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Abstract: Enhanced approximate expressions for the incipient indicial lift of thin wings in subsonic
potential flow are presented in this study, featuring explicit analytical corrections for the unsteady
downwash. Lifting-line and acoustic-wave theories form the basis of the method, within an effective
synthesis of the governing physics, which grants a consistent generalised framework and unifies
previous works. The unsteady flow perturbation consists of a step-change in angle of attack or a
vertical sharp-edged gust. The proposed model is successfully evaluated against numerical results in
the literature for the initial airload development of elliptical and rectangular wings with a symmetric
aerofoil, considering several aspect ratios and Mach numbers. While nonlinear downwash and
compressibility terms demonstrate marginal (especially for the case of a travelling gust), both linear
and nonlinear geometrical effects from a significant taper ratio, sweep angle or curved leading-
edge are found to be more important than linear downwash corrections (which are crucial for the
circulation growth at later times instead, along with linear compressibility corrections). The present
formulae may then be used as a rigorous reduced-order model for validating higher-fidelity tools
and complex simulations in industrial practice, as well as for estimating parametric sensitivities of
unsteady aerodynamic loads within the preliminary design of aircraft wings in the subsonic regime.

Keywords: thin aircraft wings; incipient indicial lift; subsonic potential flow; acoustic wave theory;
three-dimensional effects

PACS: 47.15.Hg; 47.40.Dc; 47.85.Gj

1. Introduction

Especially within aeroplane multidisciplinary design and optimisation (MDO) [1,2],
unsteady airloads from pilot manoeuvres or atmospheric turbulence may effectively be
calculated by adopting aerodynamic indicial-admittance functions [3,4] as reduced-order
models (ROMs) [5,6], particularly for sensitivity and uncertainty evaluation purposes [7–9].
For thin aircraft wings at moderate angles of attack, the viscous effects are confined in a
thin boundary layer and wake [10]; Euler’s nonlinear model [11] can then numerically be
employed for calculating the unsteady aerodynamic loads due to compressible inviscid air
(considered as an ideal polytrophic gas at a given flight altitude [12]) from the subsonic to
the supersonic regime, with or without shock waves [13]. By further assuming isentropic
potential flow as practical [14], theoretical solutions for the propagation of small disturbances
are available from acoustic wave theory and method of characteristics [15] in both subsonic
and supersonic regimes without transonic bubbles [16,17]. Exploiting Prandtl–Glauert’s trans-
formation [18,19], exact results for incompressible potential flow can also be generalised
for low-speed compressible flow in the subsonic regime [20]; of course, the accuracy of
such an approximation depends on the rigorous applicability of the underlying fluid me-
chanics similitude and deteriorates with increasing Mach number towards the transonic
regime [21,22].

Based on these premises [23,24], a few analytical formulations have been published
for the lift development of thin aerofoils Cl(τ) [25–32] and finite wings CL(τ) [33–36] in
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subsonic potential flow [37–41], linearly superposing circulatory Čl(τ), ČL(τ) and non-
circulatory Ĉl(τ), ĈL(τ) contributions from a step in the angle of attack (AOA) or a vertical
sharp-edged gust (SEG) in reduced time τ [42]. Computational fluid dynamics (CFD) [43]
has also increasingly been used to improve accuracy and generality [44–48], but it remains
computationally expensive and requires special care [49], with significant efforts to pre-
process the simulations and post-process the results on the numerical grid [50]. Hybrid
approaches [51,52] and multifidelity tuning strategies [53,54] have then been proposed that
still rely on robust lower-fidelity models at their core [55–58]. However, no parametric
theoretical model is available that accounts for three-dimensional effects from flow un-
steadiness and gust penetration in compressible air without shock waves, especially when
the perturbation front is normal to the reference stream.

This study introduces explicit analytical corrections for the unsteady downwash and
enhances approximate expressions for the indicial lift of thin aircraft wings in the subsonic
regime, within an effective synthesis of the governing physics, which grants a consistent
generalised framework and unifies previous works. The non-circulatory airload develop-
ment (rapidly decaying after the perturbation onset) is based on acoustic wave theory [59],
whereas the circulatory counterpart (gradually reaching the asymptotic steady state) is
based on lifting-line theory [60] with Prandtl–Glauert’s compressibility corrections [61]; the
same aerofoil and reference angle of attack α∞ are assumed for all wing sections. In the
presence of a leading-edge curvature or a sweep angle Λ, the latter hit the atmospheric
gust at a different time, while a progressive portion of wing span is impinged from root
(with no delay) to tip (with full delay); both chordwise and spanwise penetration effects
are then taken into account. The analytical approach provides sound physical insights
for practical validation purposes [62] and may efficiently be used to assess the necessary
trade-off between detailed complexity and computational costs of higher-fidelity tools in
the aviation industry [63]. Considering AOA and SEG perturbations, theoretical results
are obtained and critically compared with numerical ones in previous publications for
thin airfoil at different Mach numbers [64], elliptical wings with different aspect ratio [65],
and rectangular wings with different sweep angle [66]; all comparisons are explained and
clarified in light of the proposed analytical derivation, within a comprehensive assessment.

2. Governing Physics: From Nonlinear Compressible to Linear Incompressible Flow

Starting from Euler’s nonlinear equations for compressible fluid and ending with
Laplace’s linear equation for incompressible fluid [23,24], the different models that have
been exploited to propagate acoustic disturbances in inviscid flow are hereafter systemati-
cally derived within a unified approach that explains the underlying physical assumptions
and mathematical approximations. In all cases, atmospheric air at a given flight altitude is
suitably considered as an ideal polytrophic gas with thermodynamic state given by [13]:

p = ρRT, a =
√

γRT, E = cvT, H = cpT, R = cp − cv, (1)

where ρ(s, t) is the density, T(s, t) the temperature, p(s, t) the pressure, a(s, t) the sound
speed, E(s, t) the internal energy, and H(s, t) the enthalpy of the gas as functions of both
physical space s = (x, y, z) and time t; R is the gas constant, with cp the isobaric and cv the
isochoric heat capacities.

In the absence of body forces and heat transfer, Euler’s system of coupled nonlinear
partial differential equations (PDEs) for the conservation of mass, momentum, and total
energy reads [13]:

∂ρ

∂t
+∇ · (ρν) = 0,

∂

∂t
(ρν) +∇ · (pI + ρνν) = 0, (2)

∂

∂t

[
ρ

(
E +

ν2

2

)]
+∇ ·

{
ν

[
p + ρ

(
E +

ν2

2

)]}
= 0, (3)
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E =
p

(γ− 1)ρ
, H =

γp
(γ− 1)ρ

, M =
ν

a
, (4)

where ν(s, t) and M(s, t) are the flow velocity and Mach number, respectively, whereas
the conservation of total energy may be replaced by the conservation of entropy S(s, t),
namely [13]:

∂S
∂t

+ ν · ∇S = 0, ∆S = cv ln
(

p
ργ

)
, γ =

cp

cv
, (5)

with γ the heat capacity ratio and H = γE; Crocco’s theorem then gives pressure and
entropy gradients as [11]:

∇p = ρ(∇H − T∇S), T∇S = ∇
(

H +
ν2

2

)
+

∂ν

∂t
− ν×ω, ω = ∇× ν, (6)

with ω(s, t) the vorticity vector. By writing Euler’s equations in advective form and cal-
culating the eigenvalues of the flux matrix, it is found that disturbances are conveyed
with speeds ν and a± ν [13]; Rankine–Hugoniot’s conditions [67] must then also be en-
forced in order to ensure feasible shock waves in the transonic or supersonic flow regime
(i.e., for M ≈ 1 or M > 1, respectively). For the case of isentropic flow (i.e., for ∆S = 0), the
equations for the state of the ideal gas simplify as [13]:

p = ργ, T =
ργ−1

R
, a =

√
γργ−1, E =

ργ−1

γ− 1
, H =

γργ−1

γ− 1
, (7)

and the conservation of total energy becomes redundant; therefore, disturbances travel
with speeds a± ν only [68]. In any case, appropriate Neumann’s and Dirichlet’s boundary
conditions complete the set of governing equations [43], as imposed on the impermeable
wing surface sw and the unperturbed far field s∞, respectively:

ν(sw, t) · n(sw, t) = 0, ν(s∞, t) = ν∞, p(s∞, t) = p∞, S(s∞, t) = S∞, (8)

where n(sw, t) is the vector normal to the body surface (which may also move, in general,
within the broader perspective of fluid–structure interactions [69]). The occurrence of a
wind gust may then be simulated by prescribing a disturbance νG(s, t) of the free-stream,
and different methods can be adopted to this purpose, with or without mutual interaction
with the wing [70] (e.g., thru a velocity field that either advances through the computational
domain as part of the flow solution or is superposed to the unperturbed airstream with a
transpiration-like technique according to the “frozen” approach [71], respectively). When
the equations above for inviscid flow can be linearised in the presence of small disturbances,
the latter travel with speeds a∞ ± ν∞, and classical acoustic theory for sound propagation
is obtained directly [13,59].

Assuming irrotational flow (i.e., for ω = 0) as practical [14,62], the velocity potential
ϕ(s, t) can be defined and is governed by a single nonlinear PDE complemented by the
conservation of both entropy and enthalpy along streamlines, namely [23,24]:

∇2 ϕ =
1
a2

[
∂

∂t

(
∂ϕ

∂t
+ ν2

)
+ ν · ∇

(
ν2

2

)]
, ν = ∇ϕ, (9)

a2

γ− 1
+

ν2

2
+

∂ϕ

∂t
=

a2
∞

γ− 1
+

ν2
∞
2

, S = S∞, (10)

which can propagate weak shock waves of isentropic behaviour in the low-supersonic
regime [72], since the related entropy variations are of higher order, and first-principle
integral constraints such as the “equal area rule” grant a physically consistent solution by
fitting the necessary flow discontinuities [13,59]. The pressure coefficient Cp(sw, t) then
reads [23,24]:
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Cp =
2

γM2
∞

(
p

p∞
− 1
)

,
p

p∞
=

(
a

a∞

) 2γ
γ−1

, (11)

and can be integrated over the wing surface in order to obtain the applied aerodynamic
force and moment coefficients. Considering an horizontal free-stream ν∞ = (U, 0, 0) and a
disturbance potential φ(x, t) for small acoustic perturbations, the principle of superposition
applies, and the equations for the velocity potential can be linearised as [23,24]:

ϕ = Ux + φ, ν = ν∞ +∇φ, ∇2φ =
1

a2
∞

[
∂

∂t

(
∂φ

∂t
+ 2U

∂φ

∂x

)
+ U2 ∂2φ

∂x2

]
, (12)

a2

γ− 1
+

∂φ

∂t
+ U

∂φ

∂x
=

a2
∞

γ− 1
, Cp = − 2

U

(
∂φ

∂x
+

1
U

∂φ

∂t

)
, (13)

which can propagate acoustic waves and be solved using the method of characteristics [13,15,59];
in particular, the PDE for the disturbance potential in the subsonic regime (i.e., for M < 1)
reads [23,24]:

β2 ∂2φ

∂x2 +
∂2φ

∂y2 +
∂2φ

∂z2 =
M2

∞
U2

(
∂2φ

∂t2 + 2U
∂2φ

∂x∂t

)
, β =

√
1−M2

∞, (14)

where Prandtl–Glauert’s compressibility factor β [18,19] appears explicitly and drives the
slope of the characteristic lines [15].

For an incompressible fluid (i.e., for ∆ρ = 0), thermodynamic laws do not apply as
the density is constant and the sound speed is infinite (i.e., M = 0 regardless the flow
speed) [13]; therefore, Laplace’s equation governs the disturbance potential and Bernoulli’s
linearised equation gives the pressure as [23,24]:

∇2φ = 0, p + ρ∞

(
∂φ

∂t
+ U

∂φ

∂x

)
= p∞, Cp =

2p∞

ρ∞U2

(
p

p∞
− 1
)

, (15)

where the resulting expression for the pressure coefficient consistently coincides with that
already found for linearised subsonic flow, as indeed assumed for low-speed aerodynam-
ics [10]. In fact, this fundamental analogy in the subsonic regime holds for the governing
equation of the disturbance potential too, as the latter for compressible flow reduces to
Laplace’s equation for incompressible flow when Prandtl–Glauert’s transformation is en-
forced at low Mach numbers [61]; in particular, taking advantage of the compressibility
factor to scale the physical quantities conveniently and hence obtain theoretical results
for compressible flow from those for incompressible flow [20,73–75], the longitudinal di-
mension is divided by β and so are the pressure coefficient and the resulting aerodynamic
loads [18,19].

3. Incompressible Potential Flow: Lifting-Line Theory

A generic aircraft wing has a chord distribution c(y) along its semi-spans 0 ≤ y ≤ ±l
from root to tips; thus, its planform area A, aspect ratio η and taper ratio λ can generally be
written as:

A = 2lrcr, η =
2l
rcr

, r =
ca

cr
, λ =

ct

cr
, (16)

where ca, cr, and ct are the average, root and tip chords, respectively; the chord ratio
r refers to the mean wing section. Due to the pressure difference between upper and
lower wing surfaces, a vortex generates at each of the two tips that induces a down-
wash velocity along the wing span and thus reduces the effective angle of attack and
related sectional airloads [76]. For subsonic potential flow, Kelvin and Stokes’ theorems
impose the conservation of total null circulation on all streamlines of a simply connected
region (e.g., along closed paths) [77]. Applying Biot–Savart’s law [10] to a sheet of infinite
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horseshoe vortices with bound circulation placed at the line of the aerodynamic centres
(i.e., at the first-quarter chord of the wing sections [78]), unsteady lifting-line theory [79–81]
accounts for the downwash induced by the wing’s tip vortices, while Kutta–Joukowski’s
theorem [82,83] relates the wake’s inflow with the quasi-steady wing’s circulation and
Neumann’s impermeability condition [84] (i.e., flow tangential to the wing’s mean line)
is enforced at the line of the control points (i.e., at the third-quarter chord of the wing
sections [78]).

For nearly elliptic loading of a slender wing, all sections along the span experience
roughly the same instantaneous downwash angle αi(τ) and angle of attack α(τ) [85]; there-
fore, by taking advantage of the problem symmetry, the body impermeability condition
is checked at the control point of the wing’s root section directly, and the evolution of
the airload is sought in the reduced time τ, which represents the number of travelled
root semi-chords [86]. Reconstructing such an ideal lift distribution with a series of ad-
jacent horseshoe vortices [10], the lift-deficiency ČL(τ) and circulation-deficiency ČΓ(τ)
coefficients for the wing are given by:

eČL = Čl/α(α∞ − αi0)−
∫ τ

0
Čl/α(τ − ξ)

[
dαi
dξ

]
dξ, α = α∞ − αi, τ =

2Ut
cr

, (17)

eČΓ = Čγ/α(α∞ − αi0)−
∫ τ

0
Čγ/α(τ − ξ)

[
dαi
dξ

]
dξ, αi = αΓČΓ0 +

∫ τ

0
αΓ(τ − ξ)

[
dČΓ

dξ

]
dξ, (18)

where e is the ratio of the semiperimeter to the span [87], whereas αΓ(τ) is the normalised
gradient of the downwash angle with respect to the circulation Γr(τ) at the wing root;
Čl/α(τ) and Čγ/α(τ) are the derivatives of the indicial lift-deficiency and circulation-
deficiency coefficients for the isolated aerofoil and account for the flat wake’s inflow
as the vortex loops extend behind the wing [88,89]. Inherently improving previous formula-
tions [90], note that the circulatory wing airload is consistently scaled by the edge-velocity
factor [87] at all times; still, wing circulation and downwash angle are coupled, while the
wing lift depends on the latter only. Especially at the asymptotic condition, the downwash
angle makes the circulatory wing airload always lower than the aerofoil’s one [76,91],
which is correctly resumed for infinitely slender wing (i.e., for e ≡ 1 and αi ≡ 0); thus, the
steady condition is reached earlier than in the latter case despite the lower build-up rate.
Imposing the initial rest conditions αi0 = 0, CΓ0 = 0, integrating by parts and substituting
the two-dimensional indicial load derivatives for either a step in the angle of attack or a
sharp-edged gust, the system of convolution equations can numerically be solved via the
operational method [92,93] using the most appropriate integration scheme [94]. Disregard-
ing spanwise penetration effects, Figure 1 shows the indicial circulatory lift from a step in
the angle of attack and a vertical sharp-edged gust for elliptical thin wings with different
aspect ratio in incompressible flow; literature results are also depicted for η = 6 and well
approximated with a single exponential term [86] (whereas additional ones are needed
for higher aspect ratio, due to longer transition to the steady state [90]): while the initial
lift coincides and the subsequent transition to the steady state has similar duration, the
present enhanced model gives a slightly lower asymptotic lift because of the edge-velocity
factor [87] (see Appendix A).

In fact, the convolution-based expressions become even more useful for finding the
initial behaviour of the indicial lift and circulation functions [95]; in particular, taking
advantage of Taylor’s expansion [94], at small or large times the lifting-line equations
reduce to a linear algebraic system:

lim
ξ→0

eČL ≈ Čl/α(α∞ − αi), lim
ξ→0

eČΓ ≈ Čγ/α(α∞ − αi), lim
ξ→0

αi ≈ αΓČΓ, (19)

where the ratio between lift and circulation coefficients is confirmed to be approximately
the same for both three-dimensional and two-dimensional flows [66]. It is worth stressing
that a non-circulatory contribution ĈL(τ) exists from a step-change in the angle of attack
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of an incompressible flow [96], in the form of a Dirac-delta singularity [94] that generates
apparent inertia at the start of the airload development [4]; however, this well-known effect
is irrelevant for the scope of the present work on compressible flow.
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Figure 1. The indicial circulatory lift for elliptical thin wing in incompressible flow: AOA (left) and
SEG (right).

Alongside other formulations in the time domain [97–106], note that alternative ap-
proaches [107–127] have been proposed that lead to a frequency-dependent generalisation
of lifting line theory, but their formulation is less convenient for deriving explicit expres-
sions of the incipient indicial airload, as they specialise in harmonic motion and their
inherent complexity is often not practical [128]. Nevertheless, they assess when two- and
three-dimensional effects may actually be decoupled as well as show that for slender wings
the downwash from the tip vortices can roughly be assumed as constant along the chord of
each section (unlike the wake’s inflow) and affects the circulatory airload only [129,130].

3.1. Thin Aerofoils: Two-Dimensional Wake Inflow and Chordwise Gust Penetration

For small perturbations of the potential flow, a thin wake departs from the wing’s
trailing edge (which represents a stagnation point [88,89]) to convey equal and opposite
variations of the sectional bound circulation and hence satisfy Kelvin and Stokes’ theorems
at all times [10,23]; the counteracting shed vorticity generates an inflow over the aerofoil in
turn, while the unloaded wake travels with the free-stream towards the far field along a
flat trajectory (as roll-up phenomena are suitably ignored, preserving the linearity of the
unsteady aerodynamic model [52]). In the case of a step in angle of attack, the derivatives
of the indicial lift-deficiency Č⊥l/α(τ) and circulation-deficiency Č⊥γ/α(τ) coefficients for the
isolated two-dimensional sections of the thin wing in incompressible flow are given by
Wagner [131] and Kussner [132] and exploit Theodorsen’s [133] and Sears’ [134] impulsive
transfer functions in the reduced frequency domain, respectively. The circulation growth
being asymptotically delayed by a travelled semichord [93], the derivative of Wagner’s
indicial circulation-deficiency coefficient for a step in angle of attack incidentally coincides
with that of Kussner’s indicial lift-deficiency coefficient Č‖l/α(τ) from a sharp-edged gust

(i.e., Č‖l/α ≡ Č⊥γ/α directly) and includes chordwise penetration effects on the sectional
airload build-up, while the derivative of the indicial circulation-deficiency coefficient
Č‖γ/α(τ) is asymptotically delayed by a further travelled semichord [135] (see Appendix B).

In particular, building on reciprocal relations [136,137] within the standard “frozen”
approach [71], the derivative of the indicial circulation-deficiency coefficients can be
written as:
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Č⊥γ/α ≈


∫ τ

0 Č⊥l/α(τ − ξ)
√

ξ
2−ξ

dξ
π + 2

√
τ(2− τ)∫ 2

0 Č⊥l/α(τ − ξ)
√

ξ
2−ξ

dξ
π

Č‖γ/α ≈


∫ τ

0 Č‖l/α(τ − ξ)
√

ξ
2−ξ

dξ
π τ ≤ 2,∫ 2

0 Č‖l/α(τ − ξ)
√

ξ
2−ξ

dξ
π τ ≥ 2,

(20)

where τ = 2 is the reduced time taken by the gust to impinge the entire chord at the wing
root, whereas the radical term outside the integral expresses the quasi-steady progressive
increment of the effective angle of attack; of course, spanwise penetration effects are not
included but the last two formulae hold for finite wing as well if Č⊥l/α and Č‖γ/α are, respec-

tively, replaced with eČ⊥L/α and eČ‖Γ/α. According to Kutta–Joukowski’s theorem [82,83], the
lift development always acts at the aerofoil’s first-quarter chord, while the impermeability
boundary condition is consistently satisfied at the third-quarter chord [128]. Taking advan-
tage of Taylor’s expansion, the limit behaviours of these fundamental indicial-admittance
functions for a step in the angle of attack and a vertical sharp-edged gust are given by:

lim
τ→0

Č⊥l/α ≈ π
(

1 +
τ

4

)
, lim

τ→0
Č⊥γ/α ≈ 2

√
2τ
(

1− τ

12

)
, lim

τ→0
Č‖γ/α ≈

4τ2

3π
, (21)

lim
τ→∞

Č⊥l/α ≈ 2π

(
1− 1

τ

)
, lim

τ→∞
Č⊥γ/α ≈ 2π

(
1− 1

τ − 1

)
, lim

τ→∞
Č‖γ/α ≈ 2π

(
1− 1

τ − 2

)
, (22)

where the incipient indicial circulation is seen to introduce second-order effects in the latter
case. Figure 2 shows the exact indicial-admittance functions along with their incipient
approximations; note that higher-order terms are indeed marginal during the chordwise
penetration of the gust (i.e., for the incipient indicial circulation from a step in the angle
of attack).
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Figure 2. The indicial airload derivatives (left) and approximate incipient behaviours (right) for thin
aerofoil in incompressible flow.

3.2. Thin Wings: Three-Dimensional Downwash Angle and Spanwise Gust Penetration

For a marginal sweep angle (i.e., with Λ < 15◦ [23,138]), the downwash angle and its
gradient introduce most of the three-dimensional effects on the unsteady circulation Γ(y, τ)
of slender wings in subsonic flow, with the non-dimensional wake development υ(τ)
being given by Joukowski’s transform for the mean geometric section [85]. Biot-Savart’s
law [10,14] gives an approximate expression of the normalised downwash gradient for
nearly elliptic loading as [86]:

αΓ =
2κ

π2υ

(
I
s
− 1
)

, s =
η√

η2 + υ2
, υ =

√
τ(2 + τ), Γ ≈ Γr

√
1 +

y2

l2 , (23)
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where I(s) is the complete elliptic integral of the second kind [139] and s(υ) is its non-
dimensional argument. These expressions can then be used to solve the unsteady lifting-line
problem numerically, where the shape factor κ(η, e) may be interpreted as the inverse of
Oswald’s efficiency factor [140,141] and account for higher-order deviations from ideal
elliptic loading [142,143] (with κ ≡ 1); it may also be exploited to introduce higher-order
corrections or fine-tuning [53,54]. At small time values, the initial behaviours and incipient
solution read:

lim
τ→0

υ ≈
√

2τ, lim
τ→0

αΓ ≈ g
√

τ

2
, lim

τ→0
α⊥i ≈

2
e

gτα∞, g = κ

[
1 + ln

(
8η2)

π2η2

]
, (24)

where higher-order terms are consistently neglected and so is the incipient downwash
during the chordwise penetration of a vertical sharp-edged gust (especially with normal
front, due to a further mitigation from the spanwise penetration); g is the downwash
gradient factor. Figure 3 shows the approximate downwash gradient and incipient angle
from a step in the angle of attack for thin elliptical wings in incompressible flow; literature
results are also depicted for η = 6 and initially well-approximated with a single exponential
term [86], although being shifted by a mean geometric chord and eventually converging
to an incorrect asymptotic value [90] (regardless of the actual absence of the edge-velocity
factor, as far as the downwash gradient is concerned). At large time values, instead, the
asymptotic behaviours and steady-state solution read:

lim
τ→∞

υ ≈ τ + 1, lim
τ→∞

αΓ ≈
κ

πη
, lim

τ→∞
αi ≈

2κα∞

eη + 2κ
, (25)

where Jones’ correction [87] is directly embedded and a consistent improvement of Prandtl’s
results [76] is hence obtained (see Appendix A).
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Figure 3. The approximate downwash gradient (left) and incipient angle (right) from a unit AOA
step for thin elliptical wings in incompressible flow.

For a significant sweep angle (i.e., with Λ > 15◦ [23,138]), the effective free-stream
relative to the isolated two-dimensional sections acts normal to the quarter-chord line
along the wing span (i.e., the aerodynamic axis the sweep angle refers to [24]); therefore,
horizontal velocity as well as lift and circulation coefficients are thereby projected and
coherently scaled by cos Λ [144]. The circulatory responses from a step in the angle of
attack and a vertical sharp-edged gust then start off as:

lim
τ→0

Č⊥L ≈
π

e

[
1 +

(
1
4
− 2

e
g cos Λ

)
τ

]
α∞ cos Λ, lim

τ→0
Č‖L ≈

2
e

√
2τ
(

1− τ

12

)
α∞ cos Λ, (26)

respectively, where higher-order terms have been discarded and e pertains to the straight
wing; note that these very practical expressions account for the effects of wing slenderness,
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chord tapering, and small deviations (including possible nonlinear ones) from ideal elliptic
loading. Figure 4 shows the incipient lift of elliptical thin wings in incompressible flow from
a step in the angle of attack and a vertical sharp-edged gust; still, note that higher-order
terms remain marginal during the chordwise penetration of the gust.
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Figure 4. The incipient indicial lift for elliptical thin wings in incompressible flow: AOA (left) and
SEG (right).

When the gust front is (more realistically) normal to the free-stream [65,66], spanwise
penetration effects must be considered as the perturbation hits the wing sections at different
times ∆τ(y) while impinging on a progressive portion ι(τ) of the span from root to tip [99].
The local delay for the sectional load build-up depends on the trailing-edge geometry and
the wing’s incipient lift-deficiency coefficient CaL (τ) may be estimated as:

lim
τ→0

CaL ≈ f
ι

l
C‖L, ∆τ =

1
2

(
1− c

cr
+

4
cr

y tan Λ
)

, (27)

where the impingement factor f represents the fraction of total area covered by the travelling
gust that lays between its normal front and the wing’s leading edge. Figure 5 shows the
gust penetration delay for all sections along the span of elliptical and trapezoidal wings:
while any taper causes a small delay (regardless of the aspect ratio), even a moderate sweep
angle generates a significant delay (especially for large aspect ratio).
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3.2.1. Elliptical Wings: Curved Taper

The geometrical properties of elliptical wings are:

c = cr

√
1− y2

l2 , A =
π

2
lcr, η =

8l
πcr

, r =
π

4
, (28)

and the leading-edge curvature then gives:

τ̄ =
1
2

, ∆τ = τ̄

(
1−

√
1− y2

l2

)
, f =

π

4
, ι = l

√
1−

(
1− τ

τ̄

)2
, τ ≤ τ̄, (29)

with τ̄ being the time taken by a wind gust with normal front to travel a quarter root chord
and impinge the full wing span.

In fact, a parabolic (yet third-order-accurate) approximation is suitable for most of the
leading edge towards the wing root, namely:

τ̄ =
1
4

, lim
y→0

∆τ ≈ τ̄
y2

l2 , f =
2
3

, lim
τ→0

ι ≈ l
√

τ

τ̄
, (30)

which can conveniently be employed to calculate the incipient indicial lift as:

lim
τ→0

ČaL ≈
8
√

2
3e

τα∞, τ <
9

64
, (31)

within the reduced time taken by ČaL to grow with the same rate as Č‖L, the wing sections
towards the tips (where the airload drops rapidly) giving little contribution anyway [65].

3.2.2. Trapezoidal Wings: Swept Taper

The geometrical properties of trapezoidal wings are:

c = cr

[
1− (1− λ)

y
l

]
, A = (1 + λ)lcr, η =

4l
(1 + λ)cr

, r =
1 + λ

2
, (32)

and the leading-edge rotation due to both sweep angle (with reference to the quarter-chord
line along the span, where sectional aerodynamic centres lay) and chord taper then gives:

τ̄ =
1
2
[1− λ + (1 + λ)η tan Λ], ∆τ = τ̄

y
l

, f =
1
2

, ι = l
τ

τ̄
, τ ≤ τ̄, (33)

which can be employed to calculate the incipient indicial lift as:

lim
τ→0

ČaL ≈
√

2τ

eτ̄
τα∞ cos Λ, τ < min

(
2τ̄

3
, 2
)

, (34)

confirming previous theoretical studies [99], still within the reduced time taken by ČaL to grow

with the same rate as Č‖L while the wing’s outboard sections give little contribution [66].

4. Compressible Potential Flow: Acoustic Wave Theory

Due to the intrinsic similarity between the governing equations of incompressible
and subsonic compressible fluids in the absence of shock waves [23,61], the circulatory
indicial-admittance functions previously obtained for the former case can be generalised
for the latter case [73–75] as long as Prandtl–Glauert’s analogy holds. In particular, the
steady airload derivatives for thin airfoils are divided by β [18,19], while the reduced time
for the unsteady airload development is scaled by β2 [20]; the airstream being identically
unperturbed ahead of the aerofoil, the initial circulatory lift coincides in both compressible
and incompressible flows [4]. In the presence of sweep, the Mach number is effectively
scaled by cos Λ and Prandtl–Glauert’s compressibility factor changes accordingly [144,145]:
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C̄l/α =
2π

β́
cos Λ, β́ =

√
1− Ḿ2

∞, Ḿ = M cos Λ, Ú = U cos Λ, (35)

where the steady lift coefficient of the isolated sections C̄l/α include most of the effects from
wing sweep and flow compressibility already [11], whereas the steady lift and circulation
coefficients of the entire wing include the influence of the steady downwash too (see
Appendix A). As mentioned, the accuracy of such an approximation depends on the
rigorous applicability of the underlying fluid mechanics similitude and deteriorates with
increasing Mach number towards the transonic regime [62]; yet, Kelvin’s and Stokes’
theorems for the conservation of total null circulation on all streamlines along closed paths
hold for isentropic potential flow as well [24], along with Kutta’s condition for the unloaded
trailing edge [82,83]. Thus, by taking advantage of Maclaurin’s expansion at small times,
the wing’s incipient lift coefficient may generally be written as:

lim
τ→0

CL ≈ Cl/α(α∞ − αi), lim
τ→0

α⊥i ≈
2
e

gτα∞ cos Λ, (36)

where the downwash angle α⊥i (τ) lowers the unsteady airload and the two-dimensional
one is correctly recovered in the limit of infinitely slender wing [76] (i.e., with g = 0); still,
nonlinear terms have coherently been neglected and likewise the related incipient downwash
αai (τ) from a vertical sharp-edged gust. Focusing on the subsonic regime of an irrotational
flow without shock waves (i.e., with Ḿ∞ < 0.6), note that higher-order effects from fluid
compressibility on the incipient downwash have also been disregarded [51,129,130], as the
spanwise (low-speed) vorticity develops normal to the free-stream.

Alternative approaches [146–153] have been proposed that involve the definition of
an acceleration potential function as the substantial derivative of the kinetic potential
function, the former being governed by the same aero-acoustic equation of the latter [24]; a
kernel function for unsteady subsonic flow is often involved [118,119,124]. However, with
the aerofoil being represented by a sheet of acceleration potential doublets exploiting the
analytical solution for a source pulse (where disturbance pressure and doublets strength are
directly proportional) and producing a pressure discontinuity [23], they pertain harmonic
motion and their inherent complexity (also in terms of auxiliary boundary conditions) is
not practical [154].

4.1. Thin Aerofoils: Two-Dimensional Acoustic Waves Propagation and Chordwise
Gust Penetration

With respect to a coordinate system moving with the sound speed in air at rest (i.e.,
with ς = a∞t), the incipient indicial lift-coefficient from a step in the angle of attack may be
computed by analogy with steady flow [23,24]:

∇2φ =
∂2φ

∂ς2 ,
∂φ

∂z
(ss, ς) = Uα∞, p + ρ∞a∞

∂φ

∂ς
= p∞, (37)

where each wing section ss translates backwards from its actual position along the wing
with velocity U, with leading and trailing edges displaced by ∆xLE = −M∞ς and
∆xTE = c−M∞ς, respectively. At the same time, the flow disturbances due to the sudden
motion of the wing chord propagate from the latter as a series of circles with centres along
the chord c itself and instantaneous radii equal to ς; thus, the resulting foremost and rear-
most Mach cones have vertices along the Mach lines ∆xFC = ±ς and ∆xRC = c± ς (i.e.,
where the foremost and rearmost expanding circles cut the wing plane), respectively. The
pressure discontinuity vanishing off the wing planform, Kutta’s condition still holds at
the trailing edge of each wing section [17]. In particular, the very start of the indicial flow
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response on the latter is equivalent to considering a piston impulsively moved with normal
velocity Uα∞ into air at rest, namely [23,24]:

∂2φ

∂z2 =
1

a2
∞

∂2φ

∂t2 , lim
t→0

∆p = 2ρ∞a∞Uα∞, lim
t→0

C⊥l =
4α∞

M∞
, (38)

where the particular solution φ(s− a∞t) satisfies the impermeability boundary conditions
and propagates according to acoustic wave theory [59], ∆p(t) is the difference between the
flow pressure on upper and lower surfaces of the aerofoil (which is scaled by cos Λ in the
presence of sweep), and the instantaneous centre of pressure is initially at midchord [4].

Within the reduced times τ̂ and τ̌ taken by the outgoing and incoming waves to travel
the section chord with speed Ú + a∞ and Ú − a∞ [20], respectively, the characteristic lines
intersect [15,17] and the initial lift developments from a step in the angle of attack and a
sharp-edged gust are then found as [66]:

C⊥l =
4α∞

M∞

[
1−

(
1− Ḿ∞

2Ḿ∞

)
τ

]
, C‖l =

2τα∞√
Ḿ∞

cos Λ, τ ≤ 2Ḿ∞

1 + Ḿ∞
; (39)

the aerodynamic centre starts at midchord and leading edge in the former and latter
cases [4], eventually moving to the quarter-chord where the circulatory airload acts [20].
As the aerofoil chord is also effectively scaled by cos Λ, note that the reduced time is
independent of the sweep angle [23,24]. Figure 6 compares the exact incipient lift coefficient
from a step in the angle of attack and a sharp-edged gust with Euler-based CFD simulations
available in the literature [64] for a NACA0002 aerofoil [155] aligned with the unperturbed
flow at different subsonic Mach numbers (i.e., for 0.3 ≤ M∞ ≤ 0.6) and α∞ = 1◦; perfect
agreement is always found for τ < τ̂. Figure 7 then shows the effect of a sweep angle,
which is not simply proportional to the cos Λ projection and has lower impact on the lift
from a sharp-edged gust due to the variation in the effective Mach number Ḿ∞.

In the singular limit of incompressible flow, as mentioned, the non-circulatory terms
degenerate into a Dirac-delta [94] centred at the perturbation onset and give rise to un-
steady loads from apparent fluid inertia centred at the aerofoil mid-chord [133]. As for the
circulatory contribution to the unsteady airload, it is worth mentioning that the related
indicial-admittance functions have been generalised for compressible subsonic flow, ex-
ploiting Prandtl–Glauert’s transformation [18,19] in the absence of shock waves [20,64],
and depict the flow response at later times (i.e., for τ > τ̌) until steady conditions are
eventually reached. An exact theoretical solution also exists in the transition region [17]
(i.e., for τ̂ < τ < τ̌), but its cumbersome analytical expression is of little practical use.
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Figure 6. The Mach effect on the incipient indicial lift for thin aerofoil in compressible flow: AOA
(left) and SEG (right), with Λ = 0◦.
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Figure 7. The sweep effect on the incipient indicial lift for thin aerofoil in compressible flow: AOA
(left) and SEG (right), with M∞ = 0.5.

4.2. Thin Wings: Three-Dimensional Downwash Angle, Spanwise Gust Penetration, and Mean
Wing Section

In order to calculate the wing’s incipient lift coefficient, the contribution of all sections
must be considered. Referring to the mean geometric one according to the mean-value
theorem, acoustic wave results [4] are then modified to account for three-dimensional
effects [65,66] and approximate the initial non-circulatory lift from a step in the angle of
attack or a vertical sharp-edged gust as:

C⊥L ≈
4α∞

M∞

[
1−

(
1− Ḿ∞

2rḾ∞
+

2
e

g cos Λ
)

τ

]
, C‖L ≈

2τα∞

r
√

Ḿ∞
cos Λ, τ ≤ 2rḾ∞

1 + Ḿ∞
, (40)

respectively, where higher-order terms and nonlinear compressibility effects have been
discarded [51,129,130]; still, spanwise gust penetration effects are not yet included.

4.2.1. Elliptical Wings: Curved Taper

For a vertical sharp-edged gust with a normal front, the incipient lift of an elliptical
wing is estimated as:

CaL ≈
2α∞τ√

M∞

√
1− (1− 2τ)2, τ ≤ min

(
πM∞

2(1 + M∞)
,

1
2

)
, (41)

as long as acoustic wave theory remains applicable for all impinged sections, within the
reduced time taken by the gust to cover the entire wing span; due to the latter effect, the
derived wing’s lift growth starts (highly) nonlinearly but does become (quasi) linear as
full-span impingement is progressively approached.

Alternatively, adopting a parabolic approximation for the leading edge gives:

CaL ≈


32α∞τ

√
τ

3π
√

M∞
0 ≤ τ ≤ min

(
πM∞

2(1+M∞)
, 1

4

)
,

8α∞
π
√

M∞

(
τ − 1

12

)
min

(
πM∞

2(1+M∞)
, 1

4

)
≤ τ ≤ πM∞

2(1+M∞)
,

(42)

within the reduced time taken by CaL to grow with the same rate as C‖L, while acoustic
wave theory remains applicable for all impinged sections; the effective delay introduced
by the spanwise penetration is then seen to be rather small, especially with respect to that
introduced by the chordwise penetration. When τ̄ < 2τ̂, note that the derived wing’s lift
growth switches from nonlinear to linear at half of the exact full-span impingement time τ̄
for an elliptical leading edge (recall Figure 5).
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4.2.2. Trapezoidal Wings: Swept Taper

For a vertical sharp-edged gust with normal front, the incipient lift of a trapezoidal
wing is estimated as:

CaL ≈


τ2α∞

τ̄r
√

Ḿ∞
cos Λ 0 ≤ τ ≤ min

(
2rḾ∞
1+Ḿ∞

, τ̄
)

,

2α∞

r
√

Ḿ∞

(
τ − τ̄

2
)

cos Λ min
(

2rḾ∞
1+Ḿ∞

, τ̄
)
≤ τ ≤ 2rḾ∞

1+Ḿ∞
,

(43)

as long as acoustic wave theory remains applicable for all impinged sections, still within
the reduced time taken by CaL to grow with same rate as C‖L; at later times, the circulatory
contribution becomes progressively predominant, and the effective delay introduced by the
spanwise penetration is seen to be rather large in the presence of significant sweep. When
τ̄ < τ̂, note that the derived wing’s lift growth does switch from nonlinear to linear at the
full-span impingement time τ̄; moreover, the exact solution for a two-dimensional section is
automatically recovered for straight rectangular wings (i.e., with Λ ≡ 0◦, r ≡ 1 and τ̄ ≡ 0)
of any aspect ratio, since the gust front is parallel to the leading edge and higher-order
downwash effects are fairly neglected.

5. Results and Discussion

The proposed analytical method is assessed for the effects of the flow’s Mach number
as well as the wing’s aspect ratio, tapered curvature, and sweep angle on the incipient
unsteady airload from a step in the angle of attack and a vertical sharp-edged gust; both
elliptical [65] and trapezoidal [66] wings are investigated. The approximate theoretical
results are supported by available high-fidelity data from nonlinear Euler-based CFD
simulations, which underwent rigorous convergence studies for both spatial and temporal
resolutions; all details of the numerical models and computations can be found in the
original works directly [65,66], from geometrical features and grid arrangement to boundary
conditions and integration scheme as well as flow perturbation treatment.

Considering an elliptical wing with NACA0002 aerofoil [155] aligned with the un-
perturbed flow and α∞ = 1◦, Figures 8–11 compare the present parametric analytical
approximation with Euler-based CFD simulations available in the literature [65] for sev-
eral subsonic Mach numbers (i.e., for 0.3 ≤ M∞ ≤ 0.6) and wing’s aspect ratios (i.e., for
6 ≤ η ≤ 20): excellent agreement is always found without any tuning (i.e., with κ = 1). For
the incipient lift from a sharp-edged gust, the latter covers the full wingspan while acoustic
wave theory remains applicable for all impinged sections only in the case of the two higher
Mach numbers (i.e., for M∞ ≥ 0.5). The analytical predictions feature a parabolic approxi-
mation of the wing’s leading edge and tend to grow slightly faster than the CFD solution
as time passes, because they conservatively neglect higher-order effects in both downwash
angle (less important) and leading-edge curvature (more important); theoretical predictions
featuring an elliptical leading edge are also shown by the dashed lines in the figures, for
the sake of assessment and completeness. In all cases, the effect of considering the mean
geometric chord is found to be much larger than the effect of accounting for the downwash
angle (as confirmed by nearly identical results obtained at the same Mach numbers for the
incipient lift from a step in the angle of attack of a trapezoidal straight wing with the same
area and aspect ratio [65]).
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Figure 8. The incipient indicial lift for elliptical wing in compressible flow: AOA (left) and SEG
(right), with η = 6.
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Figure 9. The incipient indicial lift for elliptical wing in compressible flow: AOA (left) and SEG
(right), with η = 8.
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Figure 10. The incipient indicial lift for elliptical wing in compressible flow: AOA (left) and SEG
(right), with η = 12.
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Figure 11. The incipient indicial lift for elliptical wing in compressible flow: AOA (left) and SEG
(right), with η = 20.

Considering a rectangular wing with η = 8 as well as NACA0006 aerofoil [155] aligned
with the unperturbed flow and α∞ = 1◦, Figures 12–15 compare the present parametric
analytical approximation with Euler-based CFD simulations available in the literature [66]
for different subsonic Mach numbers (i.e., for 0.3 ≤ M∞ ≤ 0.6) and sweep angles (i.e., for
0◦ ≤ Λ ≤ 30◦): still, excellent agreement is always found without any tuning (i.e., with
κ = 1). Due to the rectangular planform (i.e., λ = 1), considering the mean geometric chord
has no effect whereas accounting for the downwash angle lowers the slope of the incipient
lift from a step in the angle of attack, especially for the lower aspect ratio; however, the
impact of a significant sweep angle is found to be largely predominant. For the incipient
lift of the straight wings from a sharp-edged gust, the perturbation front is parallel to the
leading edge and the analytical results depict the exact linear solution for a two-dimensional
section, as nonlinear downwash effects are fairly neglected regardless of the aspect ratio.
For the incipient lift of the swept wings from a sharp-edged gust, the latter cannot yet
cover the full wing span while acoustic wave theory remains applicable for all impinged
sections, and this prevents the analytical approximation from depicting a linear growth of
the lift coefficient; still, higher-order terms are confirmed to be marginal during chordwise
penetration.
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Figure 12. The incipient indicial lift for rectangular straight wing in compressible flow: AOA (left)
and SEG (right), with η = 8 and Λ = 0◦.
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Figure 13. The incipient indicial lift for rectangular swept wing in compressible flow: AOA (left) and
SEG (right), with η = 8 and Λ = 30◦.
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Figure 14. The incipient indicial lift for rectangular straight wing in compressible flow: AOA (left)
and SEG (right), with η = 20 and Λ = 0◦.
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Figure 15. The incipient indicial lift for rectangular swept wing in compressible flow: AOA (left) and
SEG (right), with η = 20 and Λ = 30◦.
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Given its rigorous derivation and all successful comparisons above, the proposed
theoretical model may reliably be used to derive the correct initial behaviour of the wing’s
lift build-up, whenever approximated with a convenient combination of parametric expo-
nential and trigonometric functions [64–66].

6. Conclusions

Explicit analytical corrections for the unsteady downwash and enhanced approximate
expressions for the incipient indicial lift of thin wings in the subsonic regime have been
presented in this study, considering a step-change in the angle of attack or a vertical
sharp-edged gust as the unsteady flow perturbation within a unified formulation. Both
linear and nonlinear geometrical effects from taper ratio, leading-edge curvature, and
sweep angle have been investigated and were found to be significant for elliptical and
rectangular wings, accounting for the chordwise and spanwise penetration of the gust while
adopting the lifting-line model and acoustic wave theory within a consistent parametric
framework for potential flow. At the beginning of the aero-acoustic response, nonlinear
effects from flow compressibility as well as two-dimensional (chordwise) inflow and three-
dimensional (spanwise) downwash developments are coherently shown to be marginal,
especially for the case of a travelling gust; however, linear downwash and compressibility
corrections remain crucial for the circulation growth at later times. The initial build-up of
the wing lift is then estimated with explicit analytical expressions, which provide sound
insights for practical validation purposes and may serve to assess the unavoidable trade-off
between detailed complexity and computational costs of higher-fidelity tools in the aviation
industry. The derived formulae have successfully been evaluated against numerical results
in the literature for fundamental aerodynamic indicial-admittance functions, demonstrating
effective theoretical and computational synthesis of the governing physics. The present
model is hence suggested for use within multifidelity multidisciplinary aeroplane design
and optimisation as an efficient reduced-order model to calculate incipient wing airloads
and quantify their uncertainties and sensitivities with respect to aerodynamic parameters.
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Acronyms

AOA Angle of Attack
CFD Computational Fluid Dynamics
FSI Fluid–Structure Interaction
MDO Multidisciplinary Design Optimisation
PDE Partial Differential Equation
ROM Reduced-Order Model
SEG Sharp-Edged Gust

Symbols

a sound speed
A wing area
B1

n Bessel’s functions of first type and n-th order
c wing section chord
cp isobaric heat capacity
cv isochoric heat capacity
Cγ wing section circulation coefficient
Cγ/α wing section circulation derivative
CΓ wing circulation coefficient
CΓ/α wing circulation derivative
Cl wing section lift coefficient
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Cl/α wing section lift derivative
CL wing lift coefficient
CL/α wing lift derivative
Cp pressure coefficient
CE Sears’s circulation-deficiency function
CS Sears’s lift-deficiency function
CT Theodorsen’s lift-deficiency function
e edge-velocity factor
E airflow internal energy
f wing area impingement factor
g downwash gradient factor
H airflow enthalpy
H2

n Hankel’s functions of second type and n-th order
I complete elliptic integral of the second kind
k reduced frequency
l wing semi-span
M Mach number
n normal vector
N expansion terms
p airflow pressure
r mean chord ratio
R gas constant
s non-dimensional elliptic integral argument
s space vector
S airflow entropy
t time
T airflow temperature
U horizontal free-stream
x chordwise coordinate
y spanwise coordinate
z vertical coordinate

Greek

α angle of attack
β airflow compressibility factor
φ airflow disturbance potential
ϕ airflow velocity potential
η wing aspect ratio
κ shape factor (downwash tuning)
γ airflow heat capacity ratio
Γ wing section circulation
ι wing span impingement fraction
λ wing taper ratio
Λ sweep angle
ν airflow velocity vector
ψ spanwise angle
ρ airflow density
ς sound-travelled distance
τ reduced time
υ non-dimensional wake development
ω angular frequency
ω airflow vorticity vector
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Superscripts

χ⊥ angle of attack step
χ‖ gust front parallel to leading edge
χa gust front normal to reference airspeed
χ́ airflow normal to aerodynamic axis
χ̌ circulatory
χ̂ non-circulatory
χ̄ steady

Subscripts

χa average
χFC foremost cone
χG gust
χi induced
χLE leading edge
χr root
χRC rearmost cone
χs section
χt tip
χTE trailing edge
χw wing
χ0 initial
χ∞ unperturbed

Appendix A

Starting from a simplified lifting-surface equation for the wing’s steady circulation
Γ̄(y) [156–159] and considering the average distance between aerodynamic centres and
control points [160], an enhanced lifting-line model was obtained as [51]:

Γ̄

√
1 +

4
η2 +

c
4

∫ +l

−l

[
dΓ̄
dζ

]
dζ

y− ζ
=

U
2

cC̄l , ᾱi =
1

4πU

∫ +l

−l

[
dΓ̄
dζ

]
dζ

y− ζ
, (A1)

where C̄l is the steady lift coefficient of the isolated wing section; a better estimation of the
steady downwash ᾱi(y) is mainly obtained towards the wing root, but sections towards
the wing tips give little airload contribution anyway [10,23]. Note that eη ≈

√
4 + η2 for

elliptical planforms with η > 4 [140], in agreement with the proposed unsteady model
within a unified formulation.

Due to Glauert’s integral (in principal value) with Γ̄(±l) = 0 at the wing tips [78],
Prandtl’s expansion gives [76]:

Γ̄ ≈ lU
NΓ

∑
n=1

Γ̄n sin(nψ), ᾱi ≈
NΓ

∑
n=1

nΓ̄n

[
sin(nψ)

4 sin ψ

]
, C̄L =

π

4
ηΓ̄1, (A2)

and hence an algebraic system of linear equations for the enhanced lifting-line model [51]:

NΓ

∑
n=1

Γ̄n sin(nψ)

(√
1 +

4
η2 +

ncC̄l/α

8l sin ψ

)
=

cC̄l
2l

, (A3)

where the unknown coefficients Γ̄n may be found via the least-squares method [161],
considering at least NΓ sections along the wing span (i.e., y = l cos ψ with 0 ≤ ψ ≤ π
running from tip to tip); still, the steady lift coefficient of the wing C̄L depends on the first
coefficient only, whereas all other terms modify the airload distribution without altering
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its integral [10]. Note that the singularity at the wing tips can be lifted by multiplying
both sides of the equation by sin ψ, and Prandtl’s original equations [76] are asymptotically
resumed for very slender wings (i.e., with e = 1); odd and even Fourier terms give
symmetric and antisymmetric airload distributions, respectively, [23]. Finally, the shape
factor κ introduces higher-order deviations [162,163] from the ideal elliptic case (i.e., with
NΓ = 1 and κ = 1), namely:

Γ̄ =
U
2

cC̄L, ᾱi =
κC̄L
πη

, C̄L/α =
πηC̄l/α

πeη + κC̄l/α
, (A4)

where C̄L/α and C̄l/α are the steady lift coefficient derivatives of the entire wing and its
isolated section (which may include thickness effects from conformal mapping [14,164]); of
course, the larger the deviations the lower the aerodynamic efficiency and the higher the
shape factor (especially at higher aspect ratios).

Although different implementations and alternative approaches have long been pro-
posed [165–172], note that lifting-line theory is still the subject of recent studies and gener-
alisations [173–180] due to its essential clarity, as powerful aerodynamic tool for wings in
steady subsonic flow [181].

Appendix B

The fundamental indicial-admittance functions for the unsteady airload of isolated
two-dimensional sections in incompressible potential flow may rigorously be derived
in the reduced time τ domain from corresponding impulsive transfer functions in the
reduced frequency k domain [182–184]; note that also the latter is independent of the sweep
angle [23]. For the case of a step in the angle of attack, the derivatives of the indicial
lift-deficiency and circulation-deficiency coefficients may be written as [23]:

Č⊥l/α =
∫ +∞

−∞

(
CT
ik

)
eikτdk, CT =

H2
1

H2
1 + iH2

0
, k =

crω

2U
, (A5)

Č⊥γ/α =
∫ +∞

−∞

(
CS
ik

)
eikτdk, CS =

[(
B1

0 − iB1
1

)
CT + iB1

1

]
e−ik, (A6)

where CT(k) and CS(k) are Theodorsen’s [133] and Sears’ [134] functions, respectively,
H2

n(k) are Hankel functions of the second type and n-th order, B1
n(k) are Bessel functions of

the first type and n-th order, and ω is the angular frequency of the flow perturbation. For
the case of a vertical sharp-edged gust, the derivative of Wagner’s [131] indicial circulation-
deficiency coefficient for a step in angle of attack coincides with that of Kussner’s [132]
indicial lift-deficiency coefficient (i.e., just Č‖l/α ≡ Č⊥γ/α), while the derivative of the indicial
circulation-deficiency coefficient may be written as [88]:

Č‖γ/α =
∫ +∞

−∞

(
CE
ik

)
eikτdk, CE =

(
B1

0 − iB1
1

)
CSe−ik, (A7)

where the complex function CE(k) embeds a further travelled semichord delay [93,135].
It is worth stressing that these fundamental indicial-admittance functions are also still

the subject of recent studies and generalisations [185–203] due to their essential clarity, as
powerful aerodynamic tools for thin wings in unsteady subsonic flow [204–206].
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