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Abstract

In this paper, we define an exponential function whose exponent is the prod-
uct of a real number and the upper limit of integration in a non-elementary
integral that can be arbitrary. We are using Abel’s methods, described by Ar-
mitage and Eberlein. The key is to start with a non-elementary integral func-
tion, differentiating and inverting, and then define a set of functions. Diffe-
rentiating these functions twice give second-order nonlinear ODEs that have
the defined set of functions as solutions.
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1. Introduction

On page 1 in the book [1], we find the sentences: Very few ordinary differential
equations have explicit solutions expressible in finite terms. This is not because
ingenuity fails, but because the repertory of standard functions (polynomials,
exp, sin and so on) in terms of which solutions may be expressed is too limited
to accommodate the variety of differential equations encountered in practice.
This is the main reason for this work. It should be possible to do something
with this problem. If we don’t have enough tools in our mathematical toolbox,
we must make the tools first. For this problem, we will attempt to define some
new functions. During a few years, I have succeeded to make more than 100 sets
of non-elementary functions that are giving solutions to some hundred second-order
nonlinear autonomous ODEs. In this paper, I want to share some of these results
with you. Now, we will attempt to make some new functions. The numbers I

have given the ODEs and the integral functions (IF) in the text are the number
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they have in my collection.

Wolfram Math World describes three nonlinear second-order ODEs that have
the Jacobi elliptic functions sn, cn and dn as solutions. Define a solution
x(t)=cn(t) and differentiate twice, and you will obtain the ODE:

%:(Zkz—l)x—2k2x3, 0<k<1 (1)

And if we use the Jacobi amplitude function am(¢ k) as a solution x(#) and
differentiate twice, we will obtain the ODE:

%=—kzsin(x)cos(x) )

This causes us to think that other second-order nonlinear ODEs have func-
tions made by the same methods than Jacobi elliptic functions, as their solutions.
It should be possible to make more non-elementary functions by changing the
non-elementary integral. In this paper, we will work in the same way: First, de-
fine some non-elementary functions, and then differentiating them twice in or-
der to see what kind of ODEs these functions are giving solutions to.

We will use the methods described by Armitage and Eberlein [2] in their book
Elliptic Functions, especially Section 1.6 and 1.7. They apply what they call the
Abel’s methods. “Eberlein sought to relate the ideas of Abel to the later work of
Jacobi.” Here is a brief summary of how they define the Jacobi elliptic functions:

In Section 1.6, they define a function x:

1 _ 4 du
) X_X(W)_IO J1-kZsin?u’

Here is xa function of y. The positive derivative of xis:

0<k<l -wo<p<ow (3)

1
2) d—x =————— and then inverting d—X , so that (4)
dy  J1-k2sin?y dy
3) %—W:wll—kzsinzl// here is wa function of x. (5)
X

And then in Section 1.7, they define a set of three functions sn, cn and dn, so
that

sn(x)=siny,cn(x)=cosy and dn(x)=41-k’sin’y (6)

Armitage and Eberlein are using x as variable to the functions sn, cn and dn.
In order to avoid misunderstandings with the solution x(#), we will use the vari-
able uinstead x, and the amplitude ¢ instead of y.

During the last 30 years, there have been done a lot of progress in finding so-
lutions to nonlinear ODEs and PDEs. The progress is mostly made by using dif-
ferent methods like the Prelle-Singer method [3], Abel’s equations [4] [5], the
new Jacobi elliptic functions [6] [7], the old Jacobi elliptic functions [8] [9], the
Prelle-Singer method [10] [11], a new method [12], revised methods [13].

With exception from the new Jacobi elliptic functions, it seems to me that

nobody has tried to make new non-elementary functions that can give solutions
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to second-order nonlinear ODEs. In this paper, we will attempt to take a step
further.

The functions defined in this paper are new to the literature, at least to my
knowledge.

2. The Expo-Elliptic Functions

This is a large group of functions and very useful as solutions to both second-
order nonlinear ODEs, and systems of ODEs. In this paper we will study two

examples.

2.1. Definition

Define an exponential function u= ,u(u) =e*, a,peR, —w<ap<w,
@=¢(u) is the amplitude or upper limit of integration in a non-elementary
integral. This connection to the elliptic functions is the reason for this special
name. They may also be named g-functions, but that name tells nothing about
these functions. The integral may also be elementary. Then the solution

d
X(t)zea”’ is an elementary solution. When —(tpzl, is e =e* . The ex-

po-elliptic function is more general than the elementary exponential function.
The expo-elliptic function is not periodic, and it is continuous and differentiable

on the whole R, for the limitations of the parameters.

2.2. The Derivative of the Expo-Elliptic Function

4wy =ae* 92 —au(u)

de
7
du du 2

du
2.3. Two Examples

Let us take a look at two examples of expo-elliptic functions, and some
second-order ODEs that have these functions as solutions. I think that the beha-
vior of the solution curves in a phase diagram reflect the qualities of the solution
functions. And by considering the behavior of the solution curves we can dis-

cover some of the qualities of the expo-elliptic functions.

2.3.1. The Functions ps and pd
Just like the Jacobi elliptic functions we start with a non-elementary integral.
Define an integral function u (IF 118):

af

u=u(p) .[0 n+hcog(pea“’+b)+ksin(vea9+d)d6 ©

a, b, d h, k n, p, vare parameters defined on R.
The denominator can become 0. In order to avoid that we can make some re-

strictions to the parameters: n>2, -1<h,k<1

I d
If we use the substitution y=e*, df= Y R
ay
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we become the integral: lJ'q) dy -
a’® n+hcos(py+b)+ksin(vy+d)

According to integral-calculator.com this is a non-elementary integral.

du e

E:n+hcos(pea“’+b)+ksin(vea¢’+d) )
Inverting 2
d
z—fze‘w(n+hcos(pea“’+b)+ksin(vea“’+d)) (10)
Then we define a set of 2 functions psand pd, so that
ps(u)=e* (11)
And
pd(u)=e" (n+hcos( pe®’ +b)+ksin(vea“’ +d))
:ﬁ<n+hcos(pps(u)+b)+ksin(vps(u)+d)) (12
The connection between the functions psand pdis:
pd (u) ps(u)—hcos(pps(u)+b)—ksin(vps(u)+d)=n (13)

We see that the function pd(u) exist for all values of the parameters a, b, d, A,
k n, p, v; even though the integral IF 118 don’t exist for values that make the
denominator = 0. The functions ps(u) and pd(u) are continues and differentiable
on the whole R.

The derivatives to these functions are:

4 _ae 42 _
" ps(u)=ae iU aps(u)pd(u) (14)

(n+hcos(pps( )+b)+ksin(vps(u)+d))2

(u

)
(n+hcos pps( )+b)+ksin(vps(u)+d)) (15)
(vps

[kvcos +d)—hpsin(pps(u )+b)]

We can find out which second-order nonlinear ODEs the ps-function give
solution to, by differentiating the function ps(?) twice.
Define a solution x(t)= ps(t)
%: aps(t) pd(t) =axpd(t)=a(n+hcos(px+b)+ksin(vx+d)) (16)
d*x dx . dx
—-=—ahp—sin( px+b)+akv—cos(vx+d 17
dt? Pt (pe+b) dt ( ) (17

2

(2779) % =a’(n+hcos( px+b)+ksin(vx+d))[kvcos(vx+d)—hpsin( px+b)}
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2
(2780) %: a%kvcos(vx+d)—a2hpsin(px+b)(n+hcos( px+b)+ksin(vx+d))

Figure 1 and Figure 2 show phase diagrams of Equation (2780) with different

values of the parameters.

Figure 1. One LC.

Figure 2. Three LC.
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In Figure 1, the parameters have the values a=1, k=1, v=2,b=-1,p=1,d
=1,v=2,n=3,h=2.

A limit cycle (LC) that reminds a bit of van der Pol’s LC.

In Figure 2, the parameters have the values a= -1, k=1/2, v=2, p=1/4,n=
6,b=2,d=-1,h=-1.

Three stable limit cycles inside each other with the same equilibrium point.

Between the stable limit cycles there are unstable limit cycles [1].

If we use 3—): =aps(t)pd(t) and differentiating one more time, we get the

equation
d’x  1(dx)* adx _ dx
(2784) F_;(EJ —;E(n+hcos(px+b)+ksm(vx+d))+akvacos(vx+d)

—a’hpsin(px+b)(n+hcos(px+b)+ksin(vx+d))
2

X
In Equation (2784) prex don’t exist when x = 0, except in one point

(0,a(n+ hCOS(b)+ kSin(d ))) In Figure 3, we see that the solution curves are

crossing the asymptote x = 0 in one point, and they also intersect in the same
point. This is an example of when the Uniqueness Theorem fails. The derivatives
don’t exist everywhere in the neighbourhood of (0, a(n+hcos(b)+ksin(d ))) .
This special phenomenon I have named “hole in asymptote”.

In Figure 3, the parameters have the values a=1,n=3, h=k=p=1,v=2,d
=-1,b=-1/4.

Figure 3. Hole in asymptote.
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The ps-function is giving solutions to a lot of other second-order nonlinear
ODEs and systems of ODEs. In the three pictures above we can see some of the

qualities of the functions psand pd.

2.3.2. The Functions hs and hd
This second example of expo-elliptic functions also starts with a non-elementary
integral.

Define a function u (IF 180):

eao

4

u=u(p)= - - de (18)

(0)=]; n+hcos(se® +b)+ f sin(qe* +g)+ke* sin( pe*’ +c)cos(ve* +d)

The denominator can become 0. To avoid that, we can make some restrictions
to the parameters: a<0, n>3, -1<f,hk<1,

a,b,c,d,g,h,k,n,s,pv,geR

du e’

- _ 19
de n+hcos(se2a‘/’+b)+fsin(qezw+g)+ke"""’sin(pea<"+c)cos(vea“’+d) (19)
Inverting:
d(/) —ap 2a H 2a
——=e"*[n+hcos(se” +b)+ fsin(ge™ +g
L et -
+ke® sin( pe* +c)cos(ve® +d ))
Define a set of 2 functions: Asand Ad, so that
hs(u)=e*, (21)
d(p 1 2 . 2
hd (u)=—"-= n+hcos(shs®(u)+b)+ fsin(ghs®(u)+g
+khs(u)sin(phs(u)+c)cos(vhs(u)+d))
The connection between these functions is:
hd (u)hs(u)—hcos(shs?(u)+b)— fsin(ghs?(u
(u)hs(u) (shs?(u)+b) (ahs?(u)+g) (23)

—khs(u)sin(phs(u)+c)cos(vhs(u)+d)=n

Notice that the functions Asand Ad exist for all values of the parameters a, b, ¢,
d g h k n, s p, v, geven though the integral IF 180 is not defined for values
that makes the denominator = 0. The functions As and Ad are continuous and
differentiable on the whole R.

The derivatives to these functions are:

%hs(u):aea‘”g—f:ahs(u)hd(u) (24)
%hd( )——hsza(u)(nJrhcos(shsz(u)+b)+fsin(qhsz(u)+g)
+khs(u)sin(phs(u)+c)cos(vhs(u)+d))2
quhs‘?u)(n+hcos(shs2 (u)+b)+ fsin(qhs® (u)+g)
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+khs(u)sin( phs(u)+c)cos(vhs(u)+d))

x[—2hshs(u)s (shs (u )+b)+2fqhs(u)cos(qhsz(u)+g)
+ksin(phs(u)+c)cos(v hs(u)+d)+kphs(u)cos(phs(u)+c)
xcos(vhs(u)+d)—kvhs(u )sin(phs(u)+c)sin(vhs(u)+d)]

(25)

Define a solution x(t)=hs(t)

%: a(n+hcos(sx2 +b)+ fsin(gx® + g)+kxsin(px+c)cos(vx+d)) (26)

(cjit;( = Zax(;—( fq cos(qx + g) hssin(sx2 +b))+ azk(n + hcos(sx2 +b)
(3341) +f sm(qx +g)+kxsm(px+c)cos(vx+c))[sin(px+c)cos(vx+d)

+ pxcos( px+c)cos(vx+d)—vxsin(px+c)sin(vx+d)]

(0, 0) is equilibrium point when ¢ = 0. We will use this in the equations below.

Define 2 functions fand g, so that f(x,y)=y and

g(xy)= 2axy( fqcos(ax® +g)—hssin(sx* +b))+a2k(n+ hcos(sx* +b)
+1 sin(ox* +g ) +kxsin( px)cos(vx+d))[sin( px)cos(vx+d)
+ pxcos( px)cos(vx+d)—vxsin(px)sin(vx+d)]

Jacobian matrix:

of of
S &(meo) E(XO'VO)
K a9
aX(Xolyo) ay(xo'yO)
d 1)=d -4
et(J(0,0)- A1) = det 2a’kpcos(d)(n+hcos(b)+ fsin(g)) 0-2 (27)
(-2)" —2a’kpcos(d)(n+hcos(b)+ fsin(g)) =0 (28)
/1:J_ra\/kacos(d)(n+hcos(b)+ f sin(g)) (29)

Complex eigenvalues with zero real part when
kpcos(d)(n+hcos(b)+ fsin(g))<0

That means (0, 0) is center.

Let us take a look at some phase diagrams of Equation (3341):

In Figure 4 is (0, 0) an “unstable center”, with an outwards rotating spiral,
ending up on a limit cycle (LC) to the right. I have named this special equili-
brium point “unstable center”, because the eigenvalues of the Jacobian matrix at
(0, 0) are complex with zero real part, even though the pictures show spirals
around (0, 0). An example of when linearization fails.

In Figure 5, we have changed the value of the parameter a from +1 in Figure
4 to -1 in Figure 5. (0, 0) is still an unstable center, but now with an inwards

rotating spiral, ending up in (0, 0) in infinity. A large LC is surrounding the un-
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stable center and 2 spirals. This is an example of bifurcation with the parameter
a. In Figure 5, we have these equilibrium points: One unstable center (spiral
sink), one spiral source with a stable LC around to the left, one spiral sink to the
right surrounded by an unstable LC and a stable LC outside it again, 2 saddle

points and 3 limit cycles.

Figure 4. One unstable center and one LC.

Figure 5. One unstable center and three LC.
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In Figure 6 is the parameter d =0. (0, 0) is now a stable center, with stable
closed curves around. And we see stable closed curves with no spiraling behavior,
where we in Figure 5 saw a large LC. In Figure 6, we find these equilibrium
points: One stable center, one spiral sink to the left, one spiral source to the right
surrounded by a LC, and two saddle points. All these are surrounded by stable
closed curves.

Consider Figure 7 below and compare with Figure 4. The only difference is
the parameter d, which is zero in Figure 7. Bifurcation with the parameter d.

Figure 6. One stable center with stable closed curves.

Figure 7. One stable center and one LC.
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It is possible to make many other non-elementary functions from the func-
tions As and Ad by choosing one or more of the parameters = 0. These special
cases are a bit easier to work with, but they can have a lot of funny and interest-

ing behavior.

3. Conclusions

My purpose with all these pictures is to show you some of the variety of behavior
and qualities of the expo-elliptic functions. I don’t know any other functions that
have these qualities. If the behavior of the solution curves in the phase diagrams
reflects the qualities of the solution functions, then we can see some of these
qualities in the pictures in this paper.

It is possible to make a lot of non-elementary functions using the Abel’s me-
thods described by Armitage and Eberlein, by how they define the Jacobi elliptic
functions. In the same way as Jacobi’s functions sn, cn, dn and am give solutions
to a few ODEs, the expo-elliptic functions described in this paper and a lot more,
give solutions to many other different kind of ODEs. I don’t see any limit for this

subject. The only limit is our imagination.
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