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Abstract 
We present a simple way to approach the hard problem of quantization of the 
gravitational field in four-dimensional space-time, due to non-linearity of the 
Einstein equations. The difficulty may be overcome when the cosmological 
constant is non-null. Treating the cosmological contribution as the ener-
gy-momentum of vacuum, and representing the metric tensor onto the tetrad 
of its eigenvectors, the corresponding energy-momentum and, consequently, 
the Hamiltonian are easily quantized assuming a correspondence rule ac-
cording to which the eigenvectors are replaced by creation and annihilation 
operators for the gravitational field. So the geometric Einstein tensor, which 
is opposite in sign respect to the vacuum energy-momentum (plus the possi-
ble known matter one), is also quantized. Physical examples provided by 
Schwarzschild-De Sitter, Robertson-Walker-De Sitter and Kerr-De Sitter so-
lutions are examined. 
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1. Introduction 

In the present paper we propose a straightforward way to quantization of the 
gravitational field when the cosmological constant is non-vanishing within the 
Einstein equations. 

In Section 2 we propose an energy-momentum interpretation of the negative 
Einstein tensor, when it is shifted from the l.h.s. to the r.h.s., so that the total 
energy-momentum including matter and vacuum (or dark) contribution is iden-
tically null. 

In Section 3 we represent the metric tensor onto the tetrad of its or-
tho-normalized eigenvectors and propose a correspondence rule according to 
which quantization is obtained replacing the eigenvectors with the creation and 
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annihilation operators for the field. Some care is required in evaluating the 
product of the complex operators in order to provide a Hermitian result, the 
metric tensor being real. More, it is shown how the space-time interval expecta-
tion values are discretized. 

In Section 4 we apply the proposed quantization method to physical solutions 
such as Schwarzschild-De Sitter, Robertson-Walker-De Sitter and Kerr-De Sitter 
metrics. 

In Section 5 some conclusions and perspectives are suggested. 

2. Energy-Momentum Interpretation of the Equations of the 
Gravitational Field 

Let us consider the Einstein field equations of the gravitational field, including the 
cosmological constant [1] [2] in presence of observable matter and non-gravitational 
interaction fields: 

( )1 ,
2

mfR Rg g Tµν µν µν µνκ− −Λ =                   (1) 

the universal constant κ  being the Einstein gravitational constant equal to: 

4

8 ,G
c

κ =
π

                          (2) 

with 11 3 1 26.67430 10 m kg secG − − −= × ⋅ ⋅ , Newton gravitational constant. 
As usual ( )gµν≡g  is the metric tensor of signature ( ), , ,+ − − − , ( )Rµν≡R , 

is the Ricci tensor, where: 

, , ,R α α α β α β
µν µν α να ν µβ νβ µν αβ= Γ −Γ −Γ Γ +Γ Γ                (3) 

of trace R g Rµν
µν= , g µν  being the contravariant components of the metric 

tensor (inverse matrix): 

,g gµρ µ
ρν νδ=                          (4) 

and: 

( ), , ,
1 ,
2

g g g gα αβ
µν µβ ν νβ µ µν βΓ = + −                  (5) 

the symmetric connection coefficients (Christoffel symbols) in a 4V  space-time 
torsionless manifold. Moreover ( ) ( )( )mf mfTµν≡T  is the energy-momentum tensor 
of the observable matter and non-gravitational fields, while Λ  is the cosmologi-
cal constant. 

On introducing the notation ( ) ( )( )g gTµν≡T , where: 

( ) 1 ,
2

gT R Rg gµν µν µν µνκ = − + + Λ                   (6) 

which we may interpret as the energy-momentum tensor of the gravitational field, 
we can write the field Equation (1) as an energy-momentum balance equation. 

We have: 
( ) ( ) 0.g mfT Tµν µν+ =                         (7) 
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More, it results to be convenient to split the gravitational contribution in two 
parts, the former due to ordinary attractive gravitation (geometric), and the lat-
ter due to the repulsive gravitation (cosmological or dark) [3] [4] [5] [6]:  

( ) ( ) ( ) ,g RT T Tµν µν µν
Λ= +                        (8) 

where: 

( ) ( )1 , .
2

RT R Rg T gµν µν µν µν µνκ κ Λ= − + = Λ               (9) 

Of course, in absence of observable matter and non-gravitational fields the 
energy-momentum components of the full gravitational field ( )gTµν  vanish. 

As we will see soon, the representation (7) of the field equations has the 
non-trivial advantage of facilitating quantization of the gravitational field. 

We emphasize that, as a consequence of the equivalence principle, the de-
scription of a physical gravitational field within a pseudo-Euclidean (i.e., Min-
kowskian) space-time is equivalent to the geometry of a suitable non-Euclidean 
(i.e., Riemannian) space-time. Therefore the Einstein equations may be inter-
preted either geometrically as a set of partial differential equations governing  

metric, connection and curvature of space-time ( 1 0
2

R Rg gµν µν µν− + Λ = ), or as  

energetic conditions ( ( ) 0gTµν = ) governing the energy-momentum of a physical 
gravitational field living within a flat space-time. Adopting the latter interpreta-
tion we have split the energy-momentum tensor of the free physical gravitational 
field (which is null because of the Einstein equations and then results to be 
non-localizable) into two non-vanishing localizable contributions ( ( )RTµν ) and 
( Tµν

Λ ). Quantization will be performed on the Hamiltonian of the cosmological 
part, so providing quantization also of the opposite Riemannian part. It is re-
markable that even if the null Hamiltonian of the whole gravitational field can-
not be quantized being non-localizable, each one of its half opposite contribu-
tions can be quantized separately. 

3. Approaching the Quantization of the Gravitational Field 

As a first step, we will be concerned with the gravitation in absence of external 
non-gravitational fields, i.e., when: 

( ) 0.mfTµν =                           (10) 

Then Equation (7) becomes simply: 

( ) ( ) 0.RT Tµν µν
Λ+ =                         (11) 

In order to open a way towards a method for gravity quantization resembling 
the well known procedures for Abelian (electromagnetic) and non-Abelian 
Yang-Mills (weak and strong interaction) fields, we represent the metric tensor 
on the tetrad of its ortho-normalized eigenvectors ( ){ }, 0,1, 2,3a σ

µ σ = : 
[ ]

( )( )
( ) ( ) ,g a aσ σ τ

µν µ νσ τλ η=                     (12) 
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where: 
[ ]( ) ( ) 0,g aσ σ ν

µν µνλ η− =                     (13) 

being: 

( )( ) ( )diag 1, 1, 1, 1 ,σ τη = + − − −                   (14) 

and: 

( ) ( ) ( )( ) .g a aµ ν
µν σ τ σ τη=                       (15) 

Then the components of the energy-momentum tensor ( )ΛT  result: 

( ) [ ]
( )

( ) ,T a aσ σ
µν νσ µλ

κ
Λ Λ
=                      (16) 

where: 

( ) ( )( )
( ) .a a τ
µσ µ σ τη=                       (17) 

Let us now introduce the notation: 

[ ] [ ] ,Vσ σω λ
κ
Λ

=
�

                       (18) 

where V is any constant volume in the physical space and �  the reduced 
Planck constant. We emphasize that the eigenvalues [ ]σλ  are positive, the sig-
nature of the metric tensor being involved in µνη . 

It follows in (16): 

( ) [ ]
( )

( )1 ,T a a
V

σ σ
µν νσ µωΛ = �                     (19) 

In order to quantization we assume the following correspondence relation: 

( ) ( ) ,a σ µ σ µ→ a                         (20) 

where ( )σ µa  are complex operators, and replace the non-quantized relation 
(19) with the correspondent quantum equation: 

( ) [ ]
( )

( )
( )

( )( )1 ,
2V

σ σ σ
µν ν µσ µ σ νωΛ ++= +�T a a a a              (21) 

symmetrization being required to preserve hermiticity of the energy-momentum 
operator ( )

µν
ΛT . The relation between the creation and annihilation operators 

with the co-ordinates and momenta operators: 

( ) ( ) ( )( ) ( ) ( ) ( )( )1 1, ,
2 2i

σ σ σ σ σ σ
µ µ µ µ µ µ

+ += + = −Q a a P a a          (22) 

provides the energy-momentum tensor for a set of harmonic oscillators: 

( ) [ ] ( )
( )

( )
( )( )1 .

2V
σ σ σ

µν µ µσ ν σ νωΛ = +�T Q Q P P               (23) 

Definitions (22) ensure, as usual in quantum field theory, the commutation 
relation: 

( ) ( ) ( ) ( ) ( )( ) .σ τ τ σ σ τ
ν µ µ ν µνη η+ +− =a a a a I                  (24) 
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The the operators ( ) ( ),σ µ σ µ
+a a  result to be the creation and respectively anni-

hilation operators for the quantized gravitational field. The inidces ( ) ( ),σ τ  
are to be interpreted as labels of the oscillation modes. Finally we obtain: 

( ) [ ]
( )

( )
( )
( )1 1 ,

2V
σσ σ

µν ν µνσ µ σω δ ηΛ + = + 
 

�T a a I               (25) 

The Hamiltonian operator follows by integration on the region of volume V of 
the time-time component 00T : 

3
00d ,

V
x= ∫H T                         (26) 

resulting: 

( ) [ ]
( )

( )
( )
( )

00
1 ,
2

σσ σ
σ σω δΛ + = + 

 
�H a a I                 (27) 

Or expanding the sum: 

( ) [ ]
( )

( ) [ ]
( )

( )

[ ]
( )

( ) [ ]
( )

( )

0 10 1
0 00 0 1 0

2 32 3
0 02 0 3 0

1 1
2 2

1 1 .
2 2

ω ω

ω ω

Λ + +

+ +

   = + + +   
   
   + + + +   
   

� �

� �

H a a I a a I

a a I a a I
        (28) 

The previous results provide soon, thanks to (11) also the information, hold-
ing in empty space-time: 

( ) ( ) ,R
µν µν

Λ= −T T                         (29) 

and in presence of matter: 

( ) ( ) ( ) ,R mf
µν µν

Λ= − −T T T                      (30) 

the r.h.s. terms been known. 
Eventually we point out that, after quantization, the metric tensor itself be-

comes an operator, resulting: 

[ ]
( )( )

( ) ( ) ( )( )1 .
2

σ σ τ σ τ
µν µ ν µνσ τλ η η η+ = + 

 
g a a I              (31) 

Therefore the interval becomes an operator too: 
2d d d .x xµ ν

µν=s g                        (32) 

The expectation values of discretized interval are given by: 

[ ]
( )( )

[ ] ( ) ( ) [ ]2d d d .x xσ σ τσ τµ ν
µ νσ τλ η ψ ψ+=s a a             (33) 

4. Applications to Physical Solutions 

The previous results are easily applied to the known physical solutions to Eins-
tein equations in presence of cosmological constant. 

1) Schwarzschild-De Sitter metric (spherical co-ordinates , , ,t r θ ϕ ) 
In correspondence to the diagonal Schwarzschild-De Sitter solution for which 

it results: 
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2
00 112

2
2

2 2 2
22 33

2 11 , ,
23 1

3
, sin ,

GMg r g
GMc r r
c r

g r g r θ

Λ
= − − = −

Λ
− −

= − = −

          (34) 

the characteristic frequencies provided by (18) become: 

[ ] [ ]

[ ] [ ]

0 12
2

2
2

2 32 2 2

2 11 , ,
23 1

3

, sin ,

V GM Vr
GMc r r
c r

V Vr r

ω ω
κ κ

ω ω θ
κ κ

Λ Λ Λ = − − =  Λ  − −

Λ Λ
= =

� �

� �

      (35) 

Then the proper frequencies of the 4 characteristic modes depend on the mass 
M of the oscillating body, the volume V into which it is confined and on the 
cosmological constant. 

2) Robertson-Walker-De Sitter metric (spherical coordinates , , ,t r θ ϕ ) 
In correspondence to the diagonal Robertson-Walker-De Sitter solution we 

have: 

( )2
2 2 2

00 11 22 331, , , sin ,
1
a t

g g g r g r
Kr

θ= = − = − = −
−

        (36) 

and the characteristic frequencies provided by (18) become: 

[ ] [ ] ( )

[ ] [ ]

2
0 1

2 32 2 2

, ,
1

, sin .

a tV V
Kr

V Vr r

ω ω
κ κ

ω ω θ
κ κ

Λ Λ
= =

−
Λ Λ

= =

� �

� �

               (37) 

Here, the proper frequencies of oscillation of the observed region of the un-
iverse depend on the evolution function ( )a t , the volume of the region and, of 
course on the cosmological constant. 

3) Kerr-De Sitter metric (untwisted co-ordinates , , ,T y θ ϕ ) 
In untwisted co-ordinates [7] [8] the Kerr metric reduces to a Schwarz-

schild-De Sitter like metric and the results are the formally similar. 
We have: 

2 2
00 11

2

2 2 2
22 33

11 , ,
3 1

3
, sin .

g c y g
y

g y g y θ

Λ = − = −  Λ  −

= − = −

              (38) 

The frequencies are: 

[ ] [ ]

[ ] [ ]

0 12

2

2 32 2 2

11 , ,
3 1

3

, sin .

V Vy
y

V Vy y

ω ω
κ κ

ω ω θ
κ κ

Λ Λ Λ = − =  Λ  −

Λ Λ
= =

� �

� �

            (39) 

Now, the proper frequencies of oscillation of the observed region of the un-
iverse depend on the volume V of the region and on the cosmological constant, 
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the mass being hidden within the resized ray coordinate y. 
The proposed approach could offer a suggestion also for quantization of mul-

tidimensional gravity in ( )4nV n >  space-time manifolds [9] [10], and ( )f R  
[11] or higher power nR  theories of gravitation [12]. 

5. Conclusions 

We presented a very simple method to approach the hard problem of quantiza-
tion of the gravitational field, suggesting a way based on the presence of a 
non-vanishing cosmological constant, a condition which is today universally 
recognized. Quantization of the cosmological contribution owed to vacuum 
energy-momentum provides immediately also the quantization of the geometric 
gravity which is opposite in sign respect to the vacuum term, possibly incre-
mented by other sources of matter and non-gravitational fields. 

Our approach could be applied, in further investigations, even to generalized 
theories of gravitation. 
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