of Q for the specified per-
cent (e.g., 95%) CTV coverage. The closed-form expressions of Q and the %CCP 
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were derived for spherical CTV and PTV using the relation of sphere-sphere in-
tersection. Based on the calculated numerical values, it is predicted that when the 
PTV margin is zero, there is a significant chance (~26%) that the treatment might 
miss the target completely if the CTV is small (1 mm in diameter or smaller). In 
addition, the 95% - 95% clinical goal “at least 95% of the CTV covered by the 
prescription dose 95% of the time” cannot be achieved for small targets (dCTV < 
42 mm). For the single-isocenter for multiple-targets technique, the %CCP de-
creases with increasing distance between the CTV and iso-center, I Td ⇔ . This work 
provided a quantitative estimate of CTV coverage loss for brain SRS/fSRS pro-
cedures that traditionally ignore this coverage loss due to the lack of proper mod-
eling and/or blind belief of the accuracy of immobilization devices and delivery 
systems. 
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