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Abstract

This research work is related to soliton solutions considered as models that
can describe the complex configuration of elementary particles from the
study of the interactions of their fields. It is interested in the interaction of
fields between two different elementary particles by expressing their physical
properties. For that, we have obtained, exact static plane symmetric soli-
ton-like solutions to the nonlinear equations of interacting electromagnetic
and scalar fields taking into account the own gravitational field of elementary
particles using the calibrated invariance function P(1). It has been proved

that all solutions of the Einstein, nonlinear electromagnetic and scalar field
equations are regular with the localized energy density. Moreover, the total
charge of particles is finite and the total energy of the interaction fields is
bounded. It have been emphasized the importance to the own gravitational
field of elementary particles and the role of the nonlinearity of fields in the
determination of these solutions. In flat space-time, soliton-like solutions ex-
ist but the total energy of the interaction fields is equal to zero. We have also
shown that in the linear case, soliton-like solutions are absent.
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1. Introduction

The exact solutions of nonlinear differential equations to describe physical phe-
nomena have become a scientific priority after the development of general rela-
tivity (GR) and quantum field theory (QFT). New concepts have been created
for this purpose. For example, the strange attractor is linked to the notion of
chaos and applied to systems with a low degree of freedom but also the notion of
soliton. The soliton, considered as an exact, regular, localized energy density, fi-
nite total energy and stable solution of nonlinear differential equations is widely
used in pure science [1]. In particle physics, the soliton-like solution is used to
describe the complex internal configuration of elementary particles experimen-
tally proven [2] [3] [4]. Several works related to soliton-like solutions have been
done. Shikin [5] [6] has elaborated the theory of solitons in general relativity.
Bronnikov et al [7] generalized the conditions for obtaining soliton-like solu-
tions for the interaction equation of the electromagnetic and scalar fields in the
presence of the own gravitational field of elementary particles in different sym-
metries. They showed the existence of soliton solutions with trigonometric and
polynomial nonlinearity in the static spherical symmetric metric. Rybakov et al.
[8] determined exact solutions of scalar and electromagnetic field equations in
the static spherical and cylindrical metric. The results of their work prove that
with the calibrated invariance function P(1)=P,(A1-N )2 , soliton-like solu-
tions are obtained under the condition Al > N . Kulyabov et al [9] established
the identical solutions to those of [8] in the static plane symmetric metric with
the calibrated invariance function P(1)=(1-2l )2 . Recently Adomou et al. [10]
[11] [12] [13] [14] found plane symmetric solutions to the spinor and gravita-
tional field equations in general relativity theory by using any invariants. The
aim of this paper is to determine the exact static plane symmetric soliton-like
solutions to nonlinear interacting electromagnetic and scalar field equations
taking into account the own gravitational field of the elementary particles by us-
ing the calibrated invariance function P(1)=P,(N—Al)° under the condi-
tions N>Al, P(1)=0 in x =0, while specifying the width and depths of
localization of the energy density.

To answer this aim, Section 2 addresses the model and fundamental equations.
In Section 3, the solutions of Einstein’s equation and of interacting nonlinear elec-
tromagnetic and scalar fields are established by taking into account the own gravi-
tational field of the elementary particles. Section 4, gives an account of the influ-
ence of the own gravitational field of the elementary particles and the role of the
nonlinearity of the fields on the obtained solutions. A conclusion follows in Sec-

tion 5.

2. Model and Fundamental Equations

In general relativity, the Einstein equation has the form:

G, =-xT, (1)
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where G, is Einstein’s tensor; y is Einstein’s gravitation constant and T
represents the energy-momentum metric tensor.

The static plane symmetric metric is chosen in the form [5]:
ds’ = e ™dt” —e*Mdx® — e (dy” + dz” ) @)

where the functions «,f and y depend only on the spatial variable x and

verify the coordinate condition [15]:
a=2B+y. (3)

From (1), (2) and (3), we find the components of Einstein’s tensor equation
[16]:

Gy = (28"-2yB' = B*)=—1T) (4)
Gl =e?(2yB'+p7) =T} (5)

Gl =e™ (p"+y" -2y - B*)=-1T} (6)
G; =G} (7)

T/ =T, (8)

Let us choose the Lagrangian [17]:

R 1 1 i
L=—-=FF +Z9p,0'w(l 9
2y a0 20 9)
where | =A A" is the chronometric invariant; l//(|)=1+ /1¢(|) is some ar-

bitrary function characterizing the interaction between the nonlinear electro-
magnetic and scalar fields; A (Ab(x),0,0,0) is the 4-vector potential A re-
presents the parameter of the nonlinearity.

From the Lagrangian (9), we establish the nonlinear scalar and the electro-

magnetic field equations [8]:

\/_6x C [Vauo,w(1)]=0 (10)

1 0 vu i v _
ﬁ@(_ﬂ[*’_g': }‘@,ﬁﬂ w, (1)A" =0. (11)
In the absence of a current source and a magnetic monopole, the chronome-

tric invariant /is written:
I =AA =eZA. (12)

The scalar field Equation (10) is reduced to:
d

Lo (v (1)]=0

which has the solution:

L~ __cP(1). (13)

DOI: 10.4236/jhepgc.2022.81012

166 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2022.81012

A. Adomou et al.

On the other hand, the nonlinear electromagnetic field Equation (11) develops
into four related equations:
(e’z’Ag)’ ~e P (1)A =0,
A =0,
(e A) —e R (1)A =0,
(e A) —e P (1)A =0,

Focusing exclusively on the electric part of the electromagnetic field, the dif-

(14)

ferential equation system (14) reduces to:
(67 A) ~C% 7P (1)A=0, A/(x)=A(x). (15)

The energy-momentum metric tensor of interacting nonlinear electromag-

netic and scalar fields is:

v v vi i v v 1 ij 1 i
T =00 v(1)-FF 00y (AA, -0, [—ZEJF’ +2(ee )V/(l)}-

(16)
Its non-zero components verify the equalities:
T = %[e’” (AY +C?P(1)+2e7C?R (1)(AY ], (17)
T =-T}=-T)= %e*“ [—CZP(I )+e? (A')Z] (18)
1 2
The sum of Einstein’s tensors 1 + 5 leads to:
B"+y"=0, (19)
which has the solution:
B(x)=-y(x)+Ex+D, E=const, D =const. (20)
0 1
Summation of Einstein’s tensors 0 + 1) we find:
B = _EZ(AA'e‘Zy ) : (21)
2
Substituting (21) into (19), we can rewrite (19) in the form:
" 1 ! A !
y :E;((AAezy). (22)
The first integration of (22) gives:
Y (X)= %;{(AA’&’ZV)Jr K, K =const. (23)
For K =0, the solution of (23) is:
2
e = ZA +H, H =const. (24)

The Equation (15) has a generalized solution:
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C
, = const. (25)
m X

if(x+x1)=f(12Az+Hj P(1)

The energy density per unit invariant volume, T (X) = TO0 A g is:
P(1
T(x):%[CZP(I)+C2#e27+2ICZF’,(I)}e7. (26)
The total energy E; of interacting nonlinear electromagnetic and scalar fields
verifies:
E, =[ T(x)dx. (27)
In generally from (11) one gets [9]:
"= _Qi(o’i‘/fl (A"
where J" isthe 4-vector current density tensor. Its non-zero components are:
j©=—e?"Ic?p (1) A, (28)
jf=it= =0,

The charge density p,(X), the charge density per unit invariant volume

p(X) and the total charge Q of elementary particles become:

p.(x)=-C% )P (1)A (29)
p(x)=-C% P (1)A (30)
Q=["-C%™R (I)Adx. (31)

Let us use in Section 3, the concrete form:
P(1)=R(N-21) (32)

where P,,N are some dimensionless constants satisfy N > Al and P(I)zl,
x =0, to establish the solutions of the Einstein and of the nonlinear interacting

electromagnetic and scalar field equations.

3. Exact Static Plane Symmetric Solutions of the Einstein
Equation, the Nonlinear Interacting Electromagnetic and
Scalar Field Equations

From (12), (24), (25) and (32), we obtain the expression of the electric scalar po-
tential:

A(x)= %tanh[b(xml)], (33)

where b=C4/NPO/I(1—02) and 022%.

Assuming E =D =0, the relations (3), (20), (24) and (33), give the expres-

sions of the non-zero components of the metric tensor:
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0o (x)= 1 [1 o } (4)

T1-6%| cosh? [b(x+x)]
and

1-o? cosh’[b(x+x)]
H  cosh’[b(x+x)]-o®

gll(x):gzz(x):gs3(x):_ (35)
Figure 1 below, shows numerically the properties of the electric scalar poten-
tial A(X) and of the component gy, (X) of the metric tensor.
In Figure 1(a) and Figure 1(b):
* The electric scalar potential A(X) is a regular function, tending respectively

to:
A(X)0 (x—0)

NH
A(X) >+ ’1(?02) (x> +0),

0.3
0.2
0.1

A(x)

-0.1
-0.2

-0.3 |
_

'O“fl -0.5 0 0.5

—_

0.9
0.8

0.7

24X

0.6
0.5
0.4

(b)

Figure 1. (a)-Electric scalar potential A(X) and (b)-Component (X) of metric
tensor. The parameter values used for these simulations are: 4 =39; A,=120, x =0,

C=N=2 and y=8n.
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* The non-zero components of the metric tensor are regular functions taking

the values:

Yoo (X) =

—gll(x)|—>H (x—0)

1 H
Op (X)=———H —— (x> tx).
W)= g (0 %)
From (33), (34), (35); the relations (12), (17), (26), (29) and (30) become:
()= N sinh?[b(x+x,) ] ;
/l[cosh2 [b(x+ xl)]—az]

. 1-o? —4sinh?[b(x+x,) ]
R B e

(36)

(37)

1
) P(1-0")cosh[b(x+x)]
[cosh2 [b(x+ &)]_UZT/Z
) P
cos[ (x5 [cos [ (x5 o'
_ 4Psinh?[b(x+x)Jcosh[b(x+x,)]
[ cosh? [b(x+ Xl)]_azf/z
2GRN Esm[b(x x)] (39)

[cosh2 [b(x+ xl)ﬂ\/[cosh2 [b(x+x)] —0'2]

(38)

and
2c2P, [N (1-0?) T sinh[b
p(x):\/z s [N(1=0%) ] sinh[b(x+x,)] ) o)
H cosh ™ [b(x+x,)][ cosh?[b(x+x)]-0" |
2N 2 2 2
where M:w and P:NZ\I/D%: (1_02)3/2'

Figure 2 is a graphical representation of the energy and charge densities with
the same values for parameters in Figure 1.

In Figure 2(a), the energy density is a regular, asymptotic and localized func-
tion. The increase of the nonlinearity parameter, decreases its localization width
but increases its depth. It varies as follows:

Ty (X)> HC? (x> 0)
Ty (X) >0 (x> 1)

In Figure 2(b), the charge density is a regular, asymptotic, localized function

with high depth and low localization width as the nonlinear parameter increases.

It takes the values:
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'2-1 -0.5 0 0.5 1
X
(a)
30
_)_1

20 2 -—-1,

.l

r
10 :,

p.(x)
(=)
|
[}
%
, -
I
1

1

-10 L H

i

iy

20 Y
30 -0.5 0 0.5 1

X

(b)

Figure 2. (a)-Energy density T, (X) and (b)-Charge density p, (X) .

2. (X)) 0 (x+—0)
Pe (X)) 0 (Xt £o0)

The charge density per unit volume being an odd function, the charge total of

elementary particles (31) is:
Q=0. (41)

The total energy E; of the interacting nonlinear electromagnetic and scalar
fields in the presence of the own gravitational field of the elementary particles

verifies:

E, =P[(1-0°)E, +E, -4E |
where

e cosh[b(x+x)]

) 7°°[cosh2[b(x+x1)}—o-z]

5/2

ro dx
“cosh[b(x+ xl)][cosh2 [b(x+ xl)]—o-ZT/2

E, =
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I sinh?[b(x+x,)]cosh[b(x+x,)]
fs 7)o [coshz [b(X+X1)]—o-2]5/2
For the determination of the integrals E;, E; and E, , weset:

1
cosh?[b(x+x)]-o?

E

p=sinh[b(x+x)], u=1+lc?, I=

and use the following formula from the standard table of integrals [17]:

J-oo sinh“* xcosh”™ x
° (cosh? x—/})p

y7, H+V H+v. v .
=2B| =1+ p—— |xF| p, 1+ p— A+ p——, 0 1;
(2 P > jx (p P > P > ﬂj

B¢ (1,0),Re(u)>0,2Re(1+p)>Re(v+u).

dx

In this expression, B(a,b) is the Béta function and F(a,b;c,m) is the
Gauss hyper-geometric function. So, we obtain:

4 (1-o )sinh (bx,) sinh (bx, )
E, - 1-

3b(1—¢72)2 2[cosh2b(x1)—02]3/2 _\/COShzb()&)_G2

2 sinh (bx,)
B, =— NhE
bo? (1-0%) cosh®b(x )-o?
1, | cosh? (bx,)— o +o—sinh(bx1)| | 1+ o]
J— n N

+——{In ;
bo” ‘coshz(bxl)—az—asinh(bxl) 1-0|

‘. {1_02 . In{ cosh? (bx,)— o +asinh(bx1)J_ln(1+aj

2 cosh? (bx, ) - +osinh (bx,)
(42)

+0L[1— sinh (bx, ) ]

\/coshz(bxl)—az
where
L CN¥? \/E _
202 VHA

Let us now consider the influence of the own gravitational field of the ele-

mentary particles and the nonlinearity of the interacting fields in Section 4.

4. Solutions in Flat Space-Time and in Linear Case

4.1. Solutions in Flat Space-Time

In the absence of the own gravitational field of elementary particles, the metric
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(2) is written:

ds? = dt? —dx? —dy® —dz?. (43)
The nonlinear electromagnetic field equation takes the form:
A"-C?P, (1)A=0 (44)
which has the solution:
+C(x+%) =] oA (45)

P(1)

With the calibrated invariance function P( | ) , the relation (45) leads to:

A(x):\/gtanh[v(x+xl)} (46)

where v=C,/NR 1.

The energy density verify:

P,N?C? [1—25inh2 [v(x+ xl)ﬂ
- cosh* [ v(x+x)] '

Figure 3 makes a comparative numerical study between the electric scalar po-
tentials (33) and (46) as well as between the energy densities (37) and (47) ob-
tained respectively in the presence and absence of the own gravitational field of

Ty (X)=T(X) (47)

elementary particles.

In Figure 3(a), without the own gravitational field of the elementary particles,
the electric scalar potential is a regular function of almost equal amplitude.

In Figure 3(b), the energy density is a regular, asymptotic, localized function.
Its depth is more flared and its localization width is almost equal to that ob-
tained in the presence of the own gravitational field of the elementary particles.

The total energy of the interacting nonlinear electromagnetic and scalar fields;
the charge density per unit invariant volume and the total charge of elementary

particles are given by the expressions:
E, =0, (48)
Q=0 (49)

sinh [ v(x+x,)]
cosh®[v(x+x)]

The results obtained in Section 4.1, prove that in the absence of the own gra-

p(x)=2C*AN¥*2 (50)

vitational field of the elementary particles, we obtained soliton-like solutions.
This soliton-like solution confuses elementary particles with material points. It is
opposed to the experimental results obtained in high energy physics. It does not
allow to explain the evidence of fermions (leptons and quarks) as well as the
gauge bosons and the Higgs boson of the standard model. The gravitational field
of the elementary particles plays a role of interaction of the fields and should not
be neglected. Let’s look at the role of the nonlinearity of the fields.
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0.3

A

-03 —with gravitation
===without gravitation|
-0.4
-1 -0.5 0 0.5 1
X
(a)
4 x 1
:'1 —with gravitation
3 1} =='without gravitation|
- 1
]
2 "
1 1
= "

-1 -0.5

0.5 1

> o

(b)

Figure 3. (a)-Electric scalar potential A(X) and (b)-Energy density T} (x) keeping the

values for the parameters as in Figure 1 and Figure 2 with 4 =4, =39.

4.2. Solutions in Linear Case

In the linear case, the parameter of the nonlinear A is equal to zero. The coupl-

ing is minimal and we obtain:

w(1)=P(1)=PN? =L

The nonlinear electromagnetic and scalar field equations become:

(e“Nf:Q

Its lead to solutions:

A(x)= K_[ez’dx

and

¢(x)=Cx+D.

(51)

(52)

(53)

(54)

The energy-momentum metric tensor (16) gives in this case the non-zero com-

ponents:
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0_1 2a | -2y r\2 2
Ty =Je e (A) +C7] (55)
1 2af g2 (pr
=T =T =Je e () -7 (56)
0y (1 1) (2
0 + 1 and 1 + 2] give respectively:
2
pr=- e, (57)
2
2
y=e (58)

A solution of (58) is:

e27 — 2772 ;
x K? cosh? (n7x)

., n? =const. (59)

From the relations (3), (54), (57), (58) and (59), we find:
e’ =e? =cosh(nx), (60)

__2n
A(x)= K tanh (7x). (61)

The energy density, the energy density per unit invariant volume and the total

energy of fields verify the following expressions:

To (%) ;{CZ 2 ;} (62)

B 2cosh? (nx) 2 cosh? (ix)

1 2" -
T(x) :E[CZ cosh (UX)_%W} "
E = +oo. *

The solutions of the Einstein equation, of the electromagnetic and scalar fields
are all regular with the localized energy density. The total energy of the fields di-
verges. These solutions are not soliton-like. The nonlinearity of the fields and the
own gravitational field of elementary particles are a determining factor in the

description of the complex configuration of the elementary particles.

5. Conclusion

The exact static plane symmetric soliton-like solutions for the Einstein equation
and the nonlinear electromagnetic and scalar field equation taking into account
the own gravitational field of elementary particles have been determined. The
obtained results prove that the solutions of the Einstein equation and the nonli-
near equation of the interacting electromagnetic and scalar fields are all regular.
The energy density is localized. Its width and depth depend on the constant in-
tegration and the parameter of the nonlinearity. The total energy of the inte-

racting fields is bounded and the total charge of elementary particles is finite.
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This model is soliton-like solution and can be used to describe the complex in-
ternal configuration of elementary particles experimentally proven. It confirms
the existence of the elementary particles of the standard model in terms of non-
composite particles. It is opposed to the idea of considering them as material
points. When passing to the flat space-time, the total interaction energy of the
nonlinear electromagnetic and scalar fields is annulled and the elementary par-
ticles are confused with material points. This model does not reflect the real con-
figuration of elementary particles as in the previous case and cannot be used for
their description. In linear case, the solutions are not soliton-like. In the follow-

ing, we will examine the influence of the static symmetric spherical metric.
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