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Abstract

The study shall look to the group of generators SU(4). From these generators,
a new group spin operator will be constructed. We will classify these groups
into right handed groups and left handed groups. These two groups will sa-
tisfy all the properties of Pauli spin operators S, S, and S, with respect to the
frame xyz The analysis shows that the number of groups spin operators de-
pends on the order of the group. This leads us to construct the theorem which
defines the number of the groups spin operators. The analysis also leads to two
kinds of frames: left handed frame (LHF) and right handed frame (RHF). The
right handed operators will act on the RHF, and left hand operators act on the
LHEF. The study shall discuss the notion of spin squeezing for pure spin 3/2
system by using our new frames and new spin operators. It will show that our
calculation is equivalent to the calculation by using Pauli spin operators.
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1. Introduction

The wave properties of a particles or the corresponding state can be described
only by giving the probability of finding it at particular point with respect to
coordinate system.

The collective spin systems are playing very important role in quantum phys-
ics [1], because of the symmetric properties of atom or nucleus.

Since the atoms or nucleus deal with a number of identical particles such as
electrons or nucleons, it becomes useful to study such collective particle in the
shine of group theory.

Quite recently the baryon-baryon interaction in the SU quark model has been
studied [2], started from three body problems.

The spin operators possessing has wide range of applications such as squeez-
ing which had been studied [3] [4] [5].
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The spin squeezing could also be useful for quantum computation [6] [7] [8],
quantum simulation [9], and making more precise atom clocks [10] [11] [12]
[13].

If S denotes the spin angular momentum of a physical system [14], it is
known that its components do not commute with each other, but $&* commutes
with all the components of S (S, S, and 8,). The action of the components of

these operators can be on a basis function with respect to the frame xyz that is

given by:
(s, %is,)[s m)=[s(s+1)—m(mil)]%|s,mil) (1)
S?[s m)=s(s+1)[s m); s=0,%,1,~~- (2)
S,|sm)=m|sm); m=-s,—s+L-,+s 3)

The above equations show that infinite-dimensional Hilbert space of S splits
into a direct sum of infinite number of Hilbert space.

It is evident in this representation only the matrix S, is purely imaginary, while
other matrices are real which is known as Pauli spin matrices with respect to the
frame xyz.

Recently in 2020 [15], we had looked to SU(3) generators, from these genera-
tors new spin operators for spin 1 system S, S, and S., were constructed. These

operators had called left-handed operators with respect to the LHF xyZ!
In the light of a spin 1 system [15], it becomes relevant to extend the idea to

the higher spin system (S = g, ).

The present paper devotes to detailed discussion, the link between the group
of generations SU(4) and spin operators, which are organized as follows:

Section 2 deals with definition of group SU(4). From these generators SU(4),
we will construct a new group operators of spin 3/2 system. We shall classify
these operators into two classes: right handed operators and left handed opera-
tors corresponding to the LHF, and RHF.

In Section 3, we shall look to the squeezing aspect for pure spin 3/2 system by
using our new spin group operators.

At the end of discussion, we will show that the new group operators give an

equivalent result of squeezing which had been calculated by M. Sbaih [16].

2. Group Generators SU(4) and Spin Operators

The Lie algebra and its representations of SU(4) had been studied in detail [17].
As should be clear from the name of SU(4) is the group of all unitary matrices of

order 4 with determinates +1. It has 4> — 1 = 15 generators which are usually

denoted by A, 4,, -+, 4.
The group SU(4) is represented as:

SU(4) ={A=4x4 complex matrix | A"A=1,det(A) =1} (4)

The Hermitian matrix generators of SU(4), analogous to Pauli matrices of
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SU(2) which are:
0100 0 -i 00 10 00
1000 i 0 00 0 -100
A= 0 00O % = 0 0 0 OFf 4= 0 0 00O
0 00O 0 0 0O 0 0 0O
0010 00 - O 0 00O
0 00O 00 0O 0010
/14_1000'15_i000’/16_0100
0 00O 00 0O 0 00O
00 0O 10 0 0 0 001
00 - O 1101 0 O 0 00O
%_Oioo’%_ﬁOO—ZO’A"_OOOO ®)
00 00O 00 0 O 1000
0 00 —i 0 00O 0 00O
0 00O 0 001 0 00 —i
Ao = 000 OFf & 0 00O Ao = 0 00O
i 00O 0100 0 i 0O
0 00O 0 00O 100 O
0 00O 0 00O 1010 O
“5=10 0 0 1] ™ 0 0 0 —i’ﬂﬁ‘%o 01 0
0010 00 i O 0 00 -3
These 4 (i=1,2,---,15) matrices are orthogonal and satisfy
Tr(4) =2, i=12,15 (6)
From Equation (5) we can construct three spin operators from group genera-
tors SU(4):
3
S, =1+ (4 4,) ¢
V3
Sy:%i7(ﬂ’2iﬂ14) (8)
S, =4 +/3% + V65 (©)

It is evident that in this representation only the matrices S, are purely imagi-
nary while S, and S, are real matrices.

From Equations (7) - (9) we construct four groups of spin operators.

The first spin group operators

0 V3 0 0
V3 1143 0 2 0
S, =4 +—(A4 + ==
0 O 3 0
V3 (10)
0 —\/§ 0 0 300 0
V3 ilv3 0 -2 0 1101 0 0
S, =4 +—(4, + =— S, ==
0 0 3 0 00 0 -3
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We have to mention here that S, is the same as for all groups.

The second spin group operators

0 3 0 0
3 11-v3 0 2 0
SZX:ﬂ’G (21 ;)13) -
210 2 0 B
0 0 3 0
(11)
0 V3 0 0
\3 il-/3 0 -2 o0
SZy_%__(AQ_ﬂM)__
2 20 2 0 -3
0 0 V3 0
The third spin group operators
0 ¥3 0 0
Syt e L(y-g) LY 020
3x 2 3 2 O 2 O _\/g
0 0 -3 O
(12)
0 3 0 0
Sy =iy 1 (3,5 A0 20
¥ 2 Y200 2 0 B
0 0 3 0
The fourth spin group operators
0 -3 O 0
NK) 11-/3 0 2 0
ﬂﬁ__(ﬂﬁ'ﬁis) Py
2l0 2 0 -3
0 0 -3 0
(13)
0 V3 0 0
3 il+3 0 2 o0
/17__(/12"'/114) 5
200 2 0 4B
0 0 43 0

The commutation relations for these groups operators can be worked out and
are found to be:

[0Sy ] =[ 82085y | =[ 850085y | =[ SaurSay | =1, (14)
|:312,Sl+]:|:822,52+] |:S32,S3+]=[Sf,34+]=0 (15)
(2.5, ]=[S}.5, |=[8:.8;, |=[Si.s, |=0 (16)

and

(17)
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In the light of the above studies, it is clear that in the case of SU(4) group, we
have constructed 4-groups spin operators (s = 3/2), one of them is a Pauli oper-
ators. Although it had been shown that in the case of SU(2) (s = 1/2) possesses
one group generators. For SU(3) [15] there are two groups spin operators. It’s
clear that the number of groups spin operators is increasing as the order of

group increases.

Theorem: To Every Group Generator SU(n) There Are 272 Spin
Groups Operators

It may also note here that the first group $; and the third group S; are giving the
same result in a physical application, as we shall show in the next section. The
groups & and S; also will give the same result in physical calculation.

It is clear also that the four spin groups operators S, &, S, and &, are coincide
with the same z-axis as shown in Figure 1.

Quite recently [15], we had shown that in the case of a spin 1 system (s= 1), it
will possess two groups spin operators. We had classified these two group to a
left handed groups and right handed groups.

Our analysis shows that a spin 3/2 system possesses four spin groups opera-
tors S, $, S, and S;.

Let us consider spin 3/2 state |1//> making an angle & with respect to z-axis in
the frame xyiz and the corresponding operators S, Si, and S, as shown in
Figure 1.

In the frame %32 where 2 coincide with z in a frame x iz the angel will be
0+ m and the phase angle ¢. The third frame x;y32 the z will be in the same di-
rection of z and the spin operators S} and S having the same physical calcula-
tion, therefore $; and &; will act on the same frame we shall call this frame xyz.

The frames xy32 and xiyiz are having the same zdirection of z and the
same physical result, therefore we shall call the second frame xyz.

The four spin groups operator will act in two frames. These two frames are
called RHF and LHF.

The spin group operators acting on the RHF called right handed spin operator,
yield the operator acting on the LHF called left handed spin operator.

An advantage of RHF, LHF and spin operators in the nuclear physics. The in-
teraction happens between the particle and antiparticle such as:

e +e” —2hv (y-radiation) (18)

In such process the electron and positron are coincide with one axis of mo-

tion.

3. Squeezing Criterion for Pure Spin 3 /2 System

The notion of squeezing had been discussed for spin system with arbitrary but
sharp spin value by several authors [18]-[24].
Recently [15], the squeezing criterion for a spin 1 system had been discussed

by using the left-handed operators.
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Figure 1. The spin vector (s= 3/2) with respect to the frames x;yiz: (/= 1, 2, 3, 4).

In this section we deal with the squeezing aspects for pure spin 3/2 system by
using the construction spin operators and frames.

The squeezing condition restrict to Heisenberg’s relationship, that a spin §
state is squeezed in the spin component normal to the mean spin direction with

respect to the (RHF) and spin operators if:

S
AS§<KTZ>, =13, (19)

or

AS; <|<STZ>, =13 (20)

A normalized pure state of s = 3/2 system, can be expressed in terms of angu-

33\ |31\ |13 1\ |3
22/ 122/ |2 2/

3 .
lar momentum state: — ——) with respect to the
RHF xyz and right handed operators S,; and S,; with a non-zero mean spin di-

2 2

rection (S,) can be written in the matrix form [16]:
sin@
FE (21)
cos e’
0

The above equation is satisfying:
<Slx>:<s3x>:<Sly>:<s3y>:0 (22)

Which happen to be a Lakin frame with respect to RHF or LHF.
In the RHF xyz, the relevant quantities need for studying the squeezing turn
out to be:

ASZ = AS2 =%[3+4cos2 6+ 4+/3sin@cosdcos ﬂ (23)
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or
AS], = AS], =%[3+4cos2 6—4+/3sin O cos Hcos go] (24)
and
1
(S, )=(Ss,) = Z[3— 4cos’ 0 | (25)

So that the squeezing conditions corresponding to the right handed operators
S and S; with respect to the RHF xyz

3+4cosz6?+4\@sin49cos¢9cos$<|3—4cos2 9| (26)

or

3+4cosz(9—4\/§sin.9cos¢9003¢><|3—4cos2 6’| (27)

It’s clear from the above Equations (24-28) that the two groups right handed
operators gives the same result, this implies that the Pauli spin operators are not
unique in the same frame.

Let us now look to the squeezing with respect to a LHF x¥z"and left handed
operators S and ;. We notice from Figure 1 that the polar angles §with respect
to the LHF are 6+ .

The state |y) with respect to the LHF xy2'in the matrix form
sin(0+n)
lw)= ° (28)
cos(0+m)e”
0

It is clear from the above Equation (29)
(Sox) = (Sux) =(Ssy ) = (S4y ) =0 (29)
which happens to be a Lakin frame.

For such state, the relevant quantities indeed necessary for studying the

squeezing with respect to LHF and left handed operators are turn out to be:

AS2, = ASZ, =%[3+4cos2 6—4/3sin ecosecow] (30)

or
AS;, = AS;, =%[3+4c0526’+4\/§sin 6’COS@COS¢):| (31)
<SZZ>:<S].Z> (32)

The squeezing conditions with respect to the LHF and left handed operators

3+4c0329—4«/§sinecosé’c03(p<|3—4cos2 9| (33)

or
3+4cosz9+4\/§sin6’cos6’cosw<|3—4cos2 6| (34)
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It is clear from the above calculations that by using the left handed operators
(& and &) or right handed operators (S and S;), we get the same result [16], by

using Pauli spin operators.

4. Conclusions

The study establishes the link between the group generators and quantum spin
operators.

The matrices of Lie algebra of SU(4) has been represented. From the group
generators SU(4), we had constructed new groups of spin operator. These two
groups are classified into two classes left handed groups and right handed groups.
Our analysis shows that the number of group operators depends on the order of
a group n. It has been shown by Moeen [15] that, a spin 1/2 system having 1
group spin operators, while in a spin 1 system has two groups of spin operators,
but in the spin 3/2 system, it is having four groups spin operators. This implies
that the number of groups operators increases with the increase of the ordered of
group.

A new theorem which defines the number of groups spin operators has been
formed.

These new groups spin operators lead us also to two kinds of frames, LHF and
RHE.

The squeezing of a pure spin 3/2 system has been studied by using LHF, RHF
and a new spin operator. Our calculation shows equivalent result and same val-
ues which are done by M A. A. Sbaih [16].

This work is promising and could expand to cover a higher order of groups
spin operators. The RH and LH frames and operators could be useful in study-

ing the interaction between particles and antiparticles.
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