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Abstract

We study the Option pricing with linear investment strategy based on dis-
crete time trading of the underlying security, which unlike the existing con-
tinuous trading models, provides a feasible real market implementation.
Closed form formulas for Call and Put Option price are established for fixed
interest rates and their extensions to stochastic Vasicek and Hull-White in-
terest rates.
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1. Introduction

Financial derivatives market over the past few decades led to various generaliza-
tions of the classical Black-Scholes model. Notably, a seminal work of Wang et
al ([1] [2]) introduced a dynamic investment strategy in the underlying security
for the purpose of hedging the investment risks. It turned out that selling a secu-
rity proportionally to its dropping price for Put Option and buying the security
proportionally to its rising price for Call Option (both under the Black-Scholes
model) resulted in lower Option price. Zhang et al [3] extended the result for
Call Option to stochastic interest rates following the Vasicek model. Subsequently
Ghorbani and Korzeniowski [4] and [5] obtained the Call Option price with in-
vestment strategy for the Cox-Ingersoll-Ross (CIR) interest rates and the Hull-
White respectively.

A key assumption in the above modeling relies on the fact that the stock trad-

ing by the option holder is done in continuous time. To remedy this drawback
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and accommodate the actual market implementation, Meng Li et al [6] pro-
posed a discrete time investment strategy for Call Option pricing in the case of
non-random constant interest rate and the stock price following the Geometric
Fractional Brownian Motion (GFBM).

Novelty of dynamic investment strategies, and their discrete time market im-
plementation presented here, is two-fold. Firstly, unlike in the classical Black-
Scholes models where the investor buys options and has no position in the un-
derlying stock throughout the option time horizon, the dynamic investment strat-
egy requires the investor to trade the stock at discrete times associated with the
stock price crossing certain levels in the pre-determined price range, whereby
lowering the investor’s risk, manifested by the lower option price. Secondly, the
interest rates are no longer constant and are assumed stochastic.

In this paper the stock price follows the Geometric Brownian Motion (GBM).
We first extend the discrete investment strategy for Call Option [6] to random
interest rates under the Vasicek and Hull-White models, and subsequently we
derive European Put Option price for non-random constant interest rate fol-
lowed by Vasicek and Hull-White stochastic interest rates respectively.

The remainder of the paper is organized as follows. Section 2 describes the
Call Option assumptions and Value function in a discrete dynamic model. Op-
tion Value under both fixed interest rate and stochastic interest rate for Vasicek
and Hull-White models has been derived. In Section 3, the Put Option assump-
tions, Value function and price under fixed and stochastic interest rate models

are presented. The last section concludes the paper.

2. Call Option

The adaptive risk hedging for European Call Option is proposed based on the

following assumptions [6]:

e The Call Option holder holds one Option contract and the initial Capital of
amount A=QxK at the beginning of the Option period, where Q is the
number of shares of stock for Option contract and K'is the Call Option strike
price.

e The Call Option holder should buy the underlying stock according to the
price changes subject to the discrete trading strategy.

e The potential loss sustained by the Option holder through adaptive trading is
not the responsibility of the Option writer.

e There are no transaction costs for buying the underlying stock.

2.1. Description of Discrete Trading Strategy

The Call Option contains a capital amount A initially. When the price of the
underlying stock goes up to (K+5), 6>0 the Option holder spends A,A
to buy stocks. The parameter f, is a constant between 0 and 1, called the ini-
tial capital utilization coefficient. The Option holder linearly adjusts the capital

utilization to increase the holding while the price continues to increase and hits a
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series of equally spaced points S, where {S :S =K-nA,n=12,--,N}, with
A a positive constant, the price distance for two consecutive trading actions
and Nthe total number of trades within the capital valid period.

The strategy parameters « (investment index) and /£ (minimum capital
utilization), both positive numbers, illustrate the maximum amount of capital

tradable is SA when the price reaches (1+a)(K +&). The strategy assumes

the Option holder will evenly [%j distribute the capital over each of the po-

BA

tential trades corresponding to S,,n=12,---,N by selling E shares of

n

stock [6].

2.2.Value Function

It was found in [6] that the Call Option value V; based on the discrete trading

strategy reads

0 S; <K
S; —K K<S, <S,
BS, K& 1 (ﬂm j
V, =<8 LT +|F—-1/K S <S <S_ .<S (2.1)
T T N ;K_'_nA N m T m+1 N
AS K 1
S, — +(fF-1)K Sy £S
TN §K+nA (£-1) NTT

with the investment parameters «,f3, strike price K and the terminal stock
price S; where,

a is the investment strategy index, indicating the stock investment occurs
during the period in which the stock price increases from Kto (1+a)K .

S is the maximum value of the stock investment proportion.

Furthermore, based on (2.1), the Call Option pricing formula for fixed interest
rate and the stock price following the geometric fractional Brownian Motion was
presented in [6]. In what follows, we derive the Call Option price for the discrete
time investment strategy for non-random, Vasicek, and Hull-White interest rate

models.

2.3. Option Price under Fixed Interest Rates

Assume the dynamic of the stock price S; under the risk-neutral measure fol-
lows
dS, =rS,dt+0,5,dW,,, S(0)=S,>0, 0<t<T. (2.2)

By Ito formula, the stock price at the maturity time 7 can be obtained and

reads
S = Soe{(%aﬂwwu]. (2.3)

Based on the value function V; in (2.1), the Call Option price under risk-

neutral measure can be evaluated as
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C=e"E[V] (2.4)

with

3 :L,S{[l__Ki K 1 ]ST {/L—m— jK} (S, )ds, (2.6)

N .2 K+nA
=] 1——Ki L s 4 (p-0)K | (S, )ds
3 sy N SK+na) ' o

Calculating the three integrals 1, 1, and |, with a similar method to the
derivations in [2] and [3]. Using the probability density function of InS., [7]

[8] [9] with mean and variance as follow
1, 1,
u=E[InS;]=E|InS; + r->oi T+oW,; |[=InS; + r->oi T (2.7)
o :Var{ln So +(r—%012j-|_ +01W11T}:012T (2.8)

gives the Call Option price.

I =[(S, —K) f(S;)ds;

InS;
= Je (67 =K F(e")e’dy
_1(y-n)’
_ InSl(ey—K) 1 e 2 52 dy
InK ZTIO'
1(y-u) 1(y-x)
ns; 1 i ns; 1 5 2
= ——oc’le ® < dy-K e o dy
K 2no '['”K \2no
InS;—p 1, InS;—u 1,
=17 1 -z 1 r
= |, —e""e? dz-K|, 7, —e? dz
J.Inlf7 v \/ﬂ J.Ini_ " \/E
1 InS;—u y+£o’2 71(270_)2 1 InS;—u 7122
=——|.20, € 2e? dz-K—|,,,2, e ? dz
Tt T o)
1 2 2 ’
M {N[InSl—y—a j_N(InK—,u—O' H
o o
e (e
o o
and
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m

N
_ Sm+1 ,BK n Sm+1 ﬂm
- 1—Tnle+nA]STf(ST)dST+L (W—)Kf(ST)dST

i (2.10)

:em%oz [1_ﬁ_Ki 1 j{N[InSmﬂ—u—azJ_N{lnSm —u-o° ﬂ
N ZK+nA o o
(Rt
N o o

Thus,
I3:J.;:Hl—ﬂTKngnAjST+(ﬂ—1)K}f(ST)dST
_ 1_%%&1%) [ et (e)eray+ (B-DK [ 1(e')erdy
N i L(y_py)?
:(1_%(HZ_;KEMJ 2lnlaj'n5~ | Z(yaf) Y (2.11)
+(B-1)K Zlmjl;SN z(y;f‘) dy

By combining (2.4) to (2.11), the Option Price under fixed interest rate reads

C=e"E[V]
e e 2 [N(d,)-N (dz)}— Ke™[N(dy)-N (d4)]
T /1+%O_2 ﬂKm
R on

+efT(ﬁm )[N d,)-N(dy)]
K [1 j e K (B-1)N(dy)

_1K+nA
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where,
InS, — u—o? InS_ —u—o?
d1= 1 lu o d6: m :u o
o2 o
INK—-pu-o? InS
d2: n ,U o d7= m+1 ,U
o o
InS, — u—o? InS_—
d3= 1 # o d8: m ﬂ
(o2 o2
InK - +o?-InS
d4= n :u dgzlu o N
o o
InS_.,—u—o? —Ins
ds_ m+1 /I o dm::u N
o o
and

,uzlnSO-i-[,u—%alij

2_ 2
o’ =o,T.

2.4. Option Price under Stochastic Interest Rates
2.4.1. Vasicek Model

Solution to the Vasicek interest rate model [10] can be used to obtain the Call
Option price Caccording to the following formula

C:P(O,T)ET [VT] (2.13)
where

1 T
K5 f]ds+jo o1dWy g

il
S; =548 (2.14)
and P(0,T) is the price of the zero-coupon bond. The mean f; and va-
riance o7 in the case of Vasicek model were obtained under the 7-forward
measure by Zhang [3]. Therefore, the expectation of V; under the 7-forward
measure for the discrete dynamic strategy can be obtained similarly the deriva-

tion of (2.12) and gives

C=P(0T)e" 7 [N(d,)~N(d,)]-KP(O.T)[N(dy) ~N(d, )]

+pT)[ AR -)N()-N ()] @15
+30f Ko 1
p(o,T)e" 2 (12K N (d
+P(0T)e N HZ;KJrnAj (do)
+P(0.T)K(B-1)N(dy)
where
q InS, — 1 —oy q :InSm—uT—GTZ
1 o 6 o,
p— — 2 —
dz_InK My — Oy d7:InSTM I
Ot (o
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InS —-o? InS, —
d, = 1~ Hr — 07 dy = m M
Ot o;
InK - _InS
d4 — IUT d9 — ﬂT +0o N
Ot o;
InS,.. — 4 _O'T2 tr —InSy
ds = le =
fo fo

and

2 _pmat 2 _pmat 29 n-al
Mzmso_%T_roi{ﬁ_ﬁ]{T_l : }21 e
a

with the zero-coupon bond price

Gzl_e -aT

1-e™ 0 of 2 S
P(0,T)=ex T =——2 _—a e a | 2.16
(0T) p{ a }[a 23’ 4a (2.16)

2.4.2. Hull-White Model

We derived the Option price under Hull-White interest rates model [4] via
solving Hull-White SDE. Since our derivation is under 7-forward measure, we
need to consider the zero-coupon bond price P(O,T) and the mean 4 and
Variance o7 for this model under the 7-forward measure. The Option price in

this case is expressed by (2.15), where

2 _ el 2| e ((2aT —3)e®T + 4% -1
;LT:InSO—O-—lT+rO1 ¢ —ﬁ{ (( )2 )
2 a a 2a

+ .[OT e .[; 6(s)e*dsdt

2 _ —aT _ —2aT
O'TZZO-—E{T—Zl € +1 € :|+612T
a a 2a

and the zero-coupon bond price is

o (e’aT —1)

P(0,T)=¢

2a a

2 24T
T _ o 1-€ 2 _
— e a jga(u)ea”dudwﬁ{ﬂr ——(l—e ar )}

(2.17)

3. Put Options

The Put Option contains a specified capital amount 4 and holding of Q initially.
When the stock price drops from Kto (K—¢&), §>0 the Option holder sells
P, A proportion of stocks. Parameter /3, is called the initial capital utilization
coefficient which is a constant between 0 and 7. The Option holder linearly ad-
justs the capital utilization to decrease the holding if the price continues to fall
until it reaches (1-a)(K—&) and the total capital spending reaches BA
with f<---< f < f,. The Option holder will only sell when the stock price
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hits a series of equally spaced points S , where {Sn 'S, =K-nA,n=12,---,N } )

with A a positive constant, the price distance for two consecutive trading ac-

tions and N the total number of trades within the capital valid period. The strat-

egy parameters ¢ (investment index) and £ (minimum capital utilization),

both positive numbers, illustrate the maximum amount of capital tradable is

B,A when the price reaches (1-a)(K —&). The strategy assumes the Option
LA

holder will evenly [WJ distribute the capital over each of the potential trades

corresponding to S, ,n=12,---,N by selling % shares of stock .

n

3.1. Value Function

In the classical European Options, the Option writer will sustain a loss of the

amount L as the stock price falls below K
LzQ(K—S)z%(K—S). (3.1)
To adaptive hedging Option, the investor is required to sell a proportion of
underlying stock in order to hedge the risk. In a discrete position strategy, the
Option holder’s income R based on such transactions throughout the Option va-
lid period can be calculated as,

_PAs
R=£2(8,-9) (3.2)

n

when the stock price falls from S, to S, with S <SS, ,, <S<S§,.

The Option holder makes a cumulative income R(S) as

R(S)=> LA (s, -s) (3.3)

A BAL(S,-S)

=—(K-8)-£=—

K( ) NZ; S,

A BALS AS &, 1
=—(K=-8)-=—» L4 ——% — 34
AU i ekt Iy (3.4)
_a_AS_BAM BASS 1

K N N nZ:;K—nA

[ PMA AS PASS L
N K N SK-na

however, for S <S,, the Option writer’s loss L is
AS BASE 1

+ : (3.5)
K N S K-nA

L(S)=(-A)A-

Therefore, the following function represents the Option writer’s Loss based on
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the stock price S
AS ﬁAS o1

1- B)A-2 S<S
(-4 K N ZK-nA N
Am As ﬁAsm 1

1-2— S, <S. ,<S<S
L(5)=( Nj N &ZK-na NTImTCESm (3

A

E(K—s) 5, <S<K

0 S>K

Consequently, the intrinsic value function V (S) is derived by dividing the
loss function by the number of shares of stock within the Option depending on

the stock finishing price S;

BS K& 1

1-8)K -5 + S; <S

( /H) T N nZ:;K—nA T N

Am ASKI 1
=1-— K-S, + Sy <S S, <S .

V(ST) ( N T N ;K_nA N mi < O1 m (37)

K-S, S, <S; <K

0 S, >K

3.2. Option Price under Fixed Interest Rates

Considering the assumptions of section (3.1) and the intrinsic value function

\Y (ST ) (3.7), the Put Option price under risk-neutral measure is evaluated as

P=eTE[V(S)]
where,

E[V(S;)]= j {1 BIK =S+~
e K ﬂijK 5 ﬁSNTKil L }f(sT)dsT (3.)

BS K& 1

Sm+1
K
+J (K=8) £ (s;)ds;

calculating the three integrals 1,, |, and I, similar to the previous sections
and using the probability density function of InS;, whose mean and variance

has been obtained in (2.7) and (2.8) gives the Put Option price.

vl g B p£SKE 1
L= {(1 B)K =S, + N nz_‘;K_an(sT)dsT
Sn Sn K& 1
= [ " (L-B)KF (S;)dS; - |, (l_Tan—n jSTf(ST)dST
BK

1 InS ’E(y
=(1-p)K [T"e? o dy

210 "7
1(y-x)
_( _ﬂi 1 J l J-InSN eyeii ) dy
N 2 K-nA)\2rc "
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1 InSy —u _122

—njlwa e? dz

m InSy —u 12
_(1_ﬁ 1 ji . o eu+zae 2Z dz

N -1 K —NnA \[21'[ -
InSy —u
J'_w e? 2
(3.9)
m InSy —p ISy
—(l—ﬂK ! A]_; o gt 2 )dz

= (1- B)KN ['SNT_”]
1

and
_ (Sn pm FSKE 1
2= smﬂK N jK TN ;K—nA}f(ST)dST
_ pgm Sm v\aY PRS- 1 Sm Ly A
_[1—W K Sm+1f(e Jevdy— 1_T;K—nA .[Smﬂe f(e”)e’dy
_1(y-n)’
=(1-ﬂ—mj|< ! [e? o dgy
N 2no Sm1
n _1(y-w)
B _ﬁ 1 1 J'Sm gle 2 o7 dy
N 52 K—-nA ){2no “Sma
Am 1 e 2
:(_W K\/_J.mﬂ#eZdz
m 1 1
S i e
N = K nA Sma—# #
(3.10)
o s
N o o
m _ _ 2 _ _ 2
_1_ﬁz 1 N InS,, —u-o N InS, ., —-u-o
N .= K-nA o o
Similarly,
K
Iy =, (K=S;) f(S;)ds;
=K IIHSK f (ey)eydy—J'mKey f(e”)e’dy
N>
1 InK (y él InK M
=K——| e “ d e’e o d (3.11)
o SRR T e WL
:K|:N[InK—,uj_N(ln81—,uﬂ
o o
_ew%trz N INK-u-o® N InS, —u-o?
o o
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3.3. Option Price under Stochastic Interest Rates

3.3.1. Vasicek Model
The price of Put Option P with the underlying stock price dynamic and interest
rate following the Vasicek model reads

P=P(0,T)E"[V,]

where P(0,T) is the zero-coupon bond price (2.16) with 14, of the mean
and variance under 7-forward measure. Thus,

P=P(0,T)E"[V;]

-POTIKE-AING)-POD (-2 T LN e,)

N /2 K-nA
P(O,T)( _ﬂN_m K[N(ds)-N(d,)] (3.12)
R e S S LICRENCA)

P(O.T)[N(d;)~N(dy)]-P(O.T)e" 2" [N (dy)~N ()]

where,
| — In
dl — n SN NT de — Sm+l :uT O-T
Ot (op
q _InSy —u; -0 q InK -
2= 7=
Ot o;
InS. — _
d3= nSm /uT dS:Insl :uT
Ot (op
InS InK
d, = Nona — # d, n Hr — 07
Ot (e
d InS, — 4 —oy q InS, — 1 —o%
5 10
Ot (op
and

3.3.2. Hull-White Model
The Put Option price under the extended Vasicek, Hull-White model is ex-

pressed by (3.12) where the mean 4, and variance o under the 7-forward

measure are

o2 l_e 2 g 2aT ((ZaT 3) 0231 | 4637 _1)
=InS, ——T _Zz
M =1NS, 5 +1 a a [

+[l e [ o(s)e dsdt

O' e—aT 1— e—ZaT
of =—2|T- E
a a

DOI: 10.4236/jmf.2022.121005 94 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2022.121005

N. Ghorbani, A. Korzeniowski

where the zero-coupon bond price is

L ]
%(%l)’fg e [oo(e™ )d“d“%{nl’ezzﬂ %(H—ar )}

P(0,T)=¢

4. Conclusion

The findings in this paper show the existence of the closed form solutions for
Call and Put Option Pricing under the linear investment strategy and are ame-
nable to actual market implementation. The key benefit (unlike the classical
Black-Scholes Model) is that not only such options are more realistic (i.e., sto-
chastic interest rates and discrete time trading strategy), but in addition they
command lower pricing (i.e., become more attractive from the investor’s pers-
pective) when compared to Black-Scholes pricing. The future research will focus
on extension of the Option pricing model based on dynamic investment strategy
to Jump-diffusion processes, which typically fits market data better than the reg-
ular diffusion processes.
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