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Abstract 
This paper describes the use of particle tracking velocimetry to analyze the 
Lagrangian acceleration of small particles in superfluid helium with varying 
time increments, t∆ . The probability density of acceleration exhibits Gaus-
sian properties for 0t τ∆ < , but displays a lognormal distribution for 0 tτ < ∆ , 
where 0τ  is the migration time characterizing the particle motion. The par-
ticle trajectories are well characterized by the Hurst exponent H. For smaller 
time scales than 0τ , the trajectories exhibit linear motion ( 1H  ), but have 
certain fractal properties with 0.6H   for time scales larger than 0τ . 
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1. Introduction 

In recent years, there has been great progress in the study of superfluid helium 
flow fields, especially in thermal counterflows. Liquid helium undergoes a phase 
change at a low temperature of 2.17 K and becomes superfluid. Superfluid he-
lium can be understood as a mixture of superfluid and normal flow components. 
Helium turbulence is an interesting area of research that is important in terms of 
both basic science and applications because the superfluid component has no 
viscosity [1]. In recent years, thermal countercurrent experimental systems have 
been used to conduct research on 4He using solid hydrogen for the visualization 
of tracer particles [2]-[7]. Paoletti performed particle tracking velocimetry (PTV) 
analysis and calculated the probability density function (PDF) of the vertical ve-
locity of the tracer particles, resulting in confirmation that the theoretical veloc-
ity of the normal flow component is almost the same as the experimental veloci-
ty [2]. Mantia et al. [6] pointed out that the PDFs of velocity and acceleration 
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have different shapes depending on the length scale, exp , which may be the ex-
perimental probe length or the distance between the particles along the trajecto-
ries. The PDF shape exhibits an unclassical power-law tail for small exp , but 
attains a classical Gaussian form as the length scale increases. In addition, the 
PDF tails of the horizontal acceleration approach a scale of a−5/3 as the length 
scales decrease. Mastracci and Guo [7] developed a separation scheme for visua-
lized particle motions in relation to quantum vortices, while Sakai et al. charac-
terized the Lagrangian particle trajectories according to their curvature and ac-
celeration [8]. Kubo et al. found that the tracer particle velocity and acceleration 
PDFs are highly dependent on the particle diameters. In addition, the Hurst ex-
ponent H, defined as ( ) ( ) 2 2Hx t x t Cτ τ+ − = , where ( )x t  is the particle po-
sition at time t and τ is the time lag, was used to characterize the particle trajec-
tories. The Hurst exponent H significantly depends on the particle size and the 
time lag τ [9] [10]. However, the particle trajectories of the normal fluid have 
not been distinguished from those trapped by the superfluid (or quantum vor-
tices). Therefore, in this study, the Lagrange trajectories are classified into two 
categories. One is the motion carried by the normal fluid and the other is that 
carried by the superfluid flow. The acceleration of particle motions in relation to 
the migration time of the Hurst exponent is also analyzed. 

2. Experimental Condition 

A stainless-steel cryostat with three visualization windows was used in the expe-
riments. Figure 1 shows a schematic of the cryostat. A rectangular channel 
(cross-section 20 × 20 mm2 and height 260 mm) made of acrylic resin was posi-
tioned inside. The bath temperature TB was set to 1.9 or 2.0 K. The plate heater 
was placed at the bottom of the channel, and the heat flux q was set to 800 
W/m2. 
 

 
Figure 1. Schematic diagram of stainless steel cryostat. 
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A thermal counterflow was then generated inside the duct. The bath temper-
ature was controlled by depressurizing the liquid helium layer along the satura-
tion vapor pressure curve. A high-speed camera was used to visualize an area of 
8.7 × 8.7 mm2 at the duct center. The images were sampled at 250 Hz. A conti-
nuous laser was used to generate a laser sheet with a thickness of about 1 mm. 
The wall surface of the channel duct is defined as 0Ly =  mm and the center 
surface of the channel duct is defined as 10Ly =  mm. The visualization was 
performed at the center of the channel duct. The distance from the duct inlet to 
the visualization area was fixed at 93 mm to minimize the influence of distur-
bances. The experimental conditions are listed in Table 1. 

A helium and hydrogen mixing chamber was designed to change the mixing 
ratio and spouting pressure. The hydrogen particles were generated in liquid he-
lium. We adopted a mixing ratio of He/H2 = 40:1 and a spouting pressure of 20 
kPa. The images were recorded 90 s after injection. In this study, the particle 
tracking algorithm developed by our group was used. The particle sizes, 
5 150d≤ ≤  μm, were similar to those in our previous experiments [9]. From 
the original image processing algorithm, the particle sizes were obtained by ap-
proximating the area S of a particle in two dimensions as a circle, whereupon the 
particle diameter d can be defined as 2d S= π  by further considering the ef-
fect of the Airy disk. Previously, we found that the particle size distribution can 
be accurately represented by a lognormal distribution and that smaller particles 
have better traceability [9] [10].  

3. Statistical Analysis Method 

We adopt the PTV algorithm to analyze the particle trajectories. In the first 
process, the background noise is removed to identify the particles. The position 
of each particle is then determined successively. It is very important to identify 
pairs of particles in consecutive images, as this affects the accuracy of the trajec-
tory and velocity data. Previous studies typically considered the distance be-
tween a particle at successive time steps to be less than the distance to other par-
ticles [9]. As thermal convection has two components that move in opposite di-
rections, using the distance of movement as a measure may misjudge the particle 
positions. We, therefore, identify individual particles by focusing on both the 
position and the particle size. Calibration was performed carefully through free-
fall experiments to calculate the particle sizes. Particles with known diameters 
were visualized, and the freefall velocity was calculated from the visualization 
and compared with the terminal velocity [9]. 
 
Table 1. Experimental conditions for the current study. 

Bath temperature (K) Heat flux (W/m2) vs (mm/s) vn (mm/s) 

TB = 1.9 800 −3.00 4.00 

TB = 2.0 800 −3.60 2.80 
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4. Results and Discussion 
4.1. Particle Size Distribution and Its Classification 

We analyzed the distribution of particle size d and found that the small hydro-
gen particles injected into the helium could be well approximated by the log-
normal distribution [9]. The particle velocity depends on the particle size. A 
typical example of velocity distribution is shown in Figure 2. This shows the 
vertical component measured at the center of the duct with a bath temperature 
of 1.9 KBT =  and heat flux of 2800 W mq ≅ . Negative and positive velocities 
correspond to downward particles trapped by a quantum vortex and upward 
particles carried by Stokes drag, respectively. To explore the effect of particle size 
on velocity, we calculated the velocity PDFs of different particle sizes and classi-
fied them into three groups. The PDF shape does not change when the particle 
diameter is less than 15 μm. These small particles are classified as S-size 
( 5 15d≤ ≤  μm); particles smaller than 5 μm could not be well identified be-
cause of the spatial resolution. A bimodal velocity distribution can be observed 
for particles in the range 15 25d≤ ≤  μm, which are classified as M-size. Larger 
particles with 25 150d≤ ≤  μm, classified as L-size, exhibit a single-peak veloc-
ity distribution. The S- and M-size particles have obvious bimodal distributions. 
The right peak corresponds to upward particle velocities, in the same direction 
as the heat flow. These particles are entrained by the viscous normal fluid flow. 
The peak on the left corresponds to the downward velocity, i.e., particles moving 
in the opposite direction to the heat flux. Particles trapped by the local minimum 
pressure core of quantum vortices are carried in the downward direction. The 
L-size particles are less dependent on the background flow. They have a mean 
positive velocity and follow the normal fluid motion. 

 

 
Figure 2. Vertical velocity probability density functions. The bath temperature is 

1.9 KBT =  and heat flax is 2800 W mq ≅ . 
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According to the two-fluid model [1], the mean velocity of particles entrained 
by the viscous normal fluid is n Bv q sTρ= , where q is the heat flux, ρ is the He 
II density, and s is the He II specific entropy. The velocity in the downward di-
rection is given by s n n sv v ρ ρ= , where n sρ ρ  is the density ratio of the two 
fluids. Particles trapped by the local minimum pressure core of quantum vortices 
are carried in the downward direction. 

4.2. Particle Trajectories 

To further study the specific manifestations of Lagrangian particle trajectories, 
we refer to a previous method for distinguishing between particles that follow 
the normal and superfluid compositions [7]. By considering Gaussian fits to the 
bimodal distributions, we obtain their respective mean velocities ( 1v  and 2v ) 
and standard deviations ( 1σ  and 2σ ). As the left and right peaks are clearly 
distinguishable in the present research and the relative speed is low, the condi-
tion 1 2 1 2v v σ σ+ > +  always holds. The vertical mean velocity was calculated 
for each particle trajectory, and is expressed as zv  hereafter. For each particle 
trajectory, if 1 1zv v σ< +  holds, the particle is categorized as a superfluid par-
ticle. Otherwise, if 2 2zv v σ> − , the particle is treated as a normal fluid particle 
trajectory. If the mean vertical velocity zv  is in the range 1 1 2 2zv v vσ σ+ ≤ ≤ − , 
the trajectory is neglected in this study, because these trajectories cannot be 
clearly classified as either superfluid or normal fluid motion.  

The trajectory for each particle size is shown in Figure 3. The red lines are the 
trajectories of tracer particles following the normal fluid component. As the 
normal fluid maintains a laminar flow state in the current heat flux range, the 
trajectories are relatively straight. The blue lines are the trajectories of tracer  
 

 
(a) 
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(b) 

Figure 3. Trajectory diagram of particles: (a) S-size; (b) M-size. The bath temperature is 
1.9 KBT =  and heat flax is 2800 W mq ≅ . 

 
particles following the superfluid component. Such particles are trapped by vor-
tices, resulting in irregular trajectories. In addition, due to the three-dimensional 
motion of the quantum vortices, it is difficult for the particles to remain in one 
plane for a long time, so the blue trajectories are relatively short. 

4.3. Hurst Exponent 

In our previous research [9] [10], the Hurst exponent H was calculated as  

( ) ( ) 2 2  Hz t z t Cτ τ+ − = , where ( )z t  is the vertical component of the particle  

position at time t and τ is the time lag. An example is shown in Figure 4. For 
small values of the time lag, the exponent is 1 1H   and the trajectory can be 
approximated by linear motion. For larger time lags as 0τ τ≤ , the exponent is 

2 0.6H   and the trajectory displays a fractal property. The inset shows the  

normalization ( ) ( ) 1
2 2  Hz t z t Cτ τ+ − . Therefore, the migration time scale 0τ   

characterizes the transition from linear to fractal self-similar particle motions.  
These particle motions have interesting acceleration statistics. In the next 

subsection, we present the particle acceleration calculated at different time 
scales.  

4.4. Probability Density Function of Vertical Acceleration 

The particle acceleration was analyzed for the three different particle sizes within 
the normal and superfluid components. Among these, the S-size particles within 
the superfluid component are the focus of this subsection because of the clear  
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(a) 

 
(b) 

Figure 4. Relation between vertical increment and time lag. (a) 1.9 KBT =  and heat flux 

is 2800 W mq ≅ ; (b) 2.0 KBT =  and heat flux is 2800 W mq ≅ . 

 
interaction with quantum vortices. The acceleration was calculated using the 
second-order central differential formula. The time increment t∆  used to cal-
culate the differential was set to several different values. We are interested in the 
cases 0Δt τ<  and 0 tτ < ∆ . With a small time increment ( 0Δt τ< ), the accele-
ration PDF can be accurately approximated by a general Gaussian distribution. 
A typical example of vertical acceleration with a bath temperature of 1.9 KBT =  
and heat flux of 2800 W mq ≅  is shown in Figure 5. However, for large time 
increments ( 0 tτ < ∆ ), the tail of the PDF deviates from a Gaussian distribution. 
Such a trend has been observed in quantum fluid turbulence. The tail can be ap-
proximated by the following lognormal distribution, where s is the intermittency 
exponent:  

( )
22 ln 3 21 3exp 1 erf

24 3 2

ssp
s

α
α

  +    = −         

           (1) 

Mantia et al. suggested 1s =  to represent the tail part when the time lag is 
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smaller than the integral scale [6]. For smaller time lags, however, a power-law 
distribution is better than a lognormal distribution in terms of approximating 
the tail part. In our analysis, 1s =  is good, but not sufficient to represent the 
tail part. This may be because high-acceleration events occur more frequently 
when the particle trajectory has fractal geometry features. The PDFs analyzed in 
the time increment 0 tτ < ∆  collapse sufficiently well as shown in Figure 6. 
Therefore, the PDFs are self-similar in these time scales. For smaller time incre-
ments, 0Δt τ< , the PDFs are close to Gaussian. This is contrary to the previous 
result, but may be caused by high-acceleration events such as vortex reconnec-
tions being neglected in our trajectory-identification algorithm. We are analyz-
ing Lagrangian trajectories as far as the particles are tracked and carried by 
quantum vortices. Once vortex reconnection occurs, the particle position 
changes significantly, but particle tracking stops at that point.  

 

 

Figure 5. PDF of vertical acceleration at 1.9 KBT =  and heat flux of 2800 W mq ≅ . 
(a) 0Δ 0.06t τ =  and solid line is a general Gaussian distribution, (b) 0Δ 1.50t τ =  
and solid line is a lognormal distribution with 1s = . 

 

 

Figure 6. PDF of vertical acceleration at 1.9 KBT =  and heat flux of 2800 W mq ≅ . 
Red solid circles are 0Δ 1.0t τ = , green solid circles are 0Δ 1.5t τ = , and blue solid cir-
cles are 0Δ 2.0t τ = . Solid line is lognormal distribution with 1s = . 
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As shown in Figure 3, the downward particle trajectories are complicated. 
Small particles trapped by quantum vortices are carried downward while inte-
racting with other vortices or tangles. Lagrangian acceleration was analyzed 
along such trajectories.  

5. Conclusion 

We have classified the particle sizes into three groups (S-, M-, and L-size) and 
analyzed the Lagrangian trajectories and their acceleration. The particle motions 
were divided into superfluid and normal fluid components depending on their 
velocity PDFs. The features of S-size particles within the superfluid component 
interacting with quantum vortices were studied, and the results can be summa-
rized as follows. 1) The velocity distribution is affected by the particle size. Par-
ticles smaller than 15 μm may be trapped by quantum vortices. 2) Particle acce-
leration exhibits a general Gaussian distribution for time increments of 0Δt τ< , 
but can be better approximated by a lognormal distribution for 0 tτ < ∆ . Here, 

0τ  is the migration time scale for characterizing the transition from linear to 
fractal self-similar particle motions. 3) The acceleration PDFs normalized by the 
mean and standard deviation exhibit shape-invariance for 0 tτ < ∆ . That is, their 
PDFs have self-similar shapes as far as the particle trajectories display inherent 
fractal properties.  
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