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Abstract

Through the non separable solution of the eigenvalue problem associated to
the problem of a charged particle in a flat box and a constant transversal
magnetic field, with Landau and symmetric gauges, it is found that the Lan-
dau’s levels are numerably degenerated in both cases. A mathematical propo-
sition is proven to carry out this statement.
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1. Introduction

The quatum Hall effect has had a great deal of physical and experimental im-
portance since its discovery [1] [2] [3] [4], and one of the basic elements to un-
derstand this effect is the Landau’s levels (eigenvalues of the eigenvalue problem),
which has shown being correct even if the eigenfunctions are not totally right
since the eigenvalue problem is not separable in all of its variables [5]. These ei-
genfunctions have been also found in different form [6], but both of them result
to be equivalents [7]. However, a correct non separable solution of the eigenva-
lue problem has already been given on references [5] [8], where it is shown that
for the eigenvalue problem with the Hamiltonian

(p-gA/c)’

2m

: (1

with the Landau’s gauge A =(-By,0,0) (Bis constant) and with the symmetric
gauge A=B(y,—x,0) / 2 (inverse magnetic field), the Landau’s levels are got-
ten

E, =ho,(n+1/2), o, =qB/mc, (2)

the magnetic flux @ is quantized
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geZ, ®, = 2nhc/2q, 3)

0
and the eigenfunctions for Landau’s gauge (ignoring the z-variable) are given by
(X, y)= ﬁe“ﬂzxyy/n (Bx), B=me,/n, (4)

Ly

where L, represents the length of the box in the y-direction, and y, is the

harmonic oscillator solutions. For the symmetric gauge the eigenfunctions are
S
O, (xy)=Age
2 —
where A is a complex constant, and A =e fac / Jmn!(2a)"™" is a norma-

lized constant. In addition, for the Landau’s gauge case one has [ p,,H ] =0,and

W (g (xviy)+ A) L o= qB/4Re, (%)

for the symmetric gauge case one has [I:Z H ] =0. These facts allow to have the

following additionals generated functions

p,DE =ma, (ix—y) DL —inpJ2ndk (6)
and
L,®° = naz' @S + mf2anz®% |, 7= x+iy, (7)
which are also eigenfunctions of the Hamiltonian
H(p,®5)=E,(p.@}) (8)
and
H (L@} )=E, (L} ). (9)

from these relations, it was thought that Landau’s levels were doubly degene-
rated. However, we will see that this result is deeper than it was first thought
since it allows to have numerably degeneration for the Landau’s levels. The rea-
son for example (6) is also an eigenfunction, as shown in (8), is the following:

from the expression [ p,.H J =0, one has
oz[ﬁx, ﬁ]@k = b, (Hop)-H (por)=E,(por)-H(®}),  (10)
and the result (8) follows.

2. Analysis of the Degeneration

Let us make first some mathematical statements that will help to understand the
situation. Let £ be our Hilbert space, normally the set of quadratic integrable
function in some set Q contained in some dimensional space L (Q)= '[Q| f |2 du,
and let L£(€) the set of linear operators acting in the space & . Thus, one has
the following proposition.

Prop. 1.-Let A He ﬁ(é') be linear operators such that [A, H ] =0, and let
{En,¢n}ne _ be the solutions of the eigenvalue problem H¢=Eg. If Ag, is
not proportional to ¢, , then A'¢,,je Z" is an eigenfunction of H with the

same eigenvalue E, (Therefore, the spectrum is numerably degenerated).
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Proof: The fact [A, H ] =0 implies that [Aj ,H ] =0 for jeZ", where Al
means j-applications of the operator A (Ao Aoc---o0 A). Therefore one has that
H (Aj¢n ) =E, (Aj¢n) . Since Ag¢, is not proportional to ¢, , it represents a new
function, and by induction quﬁn represents a new function for je Z". So, de-
fining f’=¢ and f)=Alg , one has a set functions {fnj}ny_ which are

jez®
eigenfunctions with the same eigenvalue

HfJ=E f], njeZ" e (11)

In addition to the above proposition, one has the following: If H e C(S ) is
an Hermitian operator, that is <Hf , g> = < f, Hg) with the inner product
g) = jQ f"gdyz, one has the known proposition
Prop. 2.- Let H € £(&) be an Hermitian operator, and let {En, fnl} the set
of solutions of the eigenvalue problem H¢ = E¢@, where the spectrum is dege-
nerated (this degeneration is represente by the index “/°). Then, the functions
{ f J} are orthogonal with respect the index “z”, but the orthogonality is unde-

termined with respect the index /

Proof: The relation <anil, fng> <f b Hf ’2> implies that

)< fnfl, fng > =0.Then, for n, #n, one has necessarily that

(.
< b fle > =0 (orthogonality, independently of j and j,), butif
n =n, =n the expression <fnf, fng> is undetermined e

Of course, given a non orthogonal set of functions {fnj }, one can construct
an orthogonal set {fnj} through the Gram-Schmidt process [9]. Now, the re-
sults presented in (4), (5), (6), (7), (8) and (9) state exactly the conditions for the
application of the Prop. 1 above. Therefore, the Landau’s levels are numerably
degenerated in both cases with the Landau and symmetric gauges. The states as-

sociated to each Landau’s level are

{fnfj}jey » fo(xy)=®r(xy) and f, =po; (12)
and

{fn?j}j€z+, fo(xy)=®;(xy) and f° = U, (13)

0
n

fnl> # 0y, . Therefore,
the set defined by (12) is non orthogonal, and the same happens with the set (13).

It is easy to see, for example, from (4) and (6) that <f

Of course, the general solution of the Schédinger’s equation (i70W/ot = HY)
for this problem should be written for the Landau’s gauge (ignoring the z-varia-
ble) as

PH(xy,t)= > Crifl(xy)e ™ (14)

n,j=0

and for the symmetric gauge as

Cs = ( ,y)e—iEnt/h’ (15)

njonj

P (X y,t)=

n

M

being C-; and CJ, constant,and E, isthe Landau’s levels (2).
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Now, from the result (11) and the expression (12) it is not difficult to see that

one has the following relation

£ = ma, (Rif,)* +(ix-y) ) )-iy2nme.nt),, >0, (16)

and
HE 7% = E £ + mo, [hjfnjl +ixf) + p, f; J (17)
Thus, from the result (11), one must have that
Rjf It 4 ixf ) L p,f) = (18)
Mao

c

which it is not difficult to check it directly.

Similarly, from (5) and (7), one can get

fit=niz zc f"+ 20 denﬁfnTl, (19)

m=0

where one has defined the constants c) and d) as cl =£ Jj(—h)jm and
m

d =(r:]]hj'm, being (;J: jY/mi(j—m)! the binomial coefficient. In addi-

tion, one has the following action

2 ) ) N )
2h = (cinao, £ +chahiz £ +d)m2ama . £,
m m=o z (20)

+dJ)ahz2an fn"jl).

Then, using (11), it follows that

2( ChnAd, £+ Chah Az £ + din2ana . 1. + dyatizy2an 1, ) =0, (21)

m=0

Af =, £ -

which it is also not difficult to verify directly.

3. Conclusion

Due to previous results (6), (7), (8) and (9), obtained in [8], and the Prop. 1, we
must conclude that the Landau’s levels are numerably degenerated. This dege-
neration may have important consequences in the quantum dynamics of the

quantum Hall Effect and topological insulators.
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