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1. Introduction

Products of structures are a fundamental construction in mathematics, for which
theorems abound in set theory, category theory, universal algebra etc. Product in
graphs is a natural extension of concepts of graphs involved in the product. The
most famous, well studied graph product is the cartesian product. It not only
extends many properties, but also carries metric space structure with it. Com-
bining the usual vertex distance as a metric, the cartesian product is generalized
to give multidimensional aspect to the underlying graphs. A special case of this
was studied as 2-cartesian product by Acharya [1] [2]. These papers throw light
on 2-cartesian product of some special graphs. Inspired by these, in this paper
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we consider finding geodetic number of 2-cartesian product of graphs and then
extend them to find geochromatic number. Geodetic number primarily deals with
distance convexity which is studied by many researchers [3] [4] [5], etc. The
depth of convexity theory enables study of geodeticity in graphs to further heights.
Another interesting concept in graphs that finds numerous applications is that of
coloring. Recently these two concepts are combined to give geochromatic number,
which acts as a double layered measure that covers all vertices in a graph con-
taining all color class representations. The geochromatic number of a graph was
defined by Samli ef al [6], which was further studied by Mary [7], Huilgol et al
[8]. In this paper we determine the geodetic number of 2-cartesian product of
some graphs and extend them to find geochromatic number.

First of all, we list some important preliminaries.

2. Definitions and Preliminary Results

All the terms undefined here are in the sense of Buckley and Harary [9]. Here we
consider a finite graph without loops and multiple edges. For any graph G the
set of vertices is denoted by V (G) and the edge set by E(G). The order and
size of Gare denoted by p and g respectively.

Let zand vbe vertices of a connected graph G. A shortest U—V path is called
a u,v-geodesic. The distance between two vertices u and v is defined as the
length of a u,v geodesic in G and is denoted by dg (u,v) or d(u,v) if Gis
clear from the context.

The eccentricity of vertex v of a graph G denoted by ecc(v) is maximum
distance from v to any other vertex of G. Diameter of G, denoted by diam(G)
is the maximum eccentricity of vertices in G, and radius is the minimum such
eccentricity denoted by rad (G).

Definition 2.1. [9] A vertex v of G is a peripheral vertex if ecc (v) = diam (G) .

Definition 2.2. [9] The set of all peripheral vertices of G is called periphery,
denoted by P(G). Thatis, P(G)={veV (G):ecc(v)=diam(G)}.

Definition 2.3. [9] A graph G is said to be self-centered if diam(G)=rad (G).

Definition 2.4. [9] If each vertex of a graph G has exactly one eccentric vertex,
then G is called a unique eccentric vertex graph.

Definition 2.5. [9] The (geodesic) interval | (u,v) between u and v is the set
of all vertices on all shortest U—V paths. Given a set S cV (G), its geodetic
closure |[S] is the set of all vertices lying on some shortest path joining two
vertices of S. Thus, | [S] = {V eV (G):vel (X, y), X,y € S} = Ux’y | {X, y} .

A set ScV(G) is called a geodetic set in Gif 1[S]=V(G); that is every
vertex in G lies on some geodesic between two vertices from S. The geodetic
number g, (G) ofagraph Gis the minimum cardinality of a geodetic set in G.

Definition 2.6. [10] A n-vertex coloring of G is an assignment of n colors 1, 2,
3, ..., 1 to the vertices of G. The coloring is proper if no two adjacent vertices
have the same color.

Definition 2.7. [10] A set C <V (G) is called chromatic set if C contains all
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vertices belonging to each color class. Chromatic number of G is the minimum
cardinality among all chromatic sets of G, that is,
#(G)={min|C,|/C; is a chromatic set of G}.

Definition 2.8. [6] A set S, of vertices in G is said to be geochromatic set, if
S, 1is both a geodetic set and a chromatic set. The minimum cardinality of a
geochromatic set of G is its geochromatic number (GCN) and is denoted by
Zq (G) . A geochromatic set of size y,, (G) issaid to be y,, -set.

Definition 2.9. [4] A vertex v in G is an extreme vertex if the subgraph in-
duced by its neighborhood is complete.

Definition 2.10. (5] Let G be a graph and let S ={X,X,,-+, X} be a geodetic
set of G, then S is a linear geodetic set if for any x eV (G) there exists an index
i 1<i<k suchthat xel[x,%,,].

Definition 2.11. [5] Let G be a graph, If S is a geodetic set of G such that, for
all ueV(G)\S, forall v,\weS:uel[v,w| then S is a complete geodetic set
of G.

The following results are helpful in proving our results.

Theorem 1. [11] Every geodetic set of a graph contains its extreme vertices.

Theorem 2. [5] If G is a non trivial connected graph of order p and diameter
d, then g, (G) <p-d+1.

Theorem 3. [9] If every chromatic set of a graph G contains k vertices, then G
has k vertices of degree at least K —1.

Theorem 4. [10] Every minimum chromatic set of a graph G contains at most
(A (G ) + l) vertices.

Theorem 5. [10] If G =K,, a complete graph on t vertices, then V (G) is

the unique chromatic set of G.

3. Geodetic Number and Geochromatic Number of
2-Cartesian Product of Some Graphs

We establish the geodetic number of graphs resulting from 2-cartesian product
of two graphs. We first give some definitions and preliminary results pertaining
to 2-cartesian products, geodeticity, chromaticity and geochromaticity with re-
spect to 2-cartesian product in paths, cycles and complete bipartite graphs.

Definition 3.1. [12] The cartesian product GOOH of graphs G and H is the
graph with vertex set N (G)xV (H) in which vertices (g,h) and (g',h’) are
adjacent whenever §q'€ E(G) and h=h" or g=9' and hh'eE(H).

By [12] most important metric property of the cartesian product operation
is written as follows dgqy, ((9,h),(9',h))=dg(9.9")+dy (h,h’), for any two
graphs Gand H.

Theorem 6. [12] For any two graphs G and H,
2(GOH)= max{;((G),;((H )}

Remark 1. In the cartesian product color assignment is given as follows:
Whenever y(G)=> y(H), let g:V(G)—> {O,l,-u,)((G)—l} be a coloring of G
and h:V (H ) - {0,1,---,;{(H )—1} be a coloring of H. A color assignment f is
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f:V(GOH) {01, 7(G)-1}, defined by
f (a,x)=g(a)+h(x)(mod 7(G)).

Theorem 7. [13] Let X =GUOH be the cartesian product of connected
graphs G and Hand let (9,h), (g',h") be vertices of X then,
Iy [(g,h),(g’,h')} =1, [(g,g')}x I [(h,h’)]Moreover,
1 [(g.0).(31)]= e [(97). (0. .

Theorem 8. [11] For any graphs G and H, ¢,(G)=m=>g, (H )=n=>2, then
m<g,(GOH)<mn-n.

Theorem 9. [11] Let G and H be graphs on at least two vertices with
9,(G)=m and let g,(H)=n. Suppose that both G and H contain linear

mn

minimum geodetic sets, then ¢, (GOH)< LTJ .

Theorem 10. [5] Let G be a graph on at least two vertices that admits a linear
minimum geodetic set and let H be a graph with ¢, (H)=2, then
,(GIH) =g, (G).

Theorem 11. [11] Let G and H be non trivial graphs, both being non trivial
graphs having complete minimum geodetic sets. Let H be a graph with g, (H)=2
then g,(GOH)=max{g,(G).g,(H)}.

Theorem 12, [8] For the cartesian product of two paths, that is, the grid

graphs, the geochromatic number is given by,
lgc ( Pm |:lpn )
2, for m=n,and one of mor nis even,
3, for m=n,and for m = n, with both m and n odd or both even.

Theorem 13. [8] For the cartesian product of cycle C, with path P,, the
geo-chromatic number is given by, y,.(C,0P,)=2 or3.
Theorem 14. [8] For the cartesian product of cycle C,, with cycle C, the
geo-chromatic number is given by, y,.(C,0C )=2,3 or5.
Theorem 15. [8] For the cartesian product of complete graph K, with path
P, the geochromatic number is given by,
2o (K DP):{m' for nodd,
e m+1, for neven.

Theorem 16. [8] For the cartesian product of complete graph K, with cycle
C

. the geochromatic number is given by,

m, for nodd and n/2 even,
X (K,OC,)=4m+1, for nevenand n/2 odd,
2m-1, for nodd.

Definition 3.2. [2] The2-cartesian product of graphs G, =(V,,E,) and
G, =(V,.E,) is the graph G =(V,E) with the vertex set V =V, xV, and the
edge set E defined as follows:

Two vertices (u,v) and (u’, V’) are adjacent in G if one of the conditions is

satisfied:
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1) dg (uu')=2 and dg (v,v')=0,

2) dg (u,u)=0 and dg (V,V')=2.

We denote this graph G by G, x, G, .

1t is clear that if we replace2 by 1 in the definition, then we get usual cartesian
product G,0G,.

Note that, if diameter of each graph G, and G, Iis less than 2, then G, x, G,
is a null graph. To avoid this, we consider all graphs with diameter at least 2.

Definition 3.3. [2] The grid graph G =G, is defined as the graph with the
vertex set \V :{(ui,vj):i =12,3,---,mand j :1,2,---,n} and egde set

E =Urj":1{(ui,vj ) (Uvpg)ilsj< n—l}UL{(ui,vj ) (U )il<i< m—l} :
Definition 3.4. 2] The semi tied grid graph G(m),(no) is a grid graph with the

vertex set V (G) and the edge set consisting of following edges:.

1) Each edge of G, ;
2) The edges (u;,Vv,) <> (u;,v,), forevery i=12,--,m.
In place of (2), if we consider (2)' then we get another semi tied grid graph

denoted by G(mo)(n), where (2) ¢ The edges (ui WV ) <~ (u v, ) , for every

mi 7]

i=12,3--,n.
A graph containing all the above types of edges is called a tied graph, denoted
by G

(m*) (")
Proposition 3.1. [2] For m,n>3,

1) If both m and n are even integers then,

Uty |

2) If m is odd and n is even, then,

Uty U] |

3) If m is even and n is odd, then,

U] US|

4) If both m and n are odd integers, then,
Pm X3 F’n

:[[Gmmﬂul[Gmmﬂ“waﬂul[Gmmﬂ'

Proposition 3.2. [2] Let P, and C, be path graph and cycle graph with m
and n vertices respectively.

1) If n is an even integer, then P, x,C,  has four components which are semi
tied graphs.
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a) if m is even, we have 4 isomorphic components | G [

(i)
Pm ><2 Cn = U4 G

L]

b) if m is odd, we have 2 pairs of isomorphic components | G

]

(i) (i)
216 ul? G . ”JOJ

L)

2) If n is an odd integer, then P, x,C, has two components which are semi

I:)mXZCn: U

tied graphs.

0]
a) if m is even, we have 2 isomorphic components (G(m] ( O)J to give
25 ) n

0]
P,x,C, = Uil{G[';J,((n)O)] .

b) if m is odd, we have2 non-isomorphic components (G(mﬂj ( )0)] and

{G("‘Z‘l}((n)")] to give

Proposition 3.3. [2] Let C,, and C, be cycle graphs with m and n vertices

respectively.
1) If both m and n are even integers, then C_ x, C, has four isomorphic tied

grid graph components are G£ 0][[ o |- Hence
).

2
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2) If m is odd and n is even, then C, x,C  has two tied grid graph compo-

nents | G OJ to have

() (3]

3) If both m and n are odd integers, then C_ x,C
which is a tied grid graph.

. Is a connected graph
Proposition 3.4. [2] Let K, be a complete biartite graph and P, be a path
graph with m vertices. Then K, x, B, has exactly four components.

1) If m is an even integer then K x, P, has four components two compo-

nents each isomorphic to K, DP{D] and K, DP( mj and

2 2

2) If m is an odd integer then K x, P~ has four components viz., K Dp[ml] ,
2

KOP,. v, KOP, . ,and KOP ..

T e

Proposition 3.5. [2] Let K, be a complete bipartite graph and C be a
cycle graph with m vertices.

1) If m is an even integer then K x,C_ has four components two compo-

nents each isomorphic to KSDC(D) and K, DC(E]

2 2

2) If m is an odd integer then K x,C, has two components K.UIC  and
K.OC,.

Remark 2. By [14] [15] the geodetic number of disconnected graph is the sum
of geodetic number of each component.

Theorem 17. The geodetic number of 2-cartesian product of two paths is
given by, g,(P,x,P,)=8,for mn>3.

Proof. Let P, and P, be two path graphs with V (P, )={u,,u,,us,---,u, }
and E(P,)={(uu,),(U,Us),(Usty ), (Up 4Uy )} and
V(P)={v;,V,, V-V, ) and E(P)={(VyV,),(V,¥s), (Ve )+, (Vo Ve )} - By
Proposition 3.1 [2], (P, x, P,) has four components with each component be-
ing a grid graph isomorphic to (P,0P,) with identity map as the bijection.
From Theorem 11 [11], paths contain complete minimum geodetic sets, hence,
we have g, (P,0P,)=max{g,(P,).9,(R)} ={(2.2)} =2.

In (P,x, P,) a geodetic set can be formed as follows depending on the val-
ues of mand n.

1) If both m and n are even integers then, P, x, P, has four isomorphic

i=1

components by Proposition 3.1 [2], that is, P, x, P, = {U‘t {Gm HJ } . As each
22

component is isomorphic to (P, P, ), a geodetic set is of the form,

{(ul,vl),(umfl,vnfl)} or {(ul!vn—l)’(um—l’vl)} or {(Usz)'(UmflvVn)} or
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{(uy V) (U Vo )} oo {(UpV ) (U Vg )} o {(Uy Vg ) (U vy)) or
{(uVy), (U Vo )} or {(UyVy ), (U Y, )}

2) If m is odd and n is even, then P, x, P, has two pairs of isomorphic

components by Proposition 3.1 [2]. Hence,

i i
P, x, P, = [U?l[GMnJ ]U{Uj 1(Gman ] Here a geodetic set is of the form,
272 272
{(up V), (U 1V )b or {(ugV, ) (U g va)f or {(Up ), (U vy )} or
{(uv,), (upovy)} or {(uy,v,), (um v, 1)} or {(uy,v,_ 1) (umfl,vz)} or
{(uVy), (U Yoy )} o1 {(UpaVo g )o(Un Vs )} -
3) If m is even and n is odd, then P, x, P, has two pairs of isomorphic

components by Proposition 3.1 [2]. Hence,

P, x, P, [U. 1(Gmymji]U{Uj 1[Gmn]J'].Hereageodetic set is of the form,
{(up V), (U Vo g )b or (U Vg )s (U va)) or {(Uy,V, ), (U vy )} or

{(up vy ), (U vy )} or (U V), (U g Yoy )b or {(U0V0 ), (umfl,vl)} or
{(uV,), (Up gV, )} or {(uz,vn),(um_l,vz)}.

4) If both m and n are odd integers, then P, x, P, has four non-isomorphic

components by Proposition 3.1 [2]. Therefore,

[ | S [ [ | 4 o

set is of the form, {(ul,vl),(um,vn)} or {(ul, 2 ) (U, Vl)} or

{(ul,vz),(um,vn_l)} or {(ul,vn),(um,vl)} or {(uz,vl),(um_l,vn)} or
{(U V0 ) (U V)0 {(Up0V,), (Up g Vo)) 0 {(UpaVo g ) (Upygi Vs )} -

By [14] [15] each component has geodetic number 2. Hence g, (P, %, P,) =8,
for m,n>3. ]

Corollary 3.1. The geochromatic number of 2-cartesian product of two paths
is given by, y,.(P,x, P,)=8, for mn>3.

Proof. By Theorem 6 [12], we have y(P,0P,)=2. Hence, geodetic set of
each component of P, x, P, is bicolorable. By the above theorem, each com-

ponent has geodetic number 2. Since P, x, P, has four components isomor-

phic to P,0P,, by Theorem 12 [8] the result follows. g
Theorem 18. The geodetic number number of 2-cartesian product of path
6, fornodd,

P, withcycle C, isgivenby, 9,(P,x,C,)=112, for n=2(mod4),
8, forn=0(mod4).
Proof. Let P, be a path with m vertices and C, be a cycle with n vertice.
Let the vertices abd edges be labelled as V (P, ) ={u,,u,,U;,---,u,} and
E(P,)={(uu,), (u Us),(Usty )+, (Up 4Uy, )} - Similarly, let
0)={V,Vy, Vg, ., } and

v(c Wy
E(C,)= {(vlvz) (v2v3),(v3v4),~--,(vnflvn),(vnvl)} . Hence, we have
V(P,x,C,)= {( i,vj)/ui eV (P,)andv, eV (C, )} As given in the statement,
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we have three cases as follows:

Case 1: Let nbe an odd interger of the form, say, n=2k+1 and k=1 with
mx3.

Here we consider two subcases, depending on whether m is odd or even.

Subcase (1a): Let mbe odd.
By Proposition 3.2 [2], we get two non-isomorphic components, that is,

Pnx, C, = [U [G[mz*lj,((n)”)ﬂ U[U[G[”‘Zl],((nf’)ﬂ . We see that
(G[T)v(“)(’)J ) P[”"Tl] “Cp) 2 [G(mzl}(mf)J = P[’“le ()

tity map as the bijection. As paths contain complete minimum geodetic sets and

ac with the iden-

cycles contain linear geodetic sets, by Theorem 10 [5], we have
9, (P,0C, ) = max{g, (P,). 9, (C,)} = max{(2,3)} = 3. The geodetic set is of the

form {(ul,vj ),(um,vj+k ),(um,vj+k+1)} or {(um,vj ),(ul,vj+k ),(ul,vj+k+1)} , for
1< j <n. Similarly, for other component the geodetic set is of the form
{(UZ’Vj )’(um—l’vj+k )’(um—l’vj+k+1)} or {(um—l’vj )'<u2'vj+k )'(UZ'Vj+k+1)}' Hence

the geodetic set is given by {(ul,vj ),(um,vj+k ),(um ,vj+k+1)} or

U s Vi )\ U Vi ) (U Vi Jp 0T WUz Vi )\ Unegs Vi )i (Umas Vs ) OF
O A O C e [ A TR )
{(um_l,vj ),(uz,vj+|< ),(uz,vjml)} . By [14] [15] each component has geodetic num-

ber 3. Therefore g, (P, x,C,)=6.

Subcase (1b): Let m be even.
By Proposition 3.2 [2], we get two isomorphic components, that is,

@)
2
P, >, C,=1U._| G, . Wehave |G, =P x,C with iden-
2 U"l( (2}((“)0)] { [2}(<">°)] z ()
tity map as the bijection. Similar to the above case we get by Theorem 10 [5], we

have g, (Pm 0cC, J = 3. The geodetic set is of the form
2

{(vaj )’(um’vj+k )’(um7vj+k+l)} or {(Um’Vj )’(ul’vj+k )'(ul’vj+k+1)} , for
1< j<n.By[14] [15] each component has geodetic number 3, to give
9, (P,x,C,)=6.
Case 2: Let nbe even of the form n=2l, | >1 and /odd.
Here we consider two subcases, depending on whether m is even or odd.
Subcase (2a): Let m be even.

By Propsition 3.2 [2], we get four isomorphic components, that is,

P,x,C, = U:‘l[Gr;(gJ and we see that G(%J(%] = F’[g]DCI with identity

map as the bijection. Hence by Theorem 10 [5], g, (Pm 0c, J = 3. The geodetic
2
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set is of the form {(ul,vj ),(um,vj+I ),(um,vj+,+l)} or

{(um,vj),(ul,vj+I )'(ul’vj+l+1)} for 1< j<n. By [14] [15] each component has
geodetic number 3. Therefore, g, (P, x,C,)=12.

Subcase (2b): Let m be odd.

By Propsition 3.2 [2], we have 2 pairs of isomorphic components, that is,

P x Cn:UGm+1 0 Uly| 6 . We see that
2 )6

0C, and G

)

G {m_lj [n) = P(m_lj LC, with identity map as the bijec-
2 M2 2

R

P

STy

tion. Hence by Theorem 3.5 [5], we have g, [P(HMJ ac, ] =g, (P[m_lj ac, ] =3.

2 2

2

The geodetic set is of the form {(ul,vj ),(um,vj+I ),(um,vjml)} or
{(um,vj),(ul,vj” ),(ul,vjml)} for 1< j<n. By [14] [15] each component has
geodetic number 3. Therefore g, (P, x, C,)=12.
Case 3: Let nbe even of the form n=2l, 1>1 and /even.
Here we consider two subcases, depending on whether m is odd or even.
Subcase (3a): Let mbe even.
By Proposition 3.2 [2], we have four isomorphic components, that is,
P.x,C, :{U?_I{GEZJU]H and we see that G(m)(n] = F’[mjDCI with identity

2 )2 2)\2 2

map as the bijection. Similar to the above case, by Theorem 3.5 [5], we have

gn[P{m)DC,J=maX{gn[P[m]J,gn (G )}=2. The geodetic set is of the form

2 2

{(um,vj),(ul,vj“ )} or {(Ul,vj),(um,vj+I )} for 1< j<n.By[14] [15] each com-

ponent has geodetic number 2. Therefore g, (P, x, C,)=8.
Subcase (3b): Let m be odd.
By Proposition 3.2 [2], we have 2 pairs of isomorphic components, that is,

m %o n = o | |U
P.x,C, =l G )] Ul G

(m—l) [[n)o} and we see that
2 |2
) P[m—‘lJDC' with identity map as the bi-

2

(=(2

G 0C, and G[

R

P

STy )

jection. Similar to above cases, by Theorem 10 [5], we have g, [F’(ml

2

)Dcl ] and

g, {P(m_ljﬂcl ] = 3. The geodetic set is of the form {(ul,vj ),(um,vj+I )} or

2
{(um,vj),(ul,vj+,)} for 1< j<n. By [14] [15] each component has geodetic

number 2. Therefore g, (P, x,C,)=8. O
Corollary 3.2. The geochromatic number of 2-cartesian product of path P,
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6, fornodd,
cycle C, isgivenby, y.. (P,x,C,)=412, for n=2(mod4),
8, forn=0(mod4).

Proof. By Theorem 6 [12], we have ;((Pm DCn) = max{(2,3)} =3 if nis odd
and y(P,0C, )= max {(2, 2)} =2 if n is even. By the above theorem, each
component has geodetic number 2 or 3, and P, x, C, has either two or four
components isomorphic to P,LIC . A geodetic set can be found using union
from each component, and hence we can permute the vertices of such a geodetic
set to have all color class representation, to give a geochromatic set. By Theorem
13 [8], the result follows. O

Theorem 19. For the 2-cartesian product of cycle C with cycle graph C,

the geodetic number is given by,
90 (Cn %, C;)
5, for m=1(mod2),n=1(mod2),
8, form=0(mod4),n=0(mod4),
6, form=1(mod2),n=0(mod4);m=0(mod2),n=1(mod2),
10, for m=1(mod2),n=2(mod4),
12, for m=1(mod4),n=0(mod4),
20, for m=2(mod4),n=2(mod4).

Proof. Let C,, be a cycle with m vertices and C, be a cycle with n vertices,
labelled as V (C,) ={u,U,,U3,--,u, } and
E(Cp)={(u, ), (upuy), (Ugu, )+, (Up gy ) (U, )} and
V(C,)={Vv,V,,V;,--,v,} and
E(C,)={(v%,),(V2¥5), (VaVs )=+ (Vo 1V, )+ (VoVy )} - Then we have
V(C,x,C,)= {(ui ,Vj)/ui eV (R,)andv, eV (C, )} As given in the statement
we have the following cases:

Case 1: Let m,n be odd of the form, m=2k+1,n=2l+1.
By Proposition 3.3 [2], C,, %, C, is a connected graph isomorphic to G( J(r0)?

m@),(n

a tied grid graph. Further, G(mD) () = C_0OC, . By Theorem 14 [8], we get

9, (C, %, C,) =5 and the geodetic set is of the form
{(uivvj )’(ui+klvj+l )’(ui+k'Vj+l+1)’(ui+k+1!vj+l+1)’(ui+k+1’vj+l+1)} , for 1<i<m
and 1< j<n.Hence g,(C,x,C,)=5

Case 2: For m=2k, k=2, n=2l, 1>2 with k,I even.

By Proposition 3.3 [2] we have four isomorphic components, that is,

(@)

CoxCo=|ULIG, orr o and G,
as the bijection. By Theorem 11 [11], we have ¢, (C,C,)=2. The geodetic
sets are of the form {(ui,vj ),(qu,Vj+I )} or {(ui,vj+I ),(ui+k,vj )} for 1<i<m

o =C,0C, with identity map
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and 1< j<n. By [14] [15] each component has geodetic number 2. Hence
geodetic set of g,(C, x,C,)=8.

Case 3;: For m=2k+1, n=2l, with /even and m=2k, n=21+1 with &
even.

By Proposition 3.3 [2], we get two pairs of isomorphic components, that is,

@)
i2:1 G (0 and G S = C,,,0C, with identity map
(tm ){(5] } " (3)

as the bijection. Similar to the above case by Theorem 11 [11], we get
9, (Cy,100C, ) = 3. The geodetic set is given by {(ui WV ),(ui+k Vi ),(ui+k+l,vj+, )}

CmXZCn: U

or {(ui Vi ),(ui+k v, ),(ui+k+l,vj )} for 1<i<m and 1< j<n. By [14] [15]
each component has geodetic number 3. Hence geodetic set of
9n (Caax2 G ) =6.
Case 4: For m=2k+1, n=2l with/odd and m =2k, nwith kodd.
By Proposition 3.3 [2], we get two pairs of isomorphic components, that is,
(i)

2
CynxCr=|U._| G ]O] and G, =C,,00C, with identity

RNCHIE e (3)

map as the bijection. Similar to the above case by Theorem 11 [11], we have
95, (Cy,100C, ) = 3. The geodetic set is given by
{(Ui 1V )'(ui+k’vj+l )'<Ui+k+1’vj+l )} or {(Ui Vi )’(ui+k Vi )’(ui+k+l’vj )} . By [14]
[15] each component has geodetic number 3. Hence geodetic set of
9n (Coia %, Cy) =6

Case 5: For m=2k, n=2l and kodd, /even.

By Proposition 3.3 [2], we get four isomorphic components, that is,

@)
=|Ual G ovmo and G,
HyG) 2

as the bijection. Using Theorem 11 [11], we get g, (C,[IC,)=3. The geodetic
set is given by {(ui Vi ),(qu Via ),(UHM,VJ.+I )} or
{(ui Vi ),(unk WV ),(unkﬂ,vj )} . By [14] [15] each component has geodetic num-
ber 3, hence geodetic number of g, (C, x, C,)=12.

Case 6: For m=2k, n=2l and k,| odd.

By Proposition 3.3 [2], we get four isomorphic components, that is,
(i)

C x,C

m =2 ~n

o =C.OC, with identity map

C,x,C,= U4 G [( ]0] and G o =C,OC, with identity map
2

O 0 ,
"Ll it
as the bijection. By Theorem 14 [8] we get g,(C,[JC,)=5. The geodetic sets

are of the form {(ui’vj)'(ui+k’vj+l)'(ui+k'Vj+l+l)'(ui+k+1’Vj+|+l)'(ui+k+llvj+l+l)}‘
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By [14] [15] each component has geodetic number 5. Hence g, (C, %, C,)=20.
]

Corollary 3.3. The geochromatic number of2-cartesian product of cycle C,,

with cycle C, 1is given by,
Xy (Cm X2 Cn)

5, for m=1(mod2),n=1(mod2),
8, form=0(mod4),n=0(mod4),
6, for m=1(mod2),n=0(mod4);m=0(mod2),n=1(mod2),
10, for m=1(mod2),n=2(mod4),
12, for m=1(mod4),n=0(mod4),
20, for m=2(mod4),n=2(mod4).

Proof. By Theorem 6 [12], x(C,0C,)= max{(2,3)} =3,if nis odd and
#(C,0C,)=max{(2,2)} =2, if nis even. By the above theorem, each compo-
nent has geodetic number 2, 3 or 5. A geodetic set can be found using union
from each component, and hence we can permute the vertices of such a geodetic
set to have all color class representation, to give a geochromatic set. By Theorem
14 [8] result follows. O

Theorem 20. The geodetic number of 2-cartesian product of complete bipar-
tite graph K, with path P, Is given by,

(K P ) 4s, for s=t and meven,
X =
9n M52 P 2s+2t, fors=t, otherwise.

Proof. Let K, be a complete bipartite graph with U; and U, as two par-
tite sets. Let V(P,)={v,V,,Vs,---,v,} . KK, and P, contain complete
minimum geodetic sets. As given in the statement we have the following cases
depending on S,t and m.

Case 1: Let mbe even.

Using Proposition 3.4 [2], we get two pairs of isomorphic components of the

form KSDP(mJ or KtDP(m) with identity mapping as the bijection. We know
2 m

2
that each component is isomorphic to cartesian product of a complete graph and
a path. Hence, we get the geodetic number to be s or £ By Theorem 11 [11],

gn(KSDP(mJJ: max{gn(Ks),gn(Pm]}zmax{(s,Z)}=s,for $>2 and

2 2

gn[KlDP[m]]:max{gn(Kt),gn[Pm]}zmax{(t,z)}zt, for t>2. Hence a

2 2

geodetic set is of the form {(ui,vl),[uj,v(r;]} or {[Ui,V@]]a(ijvl)} for

(1<i<s or 9, (1<j<s or H and i# j. By [14] [15] each component has
geodetic number is sand # Hence gn(KS't X, Pn)=4s or4tif s=t and
O (Kgy %o P)=2s+2t,if s=t.
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Case 2: Let mbe odd.
Using Proposition 3.4 [2], we have four non isomorphic components, that is,

K, x P[mTH] » Kyx P{mT_lJ’ K, x P[mTﬂj, K, x P{f} with identity mapping as the

m-1
2
bijection and each being isomorphic to the cartesian product of a complete
graph and a path. Similar to the above case, we get the geodetic number equal to
sor ¢ in each case by [14] [15]. Hence g, (Ks,t x, P, ) =2(s+t). O
Corollary 3.4. The geochromatic number of 2-cartesian product of complete
bipartite graph K, with path P, isgiven by,
)_{45, for s =t,

K., x, P )=
Zoe(Ksiz Py 2s+2t, fors=t.

Proof. By Theorem 6 [12], y(K,OR,)=max{(m,2)} =m, we have K is s
colorable and K, is ¢ colorabe. By the above theorem, each component has
geodetic number s or % Since K, x, P, has four components isomorphic to
K, ,OP, each of them being sand ¢ colorable. A geodetic set can be found using
union for each component and hence we can permute the vertices of such geo-
detic set to have all color class representation, to give a geochromatic set. By
Theorem 15 [8], the result follows. |

Theorem 21. The geodetic number of 2-cartesian product of complete bipar-

tite graph K, with cycle C is given by,

4s, for s=t and m even,
0 (K x, Cp)=12s+2t,  fors=tand meven,
2(s+t—1), for modd.

Proof. Let K, be a complete bipartite graph with U, and U, partite sets.
Let V(C,)={V,V,,V3,=*,Vy, } . As given in the statement, we have the following
cases depending on S,t and m.

Case 1: Let mbe even.

Using Proposition 3.5 [2], we have four components, two components each
isomorphic to K DC{m ] and K, DC[mj with identity mapping as the bijection

2 2

and each being isomorphic to cartesian product of a complete graph and a cycle.

2

d, {Kt x C(m]] =max {t,2} =t , we get the geodetic number equal to sor £ by [14]

2

Hence, by Theorem 11 [11] we have g, {KS xC ] =max{s,2} =s and

[15] for each component. Hence geodetic set is of the form {(ui WV ),(ui,,vj,)} N
for i#i", 1<i,i"<m. Hence gn(Ks’[ X, Cn):4t or4sif s=t and
O (Kgyx, P)=2s+2t if s=t.

Case 2: Let mbe odd.

Using Proposition 3.5 [2], we get two components isomrphic to K,OC,,
K,OOC,,. By Theorem 16 [8], we get ¢, (K,C, )=2s-1 and

DOI: 10.4236/0jdm.2022.121001

14 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2022.121001

M. I. Huilgol, B. Divya

g, (K,OC,)=2t—1 and a geodetic set is of the form
((ui V; ),(ui,,vj,)(ui,,vj,+1)) for (1<i<s or #), (1<j<s or #) and i#j. By
[14] [15] each component has geodetic number is 2s—1 and 2t-1. Hence
9, (K %, C,)=2s+2t-2. O
Corollary 3.5. The geochromatic number of 2-cartesian product of complete
bipartite graph K, withcycle C, is given by,
4s, for s=t and m even,
Yoo (Ksi %, C ) =12s+2t,  for s=tand meven,
2(s+t-1), for modd.

Proof. By Theorem 6 [12], y(K,OC,)= max{(m,Z)} =m. By the above
theorem, each component has geodetic number s,t. Since K , x, C, has two
or four components isomorphic to K UC,. A geodetic set can be found using
union from each component and hence we can permute the vertices of such a
geodetic set to have all color class representation, to get a geochromatic set. By
Theorem 16 [8] result follows. |

4. Conclusion

Here we have determined geodetic number and geochromatic number of 2-car-
tesian product of some special class of graphs like complete graphs, cycles and
paths. This procedure can be extended to find the geodetic number and geo-

chromatic number of r~cartesian products, in general for graphs.
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